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Abstract

We study three q-difference-differential operators in q2-analogue Sobolev spaces.

1 Introduction

In this work, we are interested in the study of three q-difference-differential operators in
q2-analogue Sobolev and q2-potential spaces introduced by the authors in their recent
paper [8].
The outline of this paper is as follows. In section 2, we recall some basic facts from

quantum calculus, some properties from the q-Rubin’s operator and functional spaces
in quantum calculus. We study in section 3 the hypoellipticity of q-Rubin operator.
Section 4 is devoted to the existence and regularity of q2-analogue wave equation. In
section 5, we study the solution of q2-analogue-Schrödinger equation.

2 Preliminary

Throughout this paper, we assume 0 < q < 1 and we refer the reader to [3, 5] for
the definitions and properties of hypergeometric functions. In this section we will fix
some notations and recall some preliminary results. We put Rq = {±qn : n ∈ Z} and
R̃q = Rq ∪ {0}. For a ∈ C, the q-shifted factorials are defined by

(a; q)0 = 1; (a; q)n =

n−1∏
k=0

(1− aqk), n = 1, 2, ...; (a; q)∞ =

∞∏
k=0

(1− aqk).

We denote also

[a]q =
1− qa
1− q , a ∈ C and [n]q! =

(q; q)n
(1− q)n , n ∈ N.

A q-analogue of the classical exponential function is given by (see [6, 7])

e(z; q2) = cos(−iz; q2) + i sin(−iz; q2),
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where

cos(z; q2) =

+∞∑
n=0

qn(n+1)
(−1)nz2n

[2n]q!
and sin(z; q2) =

+∞∑
n=0

qn(n+1)
(−1)nz2n+1

[2n+ 1]q!
.

The q-differential-difference operator is defined as (see [6, 7])

∂qf(z) =


f(q−1z)+f(−q−1z)−f(qz)+f(−qz)−2f(−z)

2(1−q)z if z 6= 0,

limz→0 ∂qf(z) in Rq if z = 0.

The q-Jackson integrals are defined by (see [4])∫ a

0

f(x)dqx = (1− q)a
+∞∑
n=0

qnf(aqn)

and ∫ +∞

−∞
f(x)dqx = (1− q)

+∞∑
n=−∞

qn {f(qn) + f(−qn)} ,

provided the sums converge absolutely.
The q-Rubin-Fourier transform defined in [6], for all x ∈ R̃q as

Fq(f)(x) := Kq

∫ +∞

−∞
f(t)e(−itx; q2)dqt,

where

Kq =
(1 + q)

1
2

2Γq2(
1
2 )
, and Γq(x) =

(q; q)∞
(qx; q)∞

(1− q)1−x.

In the following we denote by

• Sq(Rq) stands for the q-analogue Schwartz space of smooth functions over Rq
whose q-derivatives of all order decay at infinity. Sq(Rq) is endowed with the
topology generated by the following family of semi-norms:

‖u‖n,Sq (f) := sup
x∈Rq ;k≤n

(1 + |x|)n|∂kq u(x)| for all u ∈ Sq and n ∈ N.

• S ′q(Rq) the space of tempered distributions on Rq, it is the topological dual of
Sq(Rq).

• Lpq(Rq) =

{
f :
(∫ +∞
−∞ |f(x)|pdqx

) 1
p

<∞
}
.

• L∞q (Rq) =
{
f : supx∈IRq

|f(x)| <∞
}
.

• E(R;Sq(Rq)) the space of C∞ functions from R into Sq(Rq).
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• E(R;S ′q(Rq)) the space of C∞ functions from R into S ′q(Rq).

• S(R;Sq(Rq)) the space of Shawartz functions from R into Sq(Rq).

• C(R;Ws,p
q (Rq)) the space of continuous functions on R into Ws,p

q (Rq).

It was shown in ([2, 6]) that Fq verifies the following properties for f ∈ L1q(Rq).

1. If uf(u) ∈ L1q(Rq) and ∂qf ∈ L1q(Rq) then

∂q(Fq)(f)(x) = Fq(−iuf(u))(x) and Fq(∂q(f))(x) = ixFq(f)(x).

2. The reciprocity formula

for t ∈ Rq, f(t) = K

∫ +∞

−∞
Fq(f)(x)e(itx; q2)dqx. (1)

3. The q-Rubin-Fourier transform Fq is an isomorphism from Sq(Rq) onto itself and
we have

F−1q (f)(x) = Fq(f)(−x) = Fq(f)(x) for f ∈ Sq(Rq). (2)

4. Fq is an isomorphism from L2q(Rq) onto itself, and we have

‖Fq(f)‖L2q(Rq) = ‖f‖L2q(Rq) for f ∈ L
2
q(Rq). (3)

DEFINITION 1. The q-Rubin-Fourier transform of a q-distribution ν ∈ S ′(Rq) is
defined by

〈Fq(ν), φ〉 = 〈ν,Fq(φ)〉 for φ ∈ Sq(Rq). (4)

From the above properties, we have the following result.

PROPOSITION 1. The q-Rubin-Fourier transform is a topological isomorphism
from S ′(Rq) onto itself.

Let u be in S ′(Rq). We define the distribution ∂qu, by

〈∂qu, ψ〉 = −〈u, ∂qψ〉 for ψ ∈ Sq(Rq). (5)

Hence, if we denote the q2-analogue Laplace operator by ∆q := ∂2q we deduce

〈∆qu, ψ〉 = 〈u,∆qψ〉 for ψ ∈ Sq(Rq). (6)

These distributions satisfy the following properties

Fq(∂nq u) = (iy)nFq(u), n ∈ N. (7)
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The q-translation operator τ q;x, x ∈ Rq is defined on L1q(Rq) by (see [6])

τ q,y(f)(x) = K

∫ +∞

−∞
Fq(f)(t)e(itx; q2)e(ity; q2)dqt, y ∈ Rq,

τ q,0(f)(x) = f(x).

DEFINITION 2. For f ∈ L2q(Rq) and g ∈ L1q(Rq), the q-convolution product is
given by

f ∗ g(y) = K

∫ +∞

−∞
τ q,yf(x)g(x)dqx.

PROPOSITION 2. For f ∈ Lnq (Rq), g ∈ Lpq(Rq) and 1 ≤ n, p, r ≤ ∞ such that
1
n + 1

p −
1
r = 1 we have

‖f ∗ g‖Lrq(Rq) ≤ ‖f‖Lnq (Rq)‖g‖Lpq(Rq). (8)

DEFINITION 3. The q2-analogue Sobolev spaces introduced in [8] for s ∈ R and
1 ≤ p <∞ are

Ws,p
q (Rq) :=

{
u ∈ S ′q(Rq) : (1 + |ξ|2) s2Fq(u) ∈ LPq (Rq)

}
,

provided with the norm

‖u‖Ws,p
q (Rq) :=

(∫ +∞

−∞
(1 + ξ2)

sp
2 |Fq(u)(ξ)|pdqξ

) 1
p

.

DEFINITION 4. For u ∈ S ′q(Rq) and s ∈ R, the q2-potential operator Psq of order
s is defined in [1] as

Psq : S ′q(Rq) −→ S ′q(Rq)
u 7−→ (Fq)−1((1 + ξ2)−

s
2Fq(u)).

DEFINITION 5. For all (s, p) ∈ R × [1,+∞[, the q2-potential space is defined in
[8] as

Bs,pq (Rq) =
{
u ∈ S ′q(Rq),P−sq (u) ∈ Lp(Rq)

}
,

provided with the norm
‖u‖Bs,pq (Rq) = ‖P−sq (u)‖Lpq(R).
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3 Hypoellipticity of q-Rubin Operator

In this section, we will present the hypoellipticity of q-Rubin operator.

THEOREM 1. Let P (∂q) =
∑n
j=0 αj(∂q)

j , αn 6= 0, a q-differential-difference
operator with constant coeffi cient αj and symbol P (λ) =

∑n
j=0 αj(iλ)j 6= 0, λ ∈ R. If

u ∈ L2q(Rq), P (−∂q)u = f and f ∈ L2q(Rq), then u ∈ Bn,2q (Rq).

PROOF. One can easily show that there exists R > 0 and a positive constant C
such that

|P (ξ)| ≥ C|ξ|n, |ξ| ≥ R. (9)

Let u ∈ Sq(Rq)
‖u‖2Bn,2q (Rq)

=

∫
Rq

(ξ2 + 1)n/2|Fqu(ξ)|2dqξ.

Taking R ≥ 1, we have

‖u‖2Bn,2q (Rq)
=

∫ R

−R
(ξ2 + 1)n/2|Fqu(ξ)|2dqξ +

∫
|ξ|≥R

(ξ2 + 1)n/2|Fqu(ξ)|2dqξ.

Now, when |ξ| ≤ R, we have (ξ2+1)n/2 ≤ (R2+1)n/2 and if |ξ| ≥ R, (ξ2+1)n/2 ≤ 2|ξ|n,
we have

||u||2Bn,2q (Rq)
≤ C(R2 + 1)n/2

∫ R

−R
|Fqu(ξ)|2dqξ + C

∫
|ξ|≥R

|ξ|2n|Fqu(ξ)|2dqξ.

According to the relations (3), (7) and (9) we obtain

‖u‖2Bn,2q (Rq)
≤ C

(∫
Rq
|u(x)|2dqx+

∫
Rq
|ξ|2n|Fqu(ξ)|2dqξ

)

≤ C

(
‖u‖2L2q(Rq) +

∫
Rq
|P (ξ)Fqu(ξ)|2dqξ

)

≤ C

(
‖u‖2L2q(Rq) +

∫
Rq
|Fq(P (∂q))g(ξ)|2dqξ

)
≤ C

(
‖u‖2L2q(Rq) + ‖P (∂q)u‖2L2q(Rq)

)
.

The proof is completed by using the density of Sq(Rq) in Bn,2q (Rq).

4 q2-Analogue Wave Equation

LEMMA 1. For all p, n ∈ [1,∞], 1
r = 1

p + 1
n − 1 ≥ 0, s, s′ ∈ R, f ∈ Bs,pq (Rq) and

g ∈ Bs′,nq (Rq), we have

f ∗ g ∈ Bs+s
′,r

q (Rq) and ‖f ∗ g‖Bs+s′,rq (Rq)
≤ Cq‖f‖Bs,pq (Rq)‖g‖Bs′,nq (Rq)

.
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PROOF. The results are given by the inequality (8) and the definition of the q2-
potential spaces.

We consider the q2-analogue wave equation where the unknown u is a real-valued
function such that

∂2t u−∆qu = 0′,
u|t=0 = u0 ∈ Bs,pq (Rq)′,
∂tu|t=0 = u1 ∈ Bs

′,n
q (Rq)′,

(t, x) ∈ R× Rq.

COROLLARY 1. Let C := {ξ ∈ Rq, r ≤ |ξ| ≤ R} for some positive reals r and R
such that r < R. We assume that u0 and u1 are two functions satisfying

supp Fq(uj) ⊂ C.

1. For p = n = 2, u ∈ Ba+s,∞q (Rq) + Bb+s′,∞q (Rq). For a+ s = b+ s′ = c,

‖u‖Bc,∞q (Rq) ≤ C
(
‖u0‖Bs,2q (Rq) + ‖u1‖Bs′,2q (Rq)

)
.

2. For p 6= 2 and n 6= 2, u ∈ Ba+s,
p

2−p
q (Rq) + Bb+s

′, n
2−n

q (Rq). For a+ s = b+ s′ = c,

‖u‖
B
c,

p
2−p

q (Rq)
≤ C

(
‖u0‖Bs,pq (Rq) + ‖u1‖Bs′,pq (Rq)

)
.

PROOF. According to the Duhamel expression for the solution and Lemma 1 we
obtain the results.

5 q2-Analogue-Schrödinger Equation

Now we consider the following equation where the unknown u is a complex-valued
function {

∂tu− i∆qu = 0,
ut|=0 = g,

(t, x) ∈ R× Rq.

THEOREM 2. Let g ∈ S ′q(Rq). There exists a unique solution u ∈ E(R;S ′q(Rq))
such that {

∂tu− i∆qu = 0, in D′(R× Rq),
ut|=0 = g.

PROOF. Let us prove the existence first. For t ∈ R, we write

ut = (Fq)−1(e−it|ξ|
2

Fq(g)). (10)
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According to (4) we have

〈ut, φ〉 = 〈Fq(g), e−it|ξ|
2

(Fq)−1(φ)〉.

Therefore we deduce that ut ∈ E(R;S ′q(Rq)), and Fq(ut) ∈ E(R;S ′q(Rq)). We recall
that u is defined by

〈u, ψ〉 =

∫
R
〈ut, ψ(t, .)〉dt, ψ ∈ S(R;Sq(Rq)).

Then, using (6), we have for any ψ in S(R;Sq(Rq))

〈∂tu− i∆qu, ψ〉 = −〈u, ∂tψ(t, .) + i∆qψ(t, .)〉

= −
∫
R
〈ut, ∂tψ(t, .) + i∆qψ(t, .)〉dt

= −
∫
R
〈Fq(ut), (Fq)−1(∂tψ(t, .) + i∆qψ(t, .))〉dt

= −
∫
R
〈e−it|.|

2

Fq(g), (∂t − i|.|2)(Fq)−1ψ(t, .)〉dt.

Since
∂t

(
e−it|ξ|

2

(Fq)−1ψ(t, ξ)
)

=
[
∂t − i|ξ|2Fq)−1ψ(t, ξ)

]
e−it|ξ|

2

,

we see that

〈∂tu+ i∆qu, ψ〉 = −
∫
R
〈Fq(g), ∂t

(
e−it|.|

2

(Fq)−1ψ(t, .)
)
〉dt

= −
∫
R
∂t〈Fq(g), e−it|.|

2

(Fq)−1ψ(t, .)〉dt = 0.

Hence the existence of a solution u is shown. Let us now prove the uniqueness, which
is equivalent to show that u ≡ 0 is the solution of the following problem{

∂tu− i∆qu = 0 in E(R;S ′q(Rq)),
ut|=0 = 0.

In fact, for all ψ in S(R;Sq(Rq)) we have

〈∂tu− i∆qu, ψ〉 = −
∫
R
〈ut, (∂t + i∆q)ψ(t, .)〉dt = 0.

Although
d

dt
〈ut, ψ(t, .)〉 = 〈u(1)t , ψ(t, .)〉+ 〈ut, ∂tψ(t, .)〉,

therefrom

−
∫
R

d

dt
〈ut, ψ(t, .)〉dt+

∫
R

[
〈u(1)t , ψ(t, .)〉 − i〈ut,∆qψ(t, .)〉

]
dt = 0. (11)
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Since ψ(−∞, .) = ψ(∞, .), we obtain∫
R

[
〈u(1)t , ψ(t, .)〉 − i〈ut,∆qψ(t, .)〉

]
dt = 0. (12)

Besides, using the fact that Fq(u(1)t ) = (Fq(ut))(1) and the relations (7) and (12) we
deduce that∫

R

[
〈(Fq(ut))(1), (Fq)−1ψ(t, .)〉+ i〈Fq(ut), |.|2(Fq)−1ψ(t, .)〉

]
dt = 0 (13)

for ψ ∈ S(R;Sq(Rq)). If we choose ψ such that (Fq)−1ψ(t, ξ) = eit|ξ|
2

ϕ(ξ)χ(t) where
ϕ in Sq(Rq), χ in S(R), we have∫

R

[
〈(Fq(ut))(1), eit|.|

2

ϕ〉+ i〈Fq(ut), |.|2eit|.|
2

ϕ〉
]
χ(t)dt = 0 (14)

for χ ∈ S(R). Hence we deduce that

d

dt
〈Fq(ut), eit|.|

2

ϕ〉 = 〈(Fq(ut))(1), eit|.|
2

ϕ〉+ i〈Fq(ut), |.|2eit|.|
2

ϕ〉 = 0 (15)

for ∈ Sq(Rq). Thus for all ϕ in Sq(Rq), the function t 7→ 〈Fq(ut), eit|.|
2

ϕ〉 is constant.
Finally, as u0 = 0 then

〈Fq(ut), eit|.|
2

ϕ〉 = 〈Fq(u0), ϕ〉 = 0 for t ∈ R and ϕ ∈ Sq(Rq).

Then we deduce that u = 0.

THEOREM 3. Let g be in Ws,p
q (Rq), s ∈ R and 1 ≤ p <∞, the solution given by

the Theorem 2 belongs to C(R;Ws,p
q (Rq)). For m ∈ N, (u

(m)
t ) ∈ C(R;Ws−2m,p

q (Rq))
and we have for t ∈ R{

‖ut‖Ws,p
q (Rq) = ‖g‖Ws,p

q (Rq),

‖u(m)t ‖Ws−2m,p
q (Rq) ≤ Cm‖g‖Ws,p

q (Rq) for m ∈ N∗.
(16)

PROOF. By the formula (10), we have for all t in R

Fq(ut) = e−it|ξ|
2

Fq(g),

so, it is easy to deduce (16). Now, we will prove that for m = 1, 2, ..., u
(m)
t belongs to

C(R;Ws−2m,p
q (Rq)). In fact, let (tn)n be a sequence that converge to t0 in R, we have

‖utn − ut0‖2Ws,p
q (Rq) =

∫
Rq

(1 + |ξ|2)
sp
2 |e−itn|ξ|

2

− e−it0|ξ|
2

|p|Fq(g)(ξ)|pdqξ.

According to the dominated convergence theorem, we obtain

lim
n→∞

‖utn − ut0‖2Ws,p
q (Rq) = 0.
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Elsewhere, from (10) we have

Fq(u(m)t ) = (−i|ξ|2)me−it|ξ|
2

Fq(g).

Hence, we obtain

‖u(m)tn − u
(m)
t0 ‖

p
Ws,p

q (Rq)
=

∫
Rq

(1 + |ξ|2)
sp
2 |e−itn|ξ|

2

− e−it0|ξ|
2

|p|ξ|2mp|Fq(g)(ξ)|pdqξ.

Finally, the dominated convergence theorem leads to the result.
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