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Abstract

In this article, we study the existence of positive weak solutions for a class of
weighted (p, ¢)—Laplacian nonlinear system

—Appu=Aa(z)f(v) inQ,
—AQ,qu = Ab(x)g(u) in Q,
u=v=0 on 052,

where Apj, with p > 1 and P = P(x) is a weight function, denotes the weighted
p-Laplacian defined by Ap,u = div[P(x)|Vu|P~2Vu], A is a positive parameter,
a(z), b(z) are weight functions and Q@ C R is a bounded domain with smooth
boundary 992. We prove the existence of a large positive weak solution for X large

1 1
when lirf % =0, forevery M > 0.

In particular, we do not assume any sign-changing conditions on a(z) or b(zx).
We use the method of sub—supersolutions to establish our results.

1 Introduction

Recently many results concerning the existence of positive weak solutions for the
nonlinear systems involving Laplacian, p-Laplacian or weighted p-Laplacian operators
were obtained by various authors with the help of the sub-supersolutions method (see
[1,4,9,10,11,12,13,16,17]).

On the other hand, the existence of weak solutions for nonlinear systems involving
p-Laplacian or weighted p-Laplacian operators have been studied by many authors
using an approximation method (see [2,14,20]) and the theory of nonlinear monotone
operators method (see [15,18,19]).

Dalmasso [5] studied the existence and uniqueness of positive solutions for the
semilinear elliptic system with homogeneous Dirichlet data

—Au= f(v) in Q,

—Av=g(u) in Q, (1)
u=v=0 on €,
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when f(cg(x)) is sublinear at 0 and oco for every ¢ > 0. Related results in the case
f(0) <0 or g(0) < 0 are obtained in [8] where the authors extended the study of [5] to
the case when no sign conditions on f(0) or g(0) were required, and without assuming
monotonicity conditions on f or g.
In [7], the authors considered the existence of positive solutions for the following
p-Laplacian problem
—Apu=Af(v) inQ,
—Apv = Ag(u) inQ, (2)
u=v=20 on 012,

in the semiposotone case, i.e., f(0) or g(0) is negative. The first eigenfunction is used
to construct the subsolution of p-Laplacian problem successfully. On the condition that

A is large enough and lim f“”(ggi?f’ﬁ] = 0, for every M > 0, the authors give the

r—+00
existence of positive solutions for problem (2).
In this paper, we study the existence of positive weak solutions for A\ large for the
following nonlinear system

—Apyu=Aa(z)f(v) ingQ,
—Ag,qv = Ab(z)g(u) inQ, (3)
u=v=0 on 0f.

where Ag, with r > 1 and R = R(z) is a weight function, R(z) = P(z) when
r = p and R(z) = Q(z) when r = ¢, denotes the weighted r-Laplacian defined by
Ap,u = div[R(z)|Vu|""2Vu], X is a positive parameter, a(z) and b(z) are weight
functions and that there exist positive constants ag, by such that a(z) > ag, b(x) > by,
f and g are given functions and Q C R is a bounded domain with smooth boundary
0. Our approach is based on the method of sub-supersolutions (see e.g. [3]).

This paper is organized as follows. In section 2, we introduce some technical results
and notations, which are established in [6]. In section 3, we give some assumptions on
the functions f, g to insure the validity of the existence of the positive weak solutions
for system (3) in a suitable weighted Sobolev space. Also, we prove the existence of
positive weak solutions for system (3) by using the method of sub—supersolutions. In
section 4, we give related result and example.

2 Technical Results

Now, we introduce some technical results of the weighted homogeneous eigenvalue
problem (see [6])

—Apgu = div[R(z)|Vu|""2Vu] = AS(x)|u|"2u  inQ, (4)
u=~0 on 0%,

with r = p,¢ and R(xz) = P(z) when r = p and R(z) = Q(x) when r = ¢. The function
R(x) is a weight function (measurable and positive a.e. in ), satisfying the conditions

1

R(z), (R(z))" 71 € L}, (Q), with r > 1,
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UﬂmyﬁEL%Q%WﬁhSG(gﬂDNﬂ;%TﬂDL (5)

and S(z) is a measurable function which satisfies
S(x) € L7 (9), (6)
with some k satisfies r < k < r} where 7} = ]\J,\%ﬁ with 7y = 25 <r <r; and meas

{z €Q:S(z)> 0} > 0. Examples of functions satisfying (5) are mentioned in [6].

LEMMA 1 ([6]). There exists the first eigenvalue A, > 0 and at least one corre-
sponding eigenfunction ¢, > 0 a.e. in Q of the eigenvalue problem (4).

THEOREM 1 ([6]). Let R(x) satisfies (5) and S(z) satisfies (6), then (4) admits a
positive eigenvalue \1,.. Moreover, it is characterized by

A / S(@)|n, | < / R(2)|Véy, |- (7)
Q Q

Moreover, let us consider the weighted Sobolev space W17 (R, Q) which is the set of all
real valued functions u defined in 2 with the norm

™

fullwronoy = | [ 1+ [ B@)ITur | <oc, s)
Q Q

and the space W, " (R, ) which is the closure of C§°(Q) in W7 (R, Q) with respect to
the norm

T

gy = | [ R@IVaT| <oo, (9)
Q

which is equivalent to the norm given by (8). The two spaces W (R, Q) and W, " (R, Q)
are well defined in reflexive Banach spaces.

3 Existence Results

In this section, we prove the existence of positive weak solutions (u,v) for system (3)
via the method of sub-supersolutions. We shall establish our results by construct-
ing a subsolution (¢,,1¥,) € Wy P(P,Q) x Wy'(Q,Q) and a supersolution (21, 23) €
WoP(P,Q) x Wy (Q, ) of (3) such that ; < z for i = 1,2. That is, ¢;, i = 1,2,
satisfy

/ P(@)|[ Vb, P2V, Vida < A / al2) f () Cdl,

Q Q

/ Q@) V5|V, Vinda < A / b()g (b e,
Q

Q
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and z;, 1 = 1,2, satisfy

/P(x)|Vzl|p72V21VCdx > /\/a(a:)f(ZQ)Cdx,

Q

)

/ Q(@)| V2|2V 2y Vnda > A / b(2)g(z1)nde,
Q Q

for all test functions ¢ € Wy**(P,Q) and n € Wy'%(Q,Q) with ¢,n > 0. Then the
following result holds:

LEMMA 2 ([3]). Suppose there exist sub and supersolutions (v, 1,) and (21, 22)
respectively of system (3) such that (11,5) < (21, 22). Then system (3) has a solution
(u,v) such that (u,v) € [(¥1,¥s), (21, 22)]-

We give the following hypotheses:

(H;y) f,9:[0,00) — [0,00) are C! nondecreasing functions such that f(s),g(s) > 0
for s > 0.

_1_ _1_
(Hs) For all M >0, lim 7M@)

r——+00

THEOREM 2. Let (H;), (H2) hold. Then system (3) has a positive weak solution
(u,v) € Wy P(P,Q) x Wy'(Q,Q) for X large.

PROOF. Let Ay, be the first eigenvalue of the eigenvalue problem (4) and ¢, the
corresponding positive eigenfunction with ||¢,,| ., = 1 for r = p,q. Let ko, m, 6 > 0
be such that f(z), g(z) > —ko for all x > 0,

P(Z’)|V¢1p|p - Alpa(x)(#l)p >m

and
Q@) Voryl? — Aigbla)el, = m

on Qs = {z € Q:d(z,00) < §}. We shall verify that

(2oL Ak,

24— 1(/\b0/€0
m

1
p—1 pP—
P 1¢1p , . -

(11, 15) = )77 T)

is a subsolution of (3) for A large. Let ¢ € WyP(P,Q) with ¢ > 0. A calculation shows
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that
Aaok
[P@Ive e, Vs = 220 [ ), 90,1796, - Vods
Q Q
Aaok
= 20 [P0y, 2V, (0,0
Q
Aagk
200 [ p@)|Vo,, Pods
Q
Aaoko
= 22 [ (pal@)eh, — P(a)|[Véy,|P)Cde.

Q

Similarly, for n € Wy9(Q, Q) with 5 > 0, we have

08 [ ugbla)d, - Q)| V6, nda.

Q

[ Q@Ivual v, - Tnde =
Q

Now, on s, we have P(x)|V¢,,[P — Aipa(x)¢h, > m. Hence,

)\CLO ko

(Apa(x)dl, — P(2)|[Vey,I7) < —Aaoko < Aa(z) f(1s).
A similar argument shows that

Aboko

(Mgb(2)0, — Q(2)[V1,|?) < —Aboko < Ab(z)g(t1)-

Next, on Q — Qs, we have ¢, > p, ¢1, > p for some > 0. Also f(¢),) and g(v;) are
depending on A and nondecreasing functions and therefore for A large we have, using

(7),

fa) = —Aip >

(Arpa(z)eh, — P(2)[Vy,|7),

g(¥1) > =g >

3F 3EF
3\5? 3|&

(Mgb(z)8], — Q(2)[V1,|?).
Hence

/ P(@)|[ Ve P2V, - Vede < A / F ().
Similarly, for n € Wy9(Q, Q) with 5 > 0, we have

/ Q@) Vo|" 2V - Vida < A / b(z)g()nde,

i.e. (11,1,) is a subsolution of (3) for A large. Next, let e, be the solution of (see [20])

—Apre,=11in Q, e, =0 on I for r =p,q.
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Let

C, 1 1 1 1
Gr2) = <u AT T e, (1pA) 7T [9<0Ap—1>}q—1eq>
p

where p, = |ler]|, ¥ =p,q, I = ||b(z)]| and C > 0 is a large number to be chosen
later. We shall verify that (z1, z2) is a supersolution of (3) for A large. To this end, let
¢ € Wy P(P,Q) with ¢ > 0. Then we have

p—1
/P(m)|Vz1|p72Vz1 -V{dx A (5) /P(x)|Vep|p72Vep -V{dzx
Q P Q

_ % (c,\ﬁ)p_l/gdz.

Hp 3

By (Hz), we can choose C large enough so that

(CATT P > (LB ) F([(1A) T 1) [g(CAFT)]75T),

where [, = ||la(z)]|, , and therefore,
[P@Ivap2va-vede = M [ £(0NTT R g6
Q
> A [ al@)f e

Q

Next, for 7 € Wy'%(Q,Q) with n > 0, we have
/Q(m)|V22|q72sz Vndz = Apg(CAFT) /Q z)|Vey|T2Ve, - Vndx
Q

= Apg( C)\P 1) [ ndx

D\

Y

/\lb/ (Cu;l)\ﬁep)ndx

/\/b g(z1)ndz,

i.e. (z1,22) is a supersolution of (3) with z; > 1, for C large, i = 1,2. Thus, there
exists a positive weak solution (u,v) of (3) with ¢; < u < z; and 95 < v < 2. This
completes the proof.

v
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4 Example and Related Result

4.1 Example

Many illustrative examples for the results obtained in this paper can be easily con-
structed. We just give one below. Let

flx) = Zaix”i +C, g(z) = ijxqj + Cy,
=1 =1

where, a;,b;,pi,q;,C1,C2 > 0 and p;q; > (p—1)(¢ — 1). Then it is easy to see that
f7g Sa‘tiSfy (Hl)a (H2)

4.2 Related Result

Existence results obtained in this article can be established in a similar way for the
following nonlinear system

—Apyu = Aa(z)v? inQ,
—AQ,qU = Ab(z)u® in{Q,
u=v=020 on aQ,

under the assumptions that
(a2) a(z) and b(z) are weight functions such that a(x) > ag > 0, b(x) > by > 0;

(a2) 0<a<p—-land0<f<qg-—1.

REMRARK 1. Existence results obtained in this article still hold if we replace the

F7T (M (g(2)) 1

condition lim - ) = 0, for every M > 0, given in (Hsz), by the condition

r——+00
_1
lim W =0, for every M > 0.

xr——400
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