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Abstract

In the present paper the best approximation of the functions in generalized
grand Lebesgue spaces have been investigated. We study the inverse problem of
approximation theory in generalized grand Lebesgue spaces.

1 Introduction

Let T denote the interval [0, 27], a function w is called a weight on T if w : T — [0, 0]
is measurable and w™!({0, c0}) has measure zero (with respect to Lebesgue measure).
Let w be a 27 periodic weight function. We denote by LP (T), 1 < p < oo, the weighted
Lebesgue space of all measurable functions on T for which

1/p

T / @ Pwds| < oo
T

We define a class Lf,)’e(’l[‘), 0 > 0, of 27 periodic measurable functions on T satisfying

the condition
1/(p—¢)

0
sup c / |f(2)|"° w(z)dz < 0.
O<e<p—1 | 2 J

The class Lf,)’g(']l‘), 6 > 0, is a Banach space with respect to the norm

1/(p—e)

1 _
= e pe d . 1
o =, s {5 [ @P (s )
T

The class Lﬁ)’g(']l‘) with the norm (1) is called the weighted generalized grand Lebesgue
space. Note that non- weighted grand Lebesgue space LP) (T) was introduced by Iwaniec

*Mathematics Subject Classifications: 30E10, 41A10, 41A25, 46E30.

fDepartment of Mathematics and Science Education, Faculty of Education, Mus Alparslan Uni-
versity, 49250, Mus, Turkey; Institute of Mathematics and Mechanics, National Academy of Sciences
of Azerbaijan, 9 B. Vahabzadeh str., AZ 1141, Baku, Azerbaijan, e-mail: s.jafarov@alparslan.edu.tr

140



S. Z. Jafarov 141

and Sbordone [11]. Information about properties of these spaces can be found in [9],
[11], [12] and [20]. The embeddings

LP(T) ¢ LP((T) C LP~¢

hold. According to [9] LP(T) is not dense in LP)(T). Also, if §; < 65 and 1 < p < oo,
for weighted generalized grand Lebesgue space, the following relations hold:

LE(T) c Ly (T) cLE)*(T) cLL*(T)

The closure of the space LP(T) is denoted by Lf,)’e("ﬂ‘) with the norm £P.%(T), § > 0.
Let 1 < p < oo and let A,(T) be the collection of all weights on T, satistying the

condition
1 1/p 1 —1/(p—1) p—1
sup | = [ w(x)Pdx — [ [w(z)]” /P de < o0, (2)
r \[Jr 1] J1

where the supremum is taken over all intervals I with length |I| < 27. The condition
(2) is called the Muckenhoupt -A, condition [22] and the weight functions which belong
to A,(T), (1 < p < ), are called the Muckenhoupt weights.

ForfeLf,)’e,9>0,1<p<oo,weset

r

AT f(z) == Z(—1)’”+k+1 <Z)f(x +kt), t >0,

k=0

where r € N. Let 1 < p < oo and let w € A,(T). For f € cp)o (T), 6 > 0 we define
the 7th mean modulus Q,.(f,")p).9.w : [0,00) — [0,00) of f by

QT(fa ')p),@,w = sup “U;;f(x)||LZ>9(T) 6> 0,
|h|<6

where .
. 1
on(f)(z) = ﬁ/o |AT f(z)] dt.

Note that if w € A,(T) and 0 < § < oo, then according to [20] we get

\il|1<p§ ||02(f)(x)||Lg)’9('ﬂ‘) <c ||fHL5)=9(T) < 0.

The modulus of continuity Q(f,-),)¢. is a non-decreasing, nonnegative function of
0 > 0 and

;I_I)%Qr(fv ')p),&,w = 07 QT(f + g, ')p),e,w S Q<f7 ')p),@,w + Q(.ga ')p),@,wa

for f,g € £2)°(T),0 > 0.
Let

., gAk(:af) ®)
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be the Fourier series of the function f € Li(T), where Ag(zx, f) := ax (f)coskx +
b (f)sinkz, ar(f) and bg(f) are Fourier coefficients of the function f € Li(T). The
n-th partial sums of the series (3) is defined by

Sp(z, f) = aO—i—ZAkxf n=12,.

The best approximation of f € Lﬁ)’e, 6 > 0 in the class II,, of trigonometric polynomials
of degree not exceeding n is defined by

Bu (Do =00 {IF = Tull poggy T € T}

We use the constants ¢, ¢y, ¢a, ... (in general, different in different relations) which
depend only on the quantities that are not important for the questions of interest.We
need the following theorem:

THEOREM 1.1 ([15]). Let 1 <p < 00,0 >0, w € A,(T) and r € N. Then, for
fe Ef,)’e, 0 > 0 we have

Q, (f’ i) = 7%1 YW+ T E(fpsw )
p),0,w

v=0

with a constant ¢; > 0 independent of n.

2 Main Results

The problems of approximation theory in grand Lebesgue spaces have been investigated
by several authors (see, for example, [3—7, 15, 18]). In the present paper, we investigate
the problem of the best approximation for functions of a subspace of the weighted
generalized grand Lebesgue spaces. We prove an inverse theorem of approximation
theory in weighted generalized Lebesgue spaces. Similar problems in different spaces
have been investigated in [1, 2, 8, 10, 13, 14, 16, 17, 21-28]. Our main results are the
following.

THEOREM 2.1. Let 1 < p < 00, § > 0, w € Ay(T) and r € N. Let f € £5(T)
and

~— —|— i (ay, cosnz + by, sinnzx) (5)
n=1
be its Fourier series and let
Z En(f)p),0,0n" " < o0, (6)
where o € R. Then the series

24 Z n® (an cosnz + by, sinnz) (7)

n=1
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is the Fourier series of the function f € Ef,)’g(T) and for every f € Ef,)’e(’]l“) the
estimates

En(f)p),@,w
< e En(f)p),e,wna + Z Ek(f)p),@,wka_1‘| y = 17 2a ey (8)
k=n+1
R S a—1
Eo(Hpow < s |Eo(Fpyow+ D Ex(fpowk ] 9)
k=1

hold with the constants ¢z, ¢3 > 0, nondependent on f and n.

COROLLARY 2.2. Under the conditions of Theorem 1.1 the estimate

Q, (ﬁa)pwm{; S+ B (Dt Y salEs<f>p>,9,w}

v=0 s=n-+1
holds with a constant ¢4 > 0, depending on « and r.

Note that similar estimates in the different spaces for modulus of continuity were
proved in [2, 16, 19].

3 Proofs of the Main Results

Proof of Theorem 2.1. Let s,, and §,, be the nth partial sums of (5) and (7), respectively
and let g, =n® (n=1,2,...). By Abel transform

m—1
1=1

where Ap; = p; — pi4q- It is clear that |[Ag,;| < ci®!. Then for a fixed n = 1,2, ... and

for every k = 0,1, ... we obtain
2k+lp_1

Spkir, — Spk, = Z (si = [)Ap; 4 (s2rt1n — flpigrrr, = (S2rn — fpigry, - (10)

i=2kn

According to [27] the inequality
I =5ul . €SB )

holds. Then from (10) and (11) we get

2k+tln_1

Lo < ¢¢ Z El(f)p)ﬁ,wla_l + C7E2kn(f)p),0,w(2kn)a

L)% (m 1=2kn
CSQkREan(f)p),G,w (2kn)a71 + ¢ (an)O‘Ean(f)p)ﬁ,w
= c10(2"n)*Egen(f)p) 0.0 -

o, =3,

IN
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The last inequality yields

(o)
Z ngkﬂn -5,
k=0

On the other hand the following inequality holds [8, p-209] :

e < c11 Z 2k “ By (f)p),0,0- (12)

(oo}

Z(an)aEan(f)p),e,w < ci2 Z kailEk(f)p),O,W' (13)

k=1 k=n-+1
Using (12) and (13) we have

Z H§2k+1n _gzanLf,)’e(’]l‘) <3 En(f)p),f?,w"a + Z ka_lEk(f)p),e,w . (14)
_ k=n-+1

By (6), it follows that the series
Sn + Z(gzk-*-ln - §2kn)
k=o

converges in the sense of the metric Lﬁ)’e to some function f € Lﬁ)’e. It is clear that the
series (7) is the Fourier series of the function f. We can write the following inequality

En(f)p)ﬁ,w < Hf —Sn L2 Z Sy, Ty
Z P
Now combining (14) and last relation we obtain the inequality (8) of Theorem 2.1.
Now, we estimate Eo(f) o The inequality
~ ~ ap ~ ao
EuPnoee < 7= 3| oy <1751 -3 15
(Do < |1 2 1%y — f=5 LE(m) e 2 22 ) 1

holds. From (11) and (8) we have

Hf* 51’ L) < 014E1(f)p),9,w
< as Fpyow+ ZEk )00k 1] : (16)
It is known that
H31 -2 e e sinx||LE)19(T) < 21 (laa| + |bu]) - (17)

We choose the number tg, such that Hff to‘ = Eo(f)p),&w . Then we obtain

L2 (m)

27 27
fl@)cosada| = | [ |f(x) —t d
0/ T)cos xar 0/[ T 0} cos xaxr

= CI6EO(f)p),6,w .

T |ay |

IN

c16 Hf a to‘ LR°(T)
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The last inequality yields

C ~
lay| < %Eo(f)p),e,w . (18)
Similar to the above, we obtain
C ~
|b1] < %Eo(f)p),ﬁ,w . (19)

Using (15), (16)-(19), we obtain the inequality (9) of Theorem 2.1.

Proof of Corollary 2.2. Taking the relations (4), (8) and (9) into account we get

IA

IN

IN

IN

IN

IN

IN

&, (]?’ 5) p).0,w

)

n

BN+ 1) E (P

n’F

v=0
= {E()(f)p),gw +y (vt 1)”Ey<f>p>,@,w}

v=1

n

c = = o
co [Eomp),@,w S lEu(f)p),e,w]
v=1
C:
+%Z( v+1)" p)9w+zs p)ew‘|
v=1

c - _ r— - a—

= [Z(wl)”a lEu(f>p>,e,w+Z(u+1>2 s 1E8<f>p>,9,w]
v=1 s=v

v=0

6273 [Z(V + 1)T+a_1Eu(f)p),6,w
=0

c n . n 3 o0 3
D L) [Z By Ppow+ Y 8 1Es<f>p>,e,w]
v=1 s=v

s=n+1

{;Z(V+1)r+a1E( o 2725“ Ed(fpyow Y al}
v=0

+ Z Sa_lEs(f)p)G

s=n-+1

+
1 S r+a— r+a—
S 0 B e 3 Bl
v=0

Z SailEs(f)p),G,w

=n+1
1 n
Ca7 EZ(V+1)T+O¢ lE )9w+ Z s )Ow}a
v=0

s=n-+1

C26
_|_
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which finishes the proof.
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