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Abstract

The edge corona of two graphs G and H, denoted by G ¢ H, is obtained
by taking one copy of G and |E(G)| copies of H and joining each end vertices
of i-th edge of G to every vertex in the i-th copy of H. In this paper, the
Hyper Zagreb index of edge corona of two graphs is presented. Also, the vertex
Padmakar Ivan (vertex-PI) and the Szeged indices of edge corona of two trees are
computed. Moreover, the upper bounds on the multiplicative Zagreb indices and
the multiplicative sum Zagreb index of edge corona of two graphs are obtained.
As applications, we use these results to compute the Hyper Zagreb index, the
vertex-PI index and the Szeged index of certain classes of graphs.

1 Introduction

Throughout this paper we consider only simple connected graphs. Let G = (V, E) be
a graph with vertex set V(G) and edge set E(G). We denote the shortest distance
between two vertices u and v in G by dg(u,v) and the degree of a vertex v in G by
de(v). A topological index is a real number derived from the structure of a graph, which
is invariant under graph isomorphism. Many topological indices are closely correlated
with some physico-chemical characteristics of the underlying compounds. The first
and second Zagreb indices of a graph denoted by M;(G) and Mz (G), respectively, are
degree based topological indices introduced more than thirty years ago by I. Gutman
and N. Trinajstic [7]. They are defined as

M(G)= Y (de(w)+da) = Y d&v),
e=uveE(G) veV(Q)

My(G)= ) da(u)dg(v).

e=uwveE(G)
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14 Some Indices of Edge Corona of Two Graphs

These indices were introduced to study the structure-dependency of the total m-electron
energy (). It was found that the £ depends on M;(G) and thus provides a measure of
carbon skeleton of the underlying molecules.

The Hyper Zagreb index of a graph denoted by HM (G), was introduced by Shirdel
et al., as a new version of Zagreb index [14]. Aftar that, Basavanagoud et al. found
this index for some graph operations [1]. For a graph G, the Hyper Zagreb index is
defined as follows:

HM(G) = Y (da(u)+da(v)).
weE(G)

For an edge e = uwv € E(G), the number of vertices of G whose distance to the vertex
u is smaller than the distance to the vertex v in G is denoted by ng(ule); analogously,
ng(vle) is the number of vertices of G whose distance to the vertex v in G is smaller
than the distance to the vertex u. Notice that vertices equidistant from uw and v are
not taken into account. The vertex-PI index of G, denoted by PI,(G), is defined as

follows:
PL(G)= Y  (nc(ule) +ng(vle)).
e=uwveE(G)

We encourage the reader to consult [9, 18] for the chemical applications of the vertex-
PI index. The Szeged index is another topological index introduced by Gutman [6].
It has been found useful in modeling various biological activities viz. antihyperten-
sive, antimalarial, antituberculotic, anti HIV, CA inhibitory antagonists, lipoxygenase
inhibitory activity, lipophilicity etc. [10]

Sz, (G) = Z ng(ule)ng(vle).

e=uwv€eE(G)

Todeschini et al. [16] proposed that multiplicative variants of molecular structure
descriptors be considered. When this idea is applied to Zagreb indices, one arrives at
their multiplicative versions II; (G) and II3(G), defined as

M(G) = [[ @) and (@)= [[ d@)d(u).

veV(G) weE(G)

Finally, Eliasi et al. [5] defined a multiplicative version of M; as

L@ =[] @@ +dw),

weE(G)

and is called as the multiplicative sum Zagreb index by Xu and Das [17].

The edge corona of two graphs G and H denoted by G ¢ H is obtained by taking
one copy of G and |E(G)| copies of H and joining each end vertices of i-th edge of G
to every vertex in the i-th copy of H [8, 12, 13]. As an example, we may see Figure 1.

Following Yan et al. [19], the graph R(G) is obtained from G by adding a new vertex
corresponding to each edge of GG, then joining each new vertex to the end vertices of the
corresponding edge. Another way to describe R(G) is to replace each edge of G by a
triangle. It is clear that if G is a graph and H is a trivial graph, then Go H = R(G). In
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Figure 1: C5 ¢ K3.

what follows, some indices of the edge corona of two graphs are presented. We denote
the path and cycle graphs of order n by P, and C,,, respectively.
Throughout this paper our notation is standard and taken mainly from [2, 4].

2 Vertex-PI Index of 17 ¢ T5

In this section, we compute the vertex-PI index of the edge corona of two trees.
THEOREM 1. If T} and T5 are trees of orders ny and nq, respectively, then

PLJ(Tl <>T2) = (TLQ + 1)2PLJ(T1) + (n1 - 1)M1(T2) + 2(1 - nl)(3n2 - 2)

PROOF. We have that

PL(TioTy)= Y (nTloTQ (ule) + nryor, (v|e)) = Ay + Ag + As,
e=uveE(T10T2)

where

A= Y (menule) + nnon(vle) ).

e=uveE;=E(T1)

A= Y (mrenule) + nnon(vle)).

e=uvEE;=E(T3)

Az = Z (nT10T2 (ule) + npyor, (v|e)) )

e=uv€Es={e=uv|ueV (T1),veV (T2)}

We have three following cases:
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1) If e = wv € Ey, then

n (ule)(1 + ng) — n,
np, (vle)(1 + na) — no.

NTy 6T (u|e)

NTy 6T (’U | 6)

So,

A= Y (o ule) + nn (0le)) 1+ ma) — 2n,)

e=uveE(Tr)
= (1 —|—7’L2)PLJ(T1) — 2712(711 — 1)

Let e = uv € Fy and T, 1 <i < ny — 1, be a copy of T corresponding to the
edge e¢; € Ey1. If wv € E(T5,), then for every vertex w in V(11 ¢ T2)\V (T%,), we
have d(u,w) = d(v,w). Therefore,

NTy 6T (u|e) = dei (u) and NTy 0T, (’U|€) = dei (’U)

Hence,

Ar=(m=1) > (dr(w)+dr©) = (m — )M(T3).
e=uveE(T2)

Let e = uwv € E3 and T3, be a copy of T, corresponding the edge e; = ux of
E;. We have, nr,or1,(ule) = By + B, where By is the number of all vertices of
(Th0T>)NT5, which are closer to u than v in T3 075, and By is the number of other
vertices of T1 o T> which are closer to u than v. Clearly, B1 = na —dr,, (v) — 1,
and By = (n2 + 1)np, (ule;) — na. So,

npoer, (ule) = By + Ba = (n2 + )np, (ule;) — dr,, (v) — 1.
We have also, nr,or, (vle) = 1, Hence, for an edge uv € E3,
NTy0Ty (u|e) + N7y (’U|€) = (n2 + 1)nT1 (’UJ|€1) - dei (’U)

Note that, for each edge e; = ux € F1, there are no edges uv € E3 and ny edges
zv € F3. Therefore,

Az = Z (nT10T2 (u|e) + 7T, (’U|€))

uwveFEs
nlfl nlfl
=n2(n2 +1) Y (nry(ules) + oy (zler)) =2 ) Y dry, (v)
1=1 =1 ’UGV(Tgi)

= TLQ(TLQ + 1)PLJ(T1) — 4(7’1,1 — 1)(7’1,2 — 1)

Now, by summation of A;, A; and As, we obtain the result.
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Since PI,(P,) = n(n — 1) and M;(P,) = 4n — 6 (n > 2), we have the following
result.

COROLLARY 1. For P, and P,,,
(i) PL,(Pp,oPpn)=(m+1)(n—1)(mn+n-—2).
(ii) PI,(P,oP,)=(n—1)2n+1)(n+2).

3 Szeged Index of T ¢ T

By a similar argument applied in the proof of Theorem 1, we have the next theorem.

THEOREM 2. Let 77 and 7% be trees of orders n; and ng, respectively. Then
SZU (Tl < TQ) = (7’L2 + 1)2SZ(T1) + (n1 — 1)M2(T2) + ng — 67117’1,2 + 67’L2 + 4711 — 4.

1
Since Sz(P,) = En(n2 — 1) and M»(P,) = 4(n — 2), we have the following result.
COROLLARY 2. For P, and P,,,

1
(i) Szy(PnoPy) = E(an?’ —m?2n + 6m? + 2mn3 + 58mn + 12m + n> — 25n + 24).

1
ii) Szy (P, o P,) = =(n® + 2n* + 64n2 — 13n + 24).
6

4 Hyper Zagreb Index of G; ¢ Gs

Pattabiraman and Vijayaragavan have recently calculated the Hyper Zagreb index of
edge corona, [11]. In this section, we improve their results. We begin with a crucial
lemma, that we will use later on.

LEMMA 1. Let G; and G2 be two graphs. Then

| (ne+1Ddeg,(v) veV(G),
dGloGz (’U) - { dGz (’U) —|—§ vE V(GQ)

Let G and G2 be two graphs with vertex sets V (G1) = {v1, vz, ..., vn, } and V(G2) =
{u1,u2, ..., un,} and edge sets E(G1) = {e1,ez,...,em, } and E(Gz2) = {€},e3,....€,,,},
respectively. Let the vertex set of i-th copy of G2 be denoted by V;(G2) = {w;1, wig, -+, Winy }-

THEOREM 3. The Hyper Zagreb of G ¢ G2 is given by

HM(Gl < GQ) = (TLQ + 1)3HM(G1) + mlHM(GQ) + 10m1M1 (GQ)
+ 4(7’1,2 + 1)(7’1,2 + mg)Ml (Gl) — 2712(712 + 1)2M2(G1)
+ 8m1 (7’L2 + 4m2)
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PROOF. We have

HM(G10Gs) = > (dG10Gs (u) + dGro6,(v)? = A1 + Ag + A3,
e=uwveE(G10G2)

where

Ay = Z (dG1<>G2 (vl) + dG1<>G2 (’Uj))2,
e=v;v; EE(G1)

Ag= ) Yo (daees (uig) +deiocs (uin))?,

e, €E(G1) e=uijuir€E; (G2)

A3= > ((dclocz (uij) + deyoc, (01)?

ei:vlvmeE(Gl) Ujj GVi(Gz)
+(dGyoa, (uij) + deyocs (Um))Q)-

We now compute A; for i =1,2,3. By Lemma 1, we see that

A= +1)?2 Y (de,(vi) +da, (v))? = (n2 + 1)2HM(G)),
e=v;v; EE(G1)

4 = Y (des(uy) + doy(ui) +4)°

e, €E(G1) e=uijuir€E; (G2)

= Z (HM(GQ) + 16m2 + 8M1 (GQ))
eiEE(Gl)

= mlHM(G2> + 16m1m2 + 8m1M1(G2),

A =Y S (2 () + By () + 2, (0)
ei:’vl’UMEE(Gl)uijGVi(Gz)

+2dc 06, (Wij)daioa, (V1) + 2day o, (Wij)dG oGy (vm))

- > > (20 (ig) +2)2 + (n2 +1)2(d3, () + 4, (vm)
ei:’vl’UMEE(Gl) Ujj GVi(Gz)

+2(dgy (uig) + 2)(n2 + 1)(da, (v) + g, (vm))
= 2miM; (GQ) + 8ngmy + 16momq + (TLQ + 1)2712HM(G1)
—2(n2 =+ 1)2n2M2(G1) + 4(712 + 1)(m2 + n2)M1 (Gl)

Note that, As is a positive value since HM (G1) > 2M>(G1). So, the summation of Ay,
Ay and Az completes the proof.

Using the facts that Mi(P,) = 4n — 6 (n > 2), My(P,) = 4n — 8(n > 3),
Ml(Cn) = MQ(Cn) = 47’L, Ml Kn = n(n—l
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HM(P,) = 16n — 30 (n > 3), HM(C,) = 16n, HM(K,) = 2n(n — 1)3, [14], and
Theorem 3, we obtain the following result.

COROLLARY 3.

1. HM (P, o P, 2(4m3n — Tm3 + 32m?n — 53m? + 76mn — 97m — 61n + 58),

3. HM (P, o Cp,

) =

2. HM(Cy, ¢ Cp,) = 8n(m3 + 8m? + 21m + 2),
) = 2(4nm3 + 32nm? + 84nm + 8n — Tm3 — 53m? — 109m — 15),
)=

(
(
(
M(C,, o Py) = 2n(4m® + 32m? + 76m — 61),

5. HM (K, o Ky) = n(n — 1)(m®n? + 4n?m? + m* + 5mn? — 4nm? + m? + 2n% —
8nm + m? — 4n + 3m + 2),

6. HM(K, ¢ Py) = n(n— 1)(n?m3 + 4n*m? — 2m3n + 5mn? + m3 + 2n? — 6nm —
4m? — 8n + 49m — 55),

7. HM (P, o K,,) = 2(m*n —m* + 10m®n — 15m? + 25m?n — 42m? + 24mn — 43m +
8n — 15),

8. HM (K, o Cy,) =n(n — 1)(m3n? + 4m?n? — 2m3n + 5mn? + m3 4 2n? — 2nm —
4m? — 4n + 45m + 2),

9. HM(C,, ¢ Kp,) = 2n(m* + 10m® + 25m? + 24m + 8).

5 Multiplicative Zagreb Indices of GG; ¢ Go
We begin this section with the following standard inequality.

LEMMA 2 (AM-GM inequality). Let x1, x2, ..., Z, be nonnegative numbers. Then

r1+x2+ ...+
n

> Yy +x0+ .+ T
holds with equality if and only if all the z}’s are equal.

THEOREM 4. Let G and G2 be two graphs. Then

My (GQ) + 4no + 8me ] mins
n2

I (G1 0 Ga) < (ng +1)*™ I (Gh),

Ml(GQ) +47’L2 + 8m2]m1n2
n2
My (G 2M, (G 4 mima
2(G) 20 (Gy) + m2] (2(G1))2.

ma

Hz(GloGQ) < (n2+1)2m1+2n2m1[

x|
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PROOF. By definition of II;, Lemmas 1 and 2, we have

11 (G1 0 G2) = H d2G10G2 (v)
veEV(G10G2)
= H d2G10G2 (v3) H H d2G10G2 (uiz)
v; €V (G1) e, €E(G1) v=u;; EV;(G2)
= J] ((m2+Dde, () ]] [I (doa(uiy) +2)?
v;EV(G1) e, €E(G1) v=u;; €V;(G2)
= (2 + 1" (G1) ] I (@&, (uiy) + 4+ dda, (uig))

e, €E(G1) v=u;; €V;(G2)

< (na+1*IL(G) ] NG 22 D Sl
n2
e; €E(G1)

Mi(G2) + 4n2 + 8m2}

_ 1 2nq
(nz + ) [ .

T (G).

On the other hand, by definition of Ils, Lemmas 1 and 2,

M (G1oGa) = H dcoc, (W) da oa, (V) = A1A243
e=uwveE(G10G2)

where

Al = H dG1<>G2 (vi)dG10G2 (’Uj)a
e=v;v; EE(G1)

11 11 dGyoGs (Uij)dGoG, (Uik),

e, €E(G1) e=uijuir€E;(G2)

Az = 11 I e wde,oa, (v)de,oa, (vm)-
ei:’ul’umeE(Gl)uijGVi(Gz)

A

Now, we compute A; for i = 1,2,3. By Lemmas 1 and 2,

A= ] [0 +1)%de, (vi)da, (v;)] = (na + 1)*™Ta(Gh),
e=v;v; EE(G1)

4 = I 11 (da, (uij) +2)(de, (wir) + 2)

e, €E(G1) e=uijuir€E;(G2)
H ZezuijuikeEi(Gz)(dG2 (uij)dcz (ulk) + 2(dG2 (ulj) + dGz (ulk)) + 4) ma

ma

IN

eiEE(Gl)
[MQ(GQ) + 2M1(G2) + 4meo ] mima
mo ’
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Ay = II II  (dea(uiy) +2)%(nz + 1)2de, (v)de, (vm)

e;i=vvm €E(G1) ui; €Vi(G2)

IN

n2
ei=vivm €EE(G1)

ny [M1(G2) +4ng +8ma 72 o
= H (n2+1)2 2[ 1(G2) 2 2} dcl(vl)dcl(vm)

n2
ei=vivm €EE(G1)

= (ma+ 12

My(G2) +4na + 8 n2m
L) Sy )

n2
By multiplication of A;, A; and A3 we obtain the result.
THEOREM 5. Let G; and G2 be two graphs. Then

S [ (m1 —+ 2(712 =+ 1);:12 =+ n2))M1 (Gl)

HT (Gl & GQ)

i 4m1(n2 —+ 2m2) + TLQ(TLQ + 1)2M2(G1)]m1n2
mi

M (G +4m mimsg (T +1 mi %
><[ 1(G2) 2] (27212“1)1 I3 (Gy).

ma

PROOF. By definition of the multiplicative sum Zagreb index, Lemmas 1 and 2,
we have

HT (G10Ga) = H (dGroa, (u) +dgroc, (V) = A1A2 A3,
e=uveE(G10G2)

where

A = H (dG1<>G2 (vl) + dG1<>G2 (’Uj)),
e=v;v; EE(G1)

4= ]I II (dG10G, (uig) + daroa, (uik)),

eiGE(Gl) e=u;juir€E; (Gz)
Az = 11 I  (doioc (uij) + daoc, () (daroe, (i) + da,oa, (vm)).
ei:’ul’UMEE(Gl)uijGVi(Gz)
Now, we compute A; for i = 1,2, 3.

Av= I e+ D(da, (05) + da, (v)] = (nz + 1)™ I (Gh),
e=vv; EE(G1)

4 = ] 11 (da, (uij) + da, (uir) +4)

e, €E(G1) e=uijuir€E; (G2)

I D emusyuineb, (Ga) (dGa (Uig) + day (wik) + 4)me

ma

IN

eiEE(Gl)
|:M1 (GQ) + 4m2]m1m2

ma

3

2 g g
H (n2 4 1)2712 [Zu” €Vi(G2) (dG2 (U’U) +4+ 4dG2 (U’U))dGl (vl)dGl (’Um) n2
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Figure 2: Some examples of fan graphs.

Az = 11 I [, (uij) +2)* + (de, (uij) + 2)(n2 + 1)da, (vm)
ei:vl’UMEE(Gl) ’U.i]‘GVi(Gz)

+(da, (uig) + 2)(n2 + 1)da, () + (n2 + 1)*(da, (v)da, (vm))]

1
—naTT H |:M1 (GQ) + 4712 + 8m2 + 2(m2 + 7’L2)(7’L2 + 1)
M2 _
ei=vvm €E(G1)

IN

x(da, (v) + da, (vm)) + n2(n2 + 1)2(dG1(UZ)dG1(Um))} "
1 [mlMl (GQ) =+ 2(712 =+ 1)(m2 =+ 7’L2)M1 (Gl)

n7212m1 mi
+4m1 (TLQ —+ 2m2) + TLQ(TLQ + 1)2M2(G1)]m1n2

mi

IN

It is easy to see that the multiplication of A;, A; and A3 completes the proof.

6 Application

Reducing the problem of computing indices of edge corona of two graphs, to the problem
of computing some parameters of the factor graphs will be desirable. For example, The
sun graph, S,, is an important class of graphs is defined in terms of edge corona
product. There are several differing definitions of the sun graph. In [3, 15], defines a
sun graph S, as a graph obtained by replacing every edge of a cycle C), by a triangle
Cs. A sun graph also has 2n vertices. It is clear that if G =2 C),, and H = K;, then
Go H = S,. Hence by Corollary 3 and Theorem 4, we can establish the following
result.

COROLLARY 4. For a sun graph S,,, we have
1. HM(S,) = 136n,

2. II;(Sy) < 64™, actually II; (S,,) = 64™ and it shows that the bound in Theorem
4 is sharp.

Another example is fan graph F.», which is isomorphic to the K o K,., Figure 2
shows some fan graphs, Hence by Corollary 3 and Theorem 4, we have the following
result.
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COROLLARY 5. For a fan graph F. 2, we have
1. HM(F,2) = 2r3 + 16r? + 267 + 4,

2. Ty (F,2) < 47(r + 1)*, this bound is sharp.

Acknowledgment. The author thanks the editor and the referees for their remarks
and suggestions to improve this paper.
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