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Abstract
The aim of this paper is to highlight for some values of parameter an integral

representation for the form u(α) q-analogue of Bessel kind.

1 Introduction

The monic orthogonal polynomials sequence (MOPS) {Pn}n≥0 satisfying the three-
term recurrence relation (see (6) bellow) with

βn = 0

γ2n+1 = 1−q
2

q2n+2α−1
(q4n+2α−1)(q4n+2α+2−1) q

2n+2α+2

γ2n+2 = q−1
2

q2n+2−1
(q4n+2α+2−1)(q4n+2α+4−1) q

2n+2α+4

, n ≥ 0, (1)

is associated with the form u(α) (α 6= −n, n ≥ 0, q > 0, q 6= 1) symmetrical Hq-
semiclassical of class one satisfying the q-distributional equation

Hq

(
x3u(α)

)
+

(
1− q−2α−2

1− q x2 − 1

2

)
u(α) = 0 (2)

were studied in [12] (see also [4]). Moreover, in that work a discrete representation of
the form u(α) (0 < q < 1) were established (see [12, (4.9)]). In fact, the form u(α) is
the q-analogue of the form B[α] of Bessel kind which is D-semiclassical of class one for
α 6= −n− 1, n ≥ 0 satisfying the functional equation [3]

D
(
x3B[α]

)
−
(

2(α+ 1)x2 +
1

2

)
B[α] = 0,

and having the integral representation [3]

〈B[α], f〉 = S−1
α

∫ +∞

−∞

1

x2

∫ +∞

|x|

( |x|
t

)2α+1

exp
( 1

4t2
− 1

4x2

)
s(t2)dt f(x) dx (3)
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for all polynomial f and α ≥ 1
2 where Sα is the normalization constant, s is the Stieltjes

function [13]

s(x) =

{
0 if x ≤ 0,

exp(−x 1
4 ) sinx

1
4 if x > 0,

(4)

and D be the derivative operator. Let us recall the fundamental property [11, 13]∫ +∞

0

xns(x)dx = 0, n ≥ 0. (5)

Our aim is to highlight an integral representation corresponding to the form u(α)
for q > 1 and for some values of the parameter α, according to its Hq-semiclassical
character and by solving a suitable q-difference equation.

2 Preliminary

Let P be the vector space of polynomials with coeffi cients in C and let P ′ be its dual.
We denote by 〈u, f〉 the effect of a form u ∈ P ′ (linear functional) on f ∈ P. In
particular, we denote by (u)n := 〈u, xn〉 , n ≥ 0 the moments of u. Let {Pn}n≥0 be
a sequence of monic polynomials with degPn = n, n ≥ 0. The sequence {Pn}n≥0

is called orthogonal (MOPS) if we can associate with it a form u ((u)0 = 1) and a
sequence of numbers {rn}n≥0 (rn 6= 0, n ≥ 0) such that [1, 10]

〈u, PmPn〉 = rnδn,m , n,m ≥ 0,

and the form u is then said regular. The (MOPS) {Pn}n≥0 fulfils the three-term
recurrence relation [1]{

P0(x) = 1, P1(x) = x− β0,

Pn+2(x) = (x− βn+1)Pn+1(x)− γn+1Pn(x), n ≥ 0,
(6)

where

βn =
〈u, xP 2

n〉
rn

, γn+1 =
rn+1

rn
6= 0 for n ≥ 0.

The regular form u is positive definite if and only if ∀n ≥ 0, βn ∈ R, γn+1 > 0. Also,
its corresponding (MOPS) {Pn}n≥0 is symmetrical if and only if βn = 0, n ≥ 0 or
equivalently (u)2n+1 = 0, n ≥ 0.

Let us introduce some useful operations in P ′. For any form u, any a ∈ C − {0},
any c ∈ C and any q 6= 1, we let Du = u′, hau, (x − c)−1u and Hqu, be the forms
defined by duality [8, 10]

〈u′, f〉 := −〈u, f ′〉, 〈hau, f〉 := 〈u, haf〉, 〈(x− c)−1u, f〉 := 〈u, θcf〉,

and
〈Hqu, f〉 := −〈u,Hqf〉,
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for all f ∈ P where

(haf)(x) = f(ax), (θcf)(x) =
f(x)− f(c)

x− c , (Hqf)(x) =
f(qx)− f(x)

(q − 1)x

c.f. [5]. We will usually suppose that

q ∈ C̃ := C−
(
{0}

⋃(⋃
n≥0

{z ∈ C, zn = 1}
))
.

A form u is called Hq-semiclassical when it is regular and there exist two polynomials
Φ and Ψ, Φ monic, deg Φ = t ≥ 0, deg Ψ = p ≥ 1 such that

Hq(Φu) + Ψu = 0. (7)

The corresponding orthogonal sequence {Pn}n≥0 is called Hq-semiclassical [9]. The
Hq-semiclassical form u is said to be of class s = max(p− 1, t− 2) ≥ 0 if and only if [9]∏

c∈ZΦ

{∣∣∣q(hqΨ)(c) + (HqΦ)(c)
∣∣∣+
∣∣∣〈u, q(θcqΨ) + (θcq ◦ θcΦ)〉

∣∣∣} > 0, (8)

where ZΦ is the set of zeros of Φ.

REMARK. When q → 1 in (7)—(8) we meet the D-semiclassical character [10].

Regarding integral representations through true-functions for a Hq-semiclassical
form u satisfying (7), we look for a function U such that

〈u, f〉 =

∫ +∞

−∞
U(x)f(x)dx, f ∈ P, (9)

where we suppose that U is regular as far as necessary. On account of (7), we get [8]∫ +∞

−∞

{
q−1
(
Hq−1(ΦU)

)
(x) + Ψ(x)U(x)

}
f(x)dx = 0, f ∈ P,

with the additional condition [8]

lim
ε→+0

∫ 1

ε

U(x)− U(−x)

x
dx exists or U is continuous at the origin. (10)

Therefore
q−1
(
Hq−1(ΦU)

)
(x) + Ψ(x)U(x) = λg(x), (11)

where λ ∈ C and g is a locally integrable function with rapid decay representing the
null form. For instance the function s defined by (4) and satisfying (5) represents the
null form.



194 An Integral Representation

Lastly, let us recall the following standard expressions needed to the q-calculus in
the sequel [2, 6, 7] where q is fixed in ]0, 1[.

(a; q)0 := 1, (a; q)n :=

n∏
k=1

(1− aqk−1), n ≥ 1, (a; q)∞ :=

+∞∏
k=0

(1− aqk).

The q-integral of a function f is defined as∫ x

0

f(t) dqt := (1− q)x
+∞∑
n=0

f(xqn)qn,

∫ +∞

x

f(t) dqt := (1− q)x
+∞∑
n=1

f(xq−n)q−n,

and ∫ +∞

0

f(t) dqt := (1− q)
+∞∑

n=−∞
f(qn)qn,

provided the sums converge absolutely.

3 An Integral Representation for u(α)

In the sequel, let

α ≥ 1

2
and q > 1. (12)

We define the following sequence of numbers

|xk(q)| =
√
q − 1

2
qα−k, k ∈ N. (13)

THEOREM 1. For all α ≥ 1
2 , there exists q > 1 such that, for all f ∈ P, the form

u(α) has the following integral representation

〈u(α), f〉 = S−1
α,q

∫{
|x|>|x0(q)|

} (x2
0(q)x−2; q−2

)
∞

x2

×
∫ +∞

|x|

(
|x|
t

)2α+1
s(t2 − x2

0(q))

(q2x2
0(q)t−2; q−2)∞

dq−1t f(x)dx.

PROOF. Taking into account (12)—(13) we have

0 < |xk+1(q)| < |xk(q)| < |x0(q)| =
√
q − 1

2
qα and |xk(q)| −→

k→+∞
0. (14)

According to (9) and (12), we look for a function U representing u(α) respecting the
complementary condition [11] ∫ +∞

−∞
U(x) dx 6= 0. (15)
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By (9), (12)—(13) and the q-distributional equation in (2), the q-difference equation
(11) becomes

U(q−1x)− q1−2α
(

1− q2x2
0(q)x−2

)
U(x) = λq3(1− q)x−2g(x), (16)

where λ 6= 0 and g represents the null form. For instance, let us choose g the following
even function [11]

g(x) = |x| s
(
x2 − x2

0(q)
)
, x ∈ R,

where s is given by (4). Therefore,

g(x) =

 |x| exp
(
− 4
√
x2 − x2

0(q)
)

sin
(

4
√
x2 − x2

0(q)
)

if |x| > |x0(q)|,

0 if |x| ≤ |x0(q)|.
(17)

It is easily seen that for all n ≥ 0∫ +∞

−∞
x2n+1g(x) dx = 0,

and ∫ +∞

−∞
x2ng(x)dx = 2

∫ +∞

0

x2ng(x)dx =

∫ +∞

x0(q)

x2ns
(
x2 − x2

0(q)
)

2xdx

=

∫ +∞

0

[
t+ x2

0(q)
]n
s(t) dt = 0,

by (5). Consequently, the even function g in (17) is locally integrable with rapid decay
representing the null form.
Let us consider the q-sum

∑
n≥1 un(x) and |x| > |x0(q)| where

un(x) =

q−2nα |x| exp

(
− 4
√
q2nx2 − x2

0(q)

)
sin

(
4
√
q2nx2 − x2

0(q)

)
(
q2x2

n(q)x−2; q−2
)
∞

. (18)

For all n ≥ 1, |x| > |x0(q)| we have

|un(x)| ≤
q−2nα |x| exp

(
− 4
√
q2nx2 − x2

0(q)

)
(
q2x2

n(q)x−2; q−2
)
∞

:= vn(x),

with

vn+1(x)

vn(x)
= q−2α(1− q2x2n(q)x

−2) exp

(
− q

n
2

(
4

√
q2x2 − q−2nx20(q)−

4

√
x2 − q−2nx20(q)

))
.

As consequence, the q-sum
∑
n≥1 un(x), |x| > |x0(q)| converge absolutely since

vn+1(x)

vn(x)
−→

n→+∞
0.
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Now, on account of (18) we are able to give a possible solution U of the q-difference
equation (16)

U(x) =

 λq2α+2(1− q)
(
x2

0(q)x−2;q−2
)
∞

x2

∑+∞
n=1 un(x) if |x| > |x0(q)|,

0 if |x| ≤ |x0(q)|.
(19)

For α ≥ 1
2 , q > 1 and |x| > |x0(q)| and according to (17)—(19) we obtain the definition

of the following q−1-integral∫ +∞

|x|

(
|x|
t

)2α+1
s(t2 − x2

0(q))

(q2x2
0(q)t−2; q−2)∞

dq−1t := (1− q−1)

+∞∑
n=1

un(x).

Consequently, (19) becomes

U(x) =


−λq2α+2 (x2

0(q)x−2;q−2)∞
x2

×
∫ +∞
|x|

(
|x|
t

)2α+1
s(t2−x2

0(q))

(q2x2
0(q)t−2;q−2)∞

dq−1t,
if |x| > |x0(q)|,

0 if |x| ≤ |x0(q)|.

(20)

Taking into account (13)—(14), (19) and the d’Alembert test an other time, we get for
x ≥ a, ∀a > |x0(q)|, |U(x)| ≤ V (x), where

V (x) : = |λ|q2α+2(q − 1)

(
x2

0(q)x−2; q−2
)
∞

(x2
0(q)a−2; q−2)∞

exp(− 1
2 (x2 − a2)

1
4 )

|x|

×
+∞∑
k=1

q−2kα exp

(
−1

2
q
k
2 (a2 − x2

0(q))
1
4

)
= o

(
exp

(
−1

2
(x2 − a2)

1
4

))
, x −→ +∞.

Condition (15) now becomes∫{
|x|>|x0(q)|

} U(x) dx = −λq2α+2Sα,q 6= 0,

where

Sα,q =

∫{
|x|>|x0(q)|

} (x2
0(q)x−2; q−2

)
∞

x2

∫ +∞

|x|

(
|x|
t

)2α+1
s(t2 − x2

0(q))

(q2x2
0(q)t−2; q−2)∞

dq−1tdx.

Furthermore, Sα,q approaches Sα when q tends to 1+ and Sα 6= 0 for α ≥ 1
2 , therefore

∀α ≥ 1

2
, ∃qα > 1, ∀ 1 < q < qα, Sα,q 6= 0.
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Consequently, for all α ≥ 1
2 , 1 < q < qα and f ∈ P, the form u(α) has the following

integral representation (compare with the limiting representation (3))

〈u(α), f〉 = S−1
α,q

∫{
|x|>|x0(q)|

} (x2
0(q)x−2; q−2

)
∞

x2

×
∫ +∞

|x|

(
|x|
t

)2α+1
s(t2 − x2

0(q))

(q2x2
0(q)t−2; q−2)∞

dq−1tf(x)dx.
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