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Abstract

In the paper we wish to establish some comparative growth properties of
composite entire or meromorphic functions on the basis of generalized relative
L*-order and generalized relative L*-lower order.

1 Introduction, Definitions and Notations

Let f be an entire function defined in the finite complex plane C. The maximum mod-
ulus function corresponding to entire f is defined as My (r) = max {|f (2)] : |z| =7}
When f is meromorphic, one may define another function T (r) known as Nevanlinna’s
Characteristic function of f, playing the same role as maximum modulus function in
the following manner:

Ty (r) = Ny (r)+my(r),

where the function Ny (7, a) (Nf (r, a)) known as counting function of a-points (dis-

tinct a-points) of meromorphic f is defined as

T

Ny (r,a) :/nf (t,a) ;nf (O’G)dt—knf (0,a)logr

0

r

Ny (r,a) :/nf (t.a) =ny 0.4) o (0,0) logr | |

t
0

moreover we denote by ny (1, a) (n} (r, a)) the number of a-points (distinct a-points) of
fin |z| < r and an oo -point is a pole of f. In many occasions Ny (r, 00) and ]\}f (r,00)

are denoted by Ny (r) and N ¢ () respectively.
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Also the function my (r, 00) alternatively denoted by m (r) known as the proximity
function of f is defined as follows:

2

1 .
my(r) = %/logJr | f (re'?)|do,
0

where
logt 2 = max (log z,0) for all z > 0.

Also we may denote m (’I”, ﬁ) by my (r,a).

If f is an entire function, then the Nevanlinna’s Characteristic function T (r) of f
is defined as

Ty (r) = my (r).

If f is a non-constant entire function then T (r) is strictly increasing and continuous
and its inverse Tf_1 : (Tr (0),00) — (0, 00) exists and is such that Slingonl (s) = oo.

However, the study of comparative growth properties of entire and meromorphic
functions which is one of the prominent branch of the value distribution theory of entire
and meromorphic functions is the prime concern of the paper. We do not explain the
standard definitions and notations in the theory of entire and meromorphic functions
as those are available in [3, 9]. In the sequel the following two notations are used:

{ log[k] x = log <log[k71] x) for k=1,2,3,...,

[0]

log™x =2

and
expltl z = exp (exp[kfl] :c) for k=1,2,3,...,
expl’ z = z.

Taking this into account the generalized order (respectively, generalized lower order)
of a meromorphic function f as introduced by Sato [8] is given by:

loglk=1 7, loglk=1 loglF—1
pgck] = lim supiog s (1) = lim supiO 7 () = lim supiog s (r)
r—00 10g Texpz (T) r—00 ].Og (%) r—00 10g7“ + 0(1)
log[kfl] T (1) log[kfl] Ty (r)
tively AF) = liminf—o—— ~f Y _ jipgpfoe SV
(p N T S o Ty - (1) o Togr + O(1)
where k > 1.

These definitions extend the definitions of order py and lower order Ay of an entire
or meromorphic function f since for k = 2, these correspond to the particular case
2 2
pgc] = py and )‘5‘] = As.
Lahiri and Banerjee [5] introduced the definition of relative order of a meromorphic
function with respect to an entire function which is as follows:
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DEFINITION 1 ([5]). Let f be meromorphic and g be entire. The relative order of
[ with respect to g denoted by p, (f) is defined as

py (f) = inf{u>0:Ty(r) <T,(r") for all sufficiently large r}

. log T, ' T (r)
= lim sup?.
r—00 o

The definition coincides with the classical one [5] if g (2) = exp z.

Similarly one can define the relative lower order of a meromorphic function f with
respect to entire g denoted by A, (f) in the following manner :

. Jog T Ty (r)
Yo (f) = lim ==

Debnath et. al. [2] gave a more generalized concept of relative order a meromorphic
function with respect to an entire function in the following way :

DEFINITION 2 ([2]). Let f be any meromorphic function and g be any entire
function with index-pairs (mq,q) and (ma,p) respectively where m; = ms = m and
p, g, m are all positive integers such that m > p and m > ¢. Then the relative (p, q) th
order of f with respect to g is defined as

, . log” 71T (r)
P () == limsup—— 4=

For details about index-pair of meromorphic function, one may see [2].

When p = k£ > 1 and ¢ = 1, the above definition reduces to the definition of
generalized relative order of a meromorphic function f with respect to an entire function

g, denoted by pgk] (f) which is as follows

log®) T (r)

k 1 g

P[g] (f) = llfisong-

Likewise one can define the generalized relative lower order of a meromorphic function
f with respect to an entire function g denoted by )\gk] (f) as

log*l 71T
ALK (f) = hminfogg—f(r)_

9 r—00 logr
Let L = L (r) be a positive continuous function increasing slowly i.e., L (ar) ~ L (r) as

r — oo for every positive constant a. Singh and Barker [6] defined it in the following
way:

DEFINITION 3 ([6]). A positive continuous function L (7) is called a slowly chang-
ing function if for € > 0,

1 L(kr)
)

< k® for r > r(¢) and uniformly for k > 1.
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Somasundaram and Thamizharasi [7] introduced the notions of L-order and L-lower
order for entire functions. The more generalised concept for L-order and L-lower order
for entire and meromorphic functions are L*-order and L*-lower order respectively.
Their definitions are as follows:

DEFINITION 4 ([7]). The L*-order p]%* and the L*-lower order )\‘?* of a meromor-
phic function f are defined as

. log T
pJLc :hmsupiog (1)

* logT
and )\f = lim inf —8~1 (r)
r—oo log [rel(r)]

r—oo log [reL(’“)] ’

In the line of Somasundaram and Thamizharasi [7] and Banerjee and Jana [2], one
may define the generalized relative L*-order and generalized relative L*-lower order of
a meromorphic function f with respect to an entire function g in the following manner:

DEFINITION 5. The generalized relative L*-order p[gk]L* (f) and the generalized

relative L*-lower order )\g“]L ’ (f) of a meromorphic function f with respect to an entire
function g are defined by

. log®! T-1T; (r) . log™ T-17 (r)
(k1L _ 1 5 fg 2SN\ (k)L —liminfoo g ~f\)
pg (1) llgsogp log [rel(m)] and A, (1) i Inf log [rel(M]

where k > 1.

In this paper we study some growth properties of composition of entire and mero-
morphic functions with respect to their generalized relative L*-orders and generalized
relative L*-lower orders as compared to the corresponding left and right factors.

2 Lemma

In this section we present a lemma which will be needed in the sequel.

LEMMA 1 ([1]). Let f be meromorphic and g be entire and suppose that 0 < p <
pg < 00. Then for a sequence of values of 7 tending to infinity,

Tiog(r) = Ty (exp (")) -

3 Theorems
In this section we present the main results of the paper.

THEOREM 1. Let f be a meromorphic function and g, h be any two entire functions
such that ] et
1 T
lim inf og T, (r)

im in W = A is a positive number (1)
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and
log[k] Th_le (exprHt)

(logm Th—1 (7")) A+l

for any «, B, i satisfying 0 <a <1, 8> 0, a(f+1) > 1and 0 < < p, < oo. Then

lim inf
r—00

= B is a positive number, (2)

P (Fog) = oo for k=2,3,4, ...

PROOF. From (1), we have for all sufficiently large values of r that

log!"! T, (r) > (A—¢) (log {reL(r)} )a (3)
and from (2) we obtain for all sufficiently large values of r that

. B+1
log[k] Th—le (exprt) > (B —¢) (log[k] T}L—1 (7‘)) . (4)

Also T;' () is an increasing function of r, it follows from Lemma 1, (3) and (4) for a
sequence of values of r tending to infinity that

log™ T, Tyog(r) > 1og 1,717y (exp (1))
B+1
e, 10gM T 0, (r) = (B—e) (10g¥ T (1)
a1 B+1

e, 10gM T Tpoy(r) = (B=e)[(A~¢) (log [re"]) "]

(B+1)
i, ogH T Tyoy(r) > (B ) (A )" (log [ret?]) ",

: — r a(B+1
. log[k] T, 1Tfog(r) (B—¢)(A- S)BH (log [reL( )]) (6+1)
ie., >
log [rel ()] log [rel(M)]

(k] p—1 _ _ \Bt1 L) @B+1)
ie., lim suplog Ty, Tyoq(r) > lim inf (B—g)(A—e)"" (log [re""]) '
r—o0 log [reL(T)] r—00 log [TeL(T)]

Since € (> 0) is arbitrary and « (5 + 1) > 1, it follows from above that

P (f o g) = oo,

which proves the theorem.

THEOREM 2. Let f be a meromorphic function and g, h be any two entire functions
such that

o i 28" T (exp ()

m in (logr)” = A is a positive number (5)
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and

1 log[k] T,:I(Tf(exp rt))
loglkl T,~ YexprH)

lim inf

T—00

5~ = B is a positive number (6)
[1og™ 7,7 (expr)]

for any a, 8 satisfying a > 1, 0 <8 <1, af >1and 0 < pu < p, < co. Then

pgf”’* (fog)=o0fork=23,4,...

PROOF. From (5) we have for all sufficiently large values of r that
log™ T, (exp () = (A —¢) (logr)” (7)
and from (6) we obtain for all sufficiently large values of r that

log™ T (Ty (exp ™)
log!*! T, (exprr)

B
> (B—¢) [log[k} T, (exp r“)]

log T, (Ty (exprt))
log!*! T, ' (exprh)

ie.,

> exp [(B — ) [log 7! (expr*‘)ﬂ C®

Also T ! (r) is increasing function of r, it follows from Lemma 1, equations (7) and (8)
for a sequence of values of r tending to infinity that

log[k] T,:leog(r) log[k] T,:le (exp (r*))

IOg [TeL(r)] - ]og [reL(T)]
. log™ T Ty (7) - log" 7,71 Ty (exp () log" Tj7* (exp (1))
7 log [relM] T 1ogM Tt (exp (1) log [rel ()]
o J0g M T o (1) 1 1 (A-¢) (logr)®
> — H RS St R
e log [rel ()] z o |(B-e) [log T (expr )] log [rel ()]
. g™ T T, (1) 3 ap] (A—c¢)(logr)”
e > - - RRSLA G LA
e, L 2 e [(B-a) (A=) e S
log® 1717, _ — «
ie., 08 " Ty Tiog(r) > exp [(B —e)(A— s)ﬁ (log r)aﬁ ! log r} . —(A ¢) (ogr)
log [rel ()]

log [rel()]

log T, ey ()
log [reX ()]

(B—¢)(A—e)P (log r)*P—1 . (A - 5) (log T)a
log [rel ()]

ie., > [r]

k] n—1 s _ a
i, limsup B 100(") » iy g [y (B-e) a2 Gogrye =t (A=) (og 1)
r—00 log [T’GL(T)] r—00 log [TGL(T):I
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log™ T, 1 Ty, o)A ap - A—¢) (logr)”
i.e., limsup %8 th A a(r) > lim inf [r] (P94 €)? (log r)*# =1 'liminf%
r—oo log [rel(n)] r—oo r—oo log [rel(n)]

[T](B—s)(A—s)B(log ryef-1

As e (> 0) is arbitrary and a > 1, of > 1, liminf exits. There-

T—00

fore theorem follows from above.

THEOREM 3. Let f be a meromorphic function and g, h be any two entire functions
such that g is of non zero order and )\Elk]L (f) > 0 where k = 2,3,4,.... Then

p%f]L* (fog)=o00.

PROOF. Suppose 0 < p < p, < 0o. As T, ' (r) is an increasing function of 7, we
get from Lemma 1, for a sequence of values of r tending to infinity that

1og!™ T Ty (r) > 1og® T T (exp (r#))

e,y Togh T Ty (1) = (NI () — ) 1og [exp (1) 2]

log™ T 1T, (r) (A[f OE s) [r# 4 LEP )]
log [TGL(T)} N log [reL(T)] ’

)

ie.,

k)L* exp(r
log!*! Ty ' Thog(r) AEL] (f) - 5) [+ L ol H))]
i.e., limsup h g > liminf
rooo log [rel()] r—o0 logr + L (r)

)

ie., ka]L* (fog)=o0.

Thus the theorem follows.

THEOREM 4. Let f be a meromorphic function and g, h be any two entire functions
such that g is of non zero order and 0 < )\%k]L (f) < p%“]L (f) < oo where k = 2,3,4, ...

Then ” )
lim sup log” T, Troq(r) =00
r—oo logl®! T, ' Ty (r)

PROOF. In view of Theorem 3, we obtain that

log[k] T};leog (7‘) log [T@L(r)}

lim sup > limsup liminf ———————
rooo log*! T, ' Ty (r) 00 log [rel(")] r—oo Jogltl T, Ty (r)
log®l 71Ty, . 1
Le., limsup = 0 hflf o(r) > P%f]L (fog)- TRL
r—oo log™ T, Ty (r) P (f)
log® 13717y
i.e., limsup 08" Ty Tiog(r) =00

r—o0 log[k] Th_le(T)



S. K. Datta and T. Biswas 75

Thus the theorem follows.

THEOREM 5. Let f be a meromorphic function and h be an entire function
such that 0 < )\Lk]L (f) < pglk]L (f) < oo where k = 2,3,4,.... Also let g be an entire
function with non zero order. Then for every positive constant A and every real number
a’

log® 17717y
lim sup o8 b Lroq(r)

14+«
o {log T Ty (r1) |

= Q.

PROOF. If a be such that 1 + o« < 0, then the theorem is trivial. So we suppose
that 1 4+ « > 0. Since Th_1 (r) is an increasing function of r, we get from Lemma 1 for
a sequence of values of r tending to infinity that

log[k] Th_leog (r)y > log[k] T,L_le (exp ("))
ie., log® T 1Ty, (r) > (Agf]” (f) — s) [ + L (exp ()] . (9)

where we choose 0 < p < p, < co. Again from the definition of ka]L* (f), it follows
for all sufficiently large values of r that

1og[k] Th_le(’I“A) < (PL}C]L* (f) + 5) (Alogr +L (TA)) ’

1+«

ie., {log[k] Th—le(rA)}Ha < (pﬁfw (f)+ E)Ha (Alogr + L (r)) (10)

Now from (9) and (10), it follows for a sequence of values of r tending to infinity that
7t M) =) I + L (exp ()
o T ) (W)

1+a = B 14+ a.
g ey (A () +e) T (Alogr+ L)

Since — 00 as r — 00, the theorem follows from above.

N
(logr)'*e

THEOREM 6. Let f be a meromorphic function and g be an entire function with
non zero order. Also let h and [ be any two entire functions such that 0 < /\[}f]L* N
and plL* (g9) < oo where k = 2,3,4,.... Then for every positive constant A and every
real number «,

log®l -1,
lim sup o8 1h fg(ila = 00
r—oo {log Ty 'Ty(r4)}

We omit the proof of Theorem 6 since it can be carried out in the line of Theorem
5.

Acknowledgment. The authors are thankful to referee for his/her valuable sug-
gestions towards the improvement of the paper.



76 Comparative Growth Analysis of Meromorphic Functions

References

[1] W. Bergweiler, On the growth rate of composite meromorphic functions, Complex
Variables Theory Appl., 14(1990), 187-196.

[2] L. Debnath, S. K. Datta, T. Biswas and A. Kar, Growth of meromorphic functions
depending on (p, q)-th relative order. Facta Univ. Ser. Math. Inform., 31(2016),
691-705.

[3] W. K. Hayman, Meromorphic Functions. Oxford Mathematical Monographs
Clarendon Press, Oxford 1964 xiv+191 pp.

[4] T. V. Lakshminarasimhan, A note on entire functions of bounded index, J. Indian
Math. Soc., 38(1974), 43-49.

[5] B. K. Lahiri and D. Banerjee, Relative order of entire and meromorphic functions,
Proc. Nat. Acad. Sci. India Ser. A., 69(1999), 339-354.

[6] S. K. Singh and G. P. Barker, Slowly changing functions and their applications,
Indian J. Math., 19(1977), 1-6.

[7] D. Somasundaram and R. Thamizharasi, A note on the entire functions of L-
bounded index and L-type, Indian J. Pure Appl.Math., 19(1988), 284-293.

[8] D. Sato, On the rate of growth of entire functions of fast growth, Bull. Amer. Math.
Soc., 69(1963), 411-414.

[9] G. Valiron, Lectures on the General Theory of Integral Functions, Chelsea Publish-
ing Company, 1949.



