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Abstract

In this paper, we defined the generalized dual Fibonacci quaternions. Also,
we investigated the relations between different generalized dual Fibonacci quater-
nions. Furthermore, we gave the Binet’s formulas and Cassini identities for these
quaternions.

1 Introduction

The quaternions are generalized numbers. They were first described by the Irish math-
ematician William Rowan Hamilton in 1843. Hamilton [1] introduced the set of quater-
nions which can be represented as

H={q=qo+iq +jg + kg :q,q,q9,q € R}
where
PP=j2=k>=—-1,ij=—ji=k, jk=—kj=1and ki = —ik = j.

The split quaternions or co-quaternions are elements of a 4-dimensional associative
algebra introduced by James Cockle in 1849, similar to the quaternions introduced by
Hamilton. Cockle [2] introduced the set of split quaternions which can be represented
as

Hs ={q=qo+iq +3jq2 + kg : q0,q1, 92,93 € R}

where
i?=—1, j>=k*>=1 and ijk = 1.

Several authors worked on different quaternions and their generalizations [3, 5-
18]. In 2013, Akyigit et al. [17] defined split Fibonacci and split Lucas quaternions
and obtained some identities for them. Complex split quaternions defined by Kula and
Yayli [13] in 2007. In 1963, Horadam [3] firstly introduced the nth Fibonacci quaternion
and generalized Fibonacci quaternions, which can be represented as

Hp ={Qn=F, +iFy1+ jFni2 + kFui3, n > 1: F,, is n-th Fibonacci number}
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P?=j2=k>=ijk=—1, ij=—ji=k, jk=—kj=1iand ki = —ik = j.

In 1969, Iyer [5, 6] derived many relations for the Fibonacci quaternions. Also, in 1973,
Swamy [8] considered generalized Fibonacci quaternions as follows

P’n = Hn +iHn+1 +an+2 + an+3 for n 2 1

where
Hn = anl + an%
Hy =p, or H,=((p—qF,+qFn11.
Hy =p+gq,

Here, H,, is the n-th generalized Fibonacci number defined in [4], see [8] for generalized
Fibonacci quaternions. In 1977, Takin [9, 10] introduced higher order quaternions and
gave some identities for these quaternions. In 1993, Horadam [12] extended quaternions
to the complex Fibonacci numbers defined by Harman [11]. In 2012, Hahe [15] gave
generating functions and Binet’s formulas for Fibonacci and Lucas quaternions. In
2013, Halici [16] defined complex Fibonacci quaternions as follows

Hpo = {Rn =C, + elcn+1 + 62Cn+2 + 63Cn+37 n>1:C,=F, +iFhq, i = _1}

where

2 2 2
e1” =e3” =e3” = ereze3 = —1, ejea = —eze; = €3,

ege3 = —ezeg = €1 and eze; = —eje3 = ea.
In 2009, Ata and Yayh [17] defined dual quaternions with dual numbers (a + b, a,b €
R, €2 =0, ¢ # 0) coefficient as follows
HD)={Q=A+Bi+Cj+Dk:A B,C,DcDandi’=j?=k*=—-1=ijk}. (1)

In 2014, Nurkan and Giiven [18] defined dual Fibonacci quaternions as follows

H(D) = {Qn = By iFpr 4 jFyio + kFuys, n>1: Fy = Fy + eFpyn,
62:0ande7é0} (2)
where
PP =42 =k =ijk=—1, ij=—ji=k, jk=—kj=i,
ki = —ik = j and Qn =Qn +eQni1-

Essentially, these quaternions in equations (1) and (2) must be called dual coefficient
quaternion and dual coefficient Fibonacci quaternions, respectively. Majernik [20] de-
fined dual quaternions as follows

Hpy={Q=a+bi+cj+dk:a,bcdecR}
where

i?=j2=k>=ijk=0and ij = —ji = jk = —kj = ki= —ik = 0.
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For more details on dual quaternions, see [19]. It is clear that H (D) and Hp are different
sets. In 2015, Yiice and Torunbalci Aydin [21] defined dual Fibonacci quaternions as
follows

H]]]) = {Qn :Fn+ZFn+1 +an+2+l€Fn+3, TLZ 1 .
F,, is n-th Fibonacci number} (3)

where
i?=j2 =k =ijk=0and ij = —ji = jk = —kj = ki = —ik = 0.

The Lucas sequence (L,,) and DZ which are the n-th term of the dual Lucas quater-
nion sequence (DL) are defined by the following recurrence relations:

Lyt2 =Lpt1+ Ly, Yn >0,
L0:27L1:17
D, =L,+iL,+ jLpto+kL,+3 and i = j° = k* =ijk = 0.

In this paper, we will define the generalized dual Fibonacci quaternions as follows

Qp = {Dn=H,+iH,41+ jHpio+kHyy3, n>1: H, is n-th generalized

Fibonacci number},
where
i?=j2=k>=ijk=0and ij = —ji = jk = —kj = ki= —ik = 0.

Also, we will give Binet’s Formula and Cassini identities for the generalized dual Fi-
bonacci quaternions.
2 Generalized Dual Fibonacci Quaternions
The generalized Fibonacci sequence H,, is defined as

either H, = H, 1+ H,—2,n>2 or H,=(p—q)F,+qFnt1,n>0 (4)
where Hy = q, Hy = p, H, = p+ q and p,q € Z. Here, H,, is the n-th generalized
Fibonacci number that defined in [4]. We can define the generalized dual Fibonacci

quaternions by using generalized Fibonacci numbers as follows

Qv = {Dn=H,+iHni1+jHpio+ kHpis: H, is n-th generalized

Fibonacci number} (5)

where

i?=j2=k>=ijk=0and ij = —ji = jk = —kj = ki= —ik = 0.
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Let D! and D2 be the n-th generalized dual Fibonacci quaternion sequence (D) and
(D2) such that

DY =H, +iH, +jHypo +kHyys (6)

and
DZ = Gy, +iGpi1 + jGpio + kGpys.

Then, the addition and subtraction of the generalized dual Fibonacci quaternions is
defined by

DE4+D2 = (H,+iH,1 +jHuio+kHyi3) £ (Gn +iGry1 +5Gnia + kGris)
(Hn £ Gn) + i(Hn-i—l =+ Gn-{—l) + j(Hn+2 + Gn,+2) + k(Hn+3 =+ Gn+3)-

Multiplication of the generalized dual Fibonacci quaternions is defined by

DiD2 = (H,+iHp1 + jHuyo +kHyy3)(Gr +iGriy + §Grio + kGrys)
(H,Gp) + i1(HyGpi1 + Ho1Gr) + §(HyGrg2 + Hy2Gh)
+k(H,Grys + Hpy3Gr)

= (H,Gpn)+ Hy(iGry1 + jGry2 + kGry3)
+(tHpy1 + jHpso + kHpt3)G. (7)

The scaler and the vector part of I, which is the n-th term of the generalized dual
Fibonacci quaternion (D) are denoted by

S]D)n = Hn and V[D)n = iHn+1 +an+2 + an+3.

Thus, the generalized dual Fibonacci quaternion Dy, is given by Dy, = Sp, + Vp,,. Then,
relation (7) is defined by

DLD2 = Sp1Spz + Spa Vpz + Spz Vpz.
The conjugate of generalized dual Fibonacci quaternion Dy, is denoted by Dy, and it is
Dy =H, —iH, 11— jH,1 2 — kH, 3. (8)
The norm of D, is defined as

”DnH2 = ]D)nﬁn = (Hn)2 (9)

Then, we give the following theorem using statements (4), (5) and the generalized
Fibonacci number in [4] as follows

HnHm + Hn+1Hm+1 == p2Fn+m+1 + 2qun+m + q2F71+7n—1
= (2p - Q)Hn-‘rm-‘rl - an+m+1 (10)

where e = p? — pq — ¢>.
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THEOREM 1. Let H,, and D, be the n-th terms of generalized Fibonacci sequence
(H,) and the generalized dual Fibonacci quaternion sequence (D), respectively. In
this case, for n > 1 we can give the following relations

]D)n + Dn+1 = Dn+2a (11)
(Dn)? = 2H,,.D, — HZ, (12)
Dy —iDpt1 — jDny2 — kDpis = Hy, (13)
Dy + Dpy1 D1 = (2p - Q) [QDn+m+1 - Hn+m+1] - e[2Q7L+m+1 - Fn+m+1] (14)
where @, m+1 is the dual Fibonacci quaternion.
PROOF. By
]D)n == Hn + Y:Hn+1 +an+2 + an+3 (15)
and
Dn—i—l = Hn+1 + iHn+2 + an+3 + an+47 (16)
we see that
Dn+Dnp1 = (Hp+iHpp1 +jHpro+kHpys) + (Hpp1 +iHpqo + jHpq3 + kHpya)

Hy, + Hppy +i(Hyr + Hyy2) + j(Hpqo + Hogs) + k(Hyg3 + Hygg)
Hyio+tHyys+jHya +kHpgs
= Dn+2-

So (11) holds. We observe

(Dn)?® = (Hn+iHpo1 + jHni2 + kHoys)(Hy + iHypy + jHogo + kHy )
= H?+2(H,Hp1)+2j(HyHyyo) + k(H,H,(3) = 2H, D, — H2.
So (12) holds. By (6) and conditions in the equation (5), we see that
D, — Z.]D)n—‘,-l - an-i-Z - an+3 = (Hn + iHn-i—l + an+2 + an-HS)
—i(Hpy1 + iHpyo + jHyys + kHypa)
—Jj(Hpto + tHnys + jHpia + kHiys)

—k(Hyy3 +iHypq + jH, 5 + kHyy6)
= H,.

So (13) holds. By (7) and (10), we see that

]D)n]D)m - HnHm + Z(HnHm+1 + HnJrle) + j(HnHm+2 - Hn+2Hm)
+]{:(I{nI{m—O—L% + Hn+3Hm) (17)
and
HDn+1 Dm-{-l - Hn+1H7rL+1 + Z'(I{n-‘rljfm-‘rQ + Hn+2Hm+1)

+j(Hn+1Hm+3 + Hn+3Hm+1>
+k(Hpy1Hpqa + HopaHog1). (18)
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So (14) holds. Finally, adding equations (17) and (18) side by side, we obtain

DD + Dosi Doy =  (HoHy + Hoo1 Hypir)
+i[HpyHpi1 + Hop1 Hey + Hyp1 Hypo + Hyo Hpn 1]
+jHnHypio + HyyoHy + Hy 1 Hypos + Hyp3Hypg1]
+k[HyHpts + Hyp3Hy + Hyr1Hypsa + Hypa Hp 1]
= [P’ Frosms1 + 20qFnsm + ¢ Fogmas)]
+2i[p* Frtmt2 + 20qFptmi1 + ¢ From)
+2j [p2Fn+m+3 + 2pqFntm42 + QQFn+m+1]
+2k[p° Fopmra + 20qF nm+s + ¢ Frgme2)
= 2(2p — Q)[Hntm+1 + iHnimy2]
+2(2p — Q)[FHntm+3 + kHngma]
e2F it + 2iFnimin + 25 Py 4+ 2k Fomia]
= (2p = @)2Dnymr1 — Hopmta] = €[2Q, g1 = Frgmta]

where Qn+m+1 is the dual Fibonacci quaternion.

THEOREM 2. Let D, and DL be n-th terms of the generalized dual Fibonacci
quaternion sequence (D,) and the dual Lucas quternion sequence (DL), respectively.
The following relations are satisfied

Dpi1 + Dn1 =pDy + gDy and Dypyg — Dug = pDyy + gDy ;.

PROOF. From equations (15), (16) and identities H, = (p — q)F,, + qF,+1 and
H,\y + H,—1 = pL, + qL,—1 between the generalized Fibonacci number and the
Lucas number, we see that

Dnt1+ Dna

(Hn-H + Hn—l) + Z'(]{n-&-Q + Hn) + j(Hn+3 + Hn-H) + k(H7L+4 + H7L+2)
= (pLyn+qLn—1)+i(pLnt1 +qLyp) + §(pLnto + qLny1) + k(pLyys + qLnt2)
p(Lp +iLnt1 + jLnta + kLpt3) + q(Lp—1 +iLp + jLpt1 + kLpto)
pD} +qD}_,

and

Dnt2 — Dn—2
= (Hn+2 - Hn72) + Z'(—HnJrB - anl) +j(Hn+4 - Hn) + k(Hn+5 - Hn+1)
p(Ly, +iLlpt1 + jLnta + kLpts) + q(Lpn—1 + Ly + jLnt1 + kLpt2)
= pD}+qD]_,.

THEOREM 3. Let D, be the n-th term of the generalized dual Fibonacci quaternion
sequence (D). Then, we can give the following relations between these quaternions

Dn +En = 2Hn7 (]‘9)
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Dnﬁn + Dn—lﬁn—l = H72L + H72L—1 = (2p - Q)HQ’rL—l - eFQ”L—l’ (20)

DnDp + DniaDnia = Hy + Hy g = (2p — @) Hong1 — eFansa, (21)

Dn+lﬁn+1 - ]D)nflﬁnfl = H72H»1 - H721*1 = (2p - q)H2n - ngn’ (22)
(Dn)2 + (Dp_1)® = 2D,H, — H> +2Dy 1H,_ 1 — H>

= (2p—q)2D2n—1 — Hop—1] — €[2Q2—1 — Fon—1]  (23)
where Q2,1 is the dual Fibonacci quaternion.
PROOF. By (8), we get

]D)n +®n - (Hn + Z'I—I'rhtl +an+2 + an+3)
+(Hn - Z.-E[nJrl - an+2 - an+3)
2Hn + Z'(]{n—‘,-l - Hn+1) +j(Hn+2 - Hn+2) + k(Hn+3 - Hn+3)
2H,.

Then (19) holds. By (8) and (9), we get
Dnﬁn + Dn—lﬁn—l = (HTQL + H721,—1) = (2]7 - q)HQn—l - eFQn—l-
Then (20) holds. By (8) and (9), we get
Dnﬁn + ]D)nJrlﬁnJrl = (H’I’QL + H2+1) = (2]? - Q)H2n+1 —eFapq1.
Then (21) holds. By (8) and (9), we get
Dn-{-lﬁn-&-l - ]D)n—lﬁn—l - (H721+1 - H?z—l) = (2p - Q)HZn - 6F2n~
Then (22) holds. By (9), we get

D24+D2 |, = (2D.H, — H>)+ (2D, 1H, 1 — H? )
= 2DnH, +2Dy 1H, | — (H2+H2_ )
= (2p—q)[2Dan—1 — Hap-1] — €[2Qq,,_1 — Fapn—1]

where Q2,_1 is the dual Fibonacci quaternion. Then (23) holds.

THEOREM 4. Let Dy, be the n-th term of the generalized dual Fibonacci quaternion
sequence (D). Then we have the following identities

> De = Daya — Do, (24)
s=1

p

Z ]D)n+s =+ ]D)n+1 = ]D)n+p+2a (25)

s=0
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PROOQOF.

>,

s=1

n

Z Das_1 = D2y — Do, (26)
s=1

n
Z Dag = Dant1 — Dy. (27)
s=1

Since Z?:a Ht = H7L+2 — Ha+1 [4], we get

= ZHS+iZHs+1 +jZHs+2+kZHs+3
s=1 s=1 s=1 s=1

- (H7L+2 - HQ) + i(H7L+3 - H3) +j(HrL+4 - H4) + k(HrL+5 - HS)
= (Hyqo+ iHpy3+ jHpis +kHyy5) — (Hy +iHs + jHy + kHs)
= ]D)n+2 - ]D)z.

Then (24) holds. We can write

P
Z Dnts + Dnt1 = (Hugpre — Hog1 + Hpg1) + 8(Hnypys — Hpgo + Hny2)

s=0

+Ji(Hptpra — Hugs + Hogs) + k(Hpyprs — Hoypa + Hpya)
= Hpypio+iHniprs + jHnypra +kHnppis

= Dnypia

Then (25) holds. By

we get

Z ]D)2s—1

s=1

n n
ZHQi—l = Hy, — q and ZH% =Hopi1—p [4],
=1 i=1

= (Han —q) +i(Hapnt1 —p) + j(Honq2 — q — p) + k(Hapqs — 2p — q)

= [Han +iHons1 + jHony2 + kHapgs] — [ +ip + 5(p + @) + k(2p + q)]
= Doy — [Ho+iHy + jHo + kH3)
= Dop — Dp.

n
Then (26) holds. By > Ha; = Hapnt1 — p [4], we get

Z Dos =
s=1

i=1
(Hong1 —p) +i(Hony2 —q —p) + j(Hongsz — 2p — q) + k(Hongs — 3p — q)

(Hont1 + iHopto + jHopys + kHapyd)
~p+ilp+a) +3(2p+q) + k(3p +2q)]
Dont1 — [H1 + iHs + jHs + kHy)
Dons1 — Dy.
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Then (27) holds.
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THEOREM 5. Let Dy, and @,, be the n-th terms of the generalized dual Fibonacci
quaternion sequence (D) and the dual Fibonacci quaternion sequence (Q,,), respec-
tively. Then, we have

Qn ID)n - Qn ]D)n = 2[H7LQ7L - Fn ]D)n}y (28)
Qnﬁn + @nm)n = 2Fan, (29)
Qn]D)n - @nﬁn = 2[an)n + HnQn - QFan} (30)

PROOF. By (6) and (3), we get

Qn HDn - Qn HI)n

Then (28) holds.

Qn Dn + @n Dn

Then (29) holds.

Qn Dn - @nﬁn

Then (30) holds.

(Fy +iFpar + jFpso + kFos)(Hy — iHpor — jHpso — kHpys)
—(Fn = iFpy1 — jFoqe — kFuy3)(Hp +iHpy1 + jHyqo + kHp3)
(FyHy — FyHy) + 2i(—FyHys1 + Fpo1 Hy)

25(—FyHyo + FoioHy) + 2k(—F Hyps + FooaHy)

—2F,[Hy, +iHp41 + jHpt2 + kEHpy3)

F2H[Fy + iFpiy + jFso + kFpps)

H Qe — FyDyl.

By (6) and (3), we get

(Fo+iFn1+ jFoqe + kFyy3)(Hy —iHpy1 — jHyp2 — kHios)
+(F, —tFps1 — jFuio — kFoy3)(Hy + iHpy1 + jHpto + kHpts)
(FyHy + FyHy) + i(—FpHysr + Fooy Hy + FyHyiy — For Hy)
+j(—=FnHpqo + FrgoHy + FrHy o — FrpoHy)

Jrk(*FanvLS + Fn+3Hn + Fan+3 - Fn+3Hn)

9F, H,.

By (6) and (3), we get

(Fp +iFp1 + jFoyo + kFpi3)(Hp + iHyy1 + jHyyo + kHpg3)
—(Fp —iFps1 — jFayo — kFni3)(Hp —iHpsy — jHpyo — kHy13)
(F.Hy, — F,Hy,)+i(2F,Hyp11 + 2F, 1 Hy)

+i(2F,Hpyo + 2F40H,) + k(2F, Hy, 43 + 2F,, 1 3H,)

F,Dy + F,(Dy — 2H,) +2H,(Q,, — F},)

2[F, Dy + H,Q, — 2F, H,].
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THEOREM 6. (Binet’s Formulas). Let Dy, be the n-th term of the generalized
dual Fibonacci quaternion sequence (D). For n > 1, the Binet’s formulas for these
quaternions are as follows:

1 An D an
Dn:ﬁ(aa _Bﬂ) (31)
where
1B 1B
o = 2 5 ﬂ— 2 )
a = (p—gB) +ilp(l—B)+q +jlp2-B)+q(l-p)
+k[p(3 —28) + q(2 — B)]
and
B = (p—qo)+ilp(1—a)+q +jp2 - a) +q(1 - a)]

+Ek[(p(3 —2a) + q(2 — )].

PROOF. The characteristic equation of recurrence relation Dy 2 = Dyy1 + Dy, is
t2 —t — 1 = 0. The roots of this equation are

_1+V5 1-+5

e 3 and 8 = 5

where a + 5 =1, a —f = /5 and a8 = —1. The Binet’s formulas for Fibonacci
sequence, generalized Fibonacci sequence and dual Fibonacci quaternion sequence re-
spectively, are as follows

1

F, = =—
2v/5

(" =p"), Hy (la” —mp")

1
NG
and

1 n_ n
Qn=%(ga B88"),

cf. [3, 4, 21]. Using recurrence relation and initial values

Do = (¢,p,p+ ¢,2p + q) and Dy = (p,p+ ¢,2p + ¢,3p + 2q),

the Binet’s formula for Dy, is

n n_i An A an
D = Aa” 4 B = 2 [ac” ~ 35"]
where
A Dy — Dof3 ale — Dy
- a-B 7 a-p "

a=(p—qB)+ilp(l = B) +ql +jlp2 - B) +q(1 = B + k[(3 = 258) + q(2 - B)]
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and

B=(p—qa)+ip(l —a)+q+jp2—a)+q(l —a)]+k[p(3 - 2a) +q(2 - a)].

THEOREM 7. (Cassini-like Identity). Let Dy, be the n-th term of the general-
ized dual Fibonacci quaternion sequence (Dy,). For n > 1, the Cassini-like identity for
D, is as follows

Dy 1Dny1 — (D2)% = (—1)"e(1 + i + 35 + 4k). (32)

PROOF. By (15) and (16), we get
]D)nfl]IDnJrl - (]D)2)2
= (Hn—l + iHn +an+1 + kH7l+2)(H’VL+1 + iHn+2 +an+3 + an+4)
—[Hy + iHpi1 + jHpgo + kHyy3)?
= [anlHnle - H?;] + i[anlHn+2 + Han+2 - 2Han+1]
+j[Hn—1Hn+3 - 2H77,Hn+2 + H72L+1) + k[Hn—lHn+4 + Hn+1H7L+2 - 2Han+3]
= (—1)"6(1 +1+ 35+ 4k)
where we use identity of the Fibonacci number

FanJ,-l - Fm+1F = (_1)nFm—n

and identities of the generalized Fibonacci numbers as follows

Hn+1Hn—1 - Hfi = (_l)n(p2 —pqg — q2) = (_l)nea (33)

Hn+2Hn71 - Han+1 = (_1)n(p pqg —q ) ( ) (34)
HpysHpo1 — Hyy1Hyyy — 2Hp Hyy o = 3(—=1)"(p* — pg — ¢°) = ( D%,  (35)
Hn+4Hn71 - Hn+2Hn+l - 2Han+3 - 4(_1>n(p pq —q ) ( 1 €, (36)

e=p*—pg—q*.
So (32) holds.

SPECIAL CASE. From the equations (33)—(36) for p = 1 and ¢ = 0, we obtain all
results in [21] as a special case.

We will give an example in which we check in a particular case the Cassini identity
for the generalized dual Fibonacci quaternions.

EXAMPLE 1. Let Dy, D2,D3 and D4 be the generalized dual Fibonacci quaternions
such that

Dy =p+i(p+q) +j(2p+q) +k(3p+2q),

Dy = (p+q) +i(2p +q) + j(3p+ 2q) + k(5p + 3q),

Ds = (2p+q) +4(3p+ 2q) + 5(5p + 3q) + k(8p + 5q),
Dy = (3p+2q) +i(5p + 3q) + (8 + 5q) + k(13p + 8q).
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In this case,

D1Ds — (D2)? = [p+ilp+q)+5(2p+q) + k(3p + 2q)]
x[(3p + 2q) +i(3p + 2q) + j(5p + 3q) + k(8p + 5q)]
~[l(p+q) +i(2p + q) + j(3p + 2q) + k(5p + 39)°]?
= (¥ —pq—q*) +i(p> —pg—¢*) +5(3p* — 3pq — 3¢%)
+k(4p® — 4pq — 4q°)
= (P®—pg—¢»)(A+i+3j+4k)
= (=12%e(1 414+ 3j + 4k)

and

D2Dg — (D3)® = [(p+q)+i(2p+q) + j(3p + 29) + k(5p + 3q)]
[(3p +2q) +i(5p + 3q) + 7(8p + 5q) + k(13p + 8q)]
~[(2p+ q) +i(3p + 2q) + j(5p + 3q) + k(8p + 5¢)°]?
= (P +pe+¢)+i(—p* +pg+¢°)
+5(=3p* + 3pq + 3¢%) + k(—4p” + 4pq + 4¢°)
(—1)*(* —pq — ¢*))(1 + i+ 35 + 4k)
= (=1)3e(l 41+ 3j + 4k).

3 Conclusion
The generalized dual Fibonacci quaternions are given by
]D)n = Hn + iHn-&-l + jH7L+2 + an+3 (37)

where H,, is the n-th generalized Fibonacci number and i, j, k are quaternionic units
which satisfy the equalities

i?=j2=k>=0and ij = —ji = jk = —kj = ki=—ik =0.

Furthermore, from the generalized dual Fibonacci quaternions for p = 1 and ¢ = 0, we
obtain results of the dual Fibonacci quaternions given by Yiice and Torunbalct Aydin
[21] as a special case. Then, this study fills the gap in the literature by providing the
generalization of dual quaternion as in the generalized Fibonacci quaternion [8]. Also,
Binet’s formula is obtained. In this way, n-th generalized dual Fibonacci quaternion is
obtained practically.

There have been several studies on curve theory and magnetism by using the iso-
morphism between dual quaternion space and Galilean space G*. Due to this study,
application areas of Fibonacci and dual Fibonacci sequence leads up to generalization of
quaternions by using the properties of dual Fibonacci quaternions and the generalized
dual Fibonacci quaternions.
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