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Abstract

The aim of this paper is to highlight for some values of parameter an integral
representation for the form wu(a) g-analogue of Bessel kind.

1 Introduction

The monic orthogonal polynomials sequence (MOPS) {P,},>0 satisfying the three-
term recurrence relation (see (6) bellow) with

Bn =0
_1—q i1 2n+2a+2

Yont1 = 3 (¢ F2a _1)(gnT2aF2_1) q ., n>0, (1)
_ a—1 ¢?rt2—1 2n+2a-+4

Yont2 = T3 (g T2aF2 1) (qinF2a+4_1) q

is associated with the form u(a) (o # —n,n > 0, ¢ > 0, ¢ # 1) symmetrical H,-
semiclassical of class one satisfying the g-distributional equation

—2a—2 1

1—
H, (x3u(a)) + (1qq T2 — 2)u(a) =0 (2)
were studied in [12] (see also [4]). Moreover, in that work a discrete representation of
the form u(a) (0 < ¢ < 1) were established (see [12, (4.9)]). In fact, the form u(c) is
the g-analogue of the form B[a] of Bessel kind which is D-semiclassical of class one for
a # —n — 1, n > 0 satisfying the functional equation [3]

D(#*Bla]) ~ (2(a +1)2> + %)B[a] ~0,

and having the integral representation [3]

(Blal, f) = S /+OO ! /|+OO |$| e (4712—4%2) s(?)dt f(z)de  (3)
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192 An Integral Representation

for all polynomial f and a > % where S, is the normalization constant, s is the Stieltjes

function [13]
0 if z <0,
sl@) = { exp(—z#)sinzs if z > 0, )

and D be the derivative operator. Let us recall the fundamental property [11, 13]
+oo
/ 2"s(x)dz =0, n>0. (5)
0

Our aim is to highlight an integral representation corresponding to the form u(a)
for ¢ > 1 and for some values of the parameter «, according to its H,-semiclassical
character and by solving a suitable g-difference equation.

2 Preliminary

Let P be the vector space of polynomials with coefficients in C and let P’ be its dual.
We denote by (u, f) the effect of a form v € P’ (linear functional) on f € P. In
particular, we denote by (u), := (u,z™), n > 0 the moments of u. Let {P,},>0 be
a sequence of monic polynomials with deg P, = n, n > 0. The sequence {P,},>0
is called orthogonal (MOPS) if we can associate with it a form u ((u)o = 1) and a
sequence of numbers {r, },>0 (rn, # 0, n > 0) such that [1, 10]

<ua PmPn> = 7"115717171 ) n,m 2 07

and the form w is then said regular. The (MOPS) {P,},>¢ fulfils the three-term
recurrence relation [1]

{ Po(z) =1, Pi(z) =z — B,

(6)
Ppio(2) = (2 = Brq1) Pat1(2) — Vg1 Palz), n >0,
where

P2 -
B, = (w2hy) ">, Yrt1 = In+l #0 forn>0.
T

n Tn

The regular form w is positive definite if and only if ¥n > 0, 3, € R, v,,,; > 0. Also,
its corresponding (MOPS) {P,},>0 is symmetrical if and only if 8, = 0, n > 0 or
equivalently (u)an,+1 =0, n > 0.

Let us introduce some useful operations in P’. For any form u, any a € C — {0},
any ¢ € C and any q # 1, we let Du = v/, hqu, (x — ¢)"'u and Hyu, be the forms
defined by duality [8, 10]

<u/7f> = 7<uaf,>a <haua f> = <ua haf>> <($ - 6)71u7f> = <ua 06f>a

and
<Hqu’ f> = _<u7 qu>a
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for all f € P where

(haf)(x) = flaz), (0f)(x) = —————
c.f. [5]. We will usually suppose that

qG(E::(C—({O}U(U{ze(C, 2" =1})).

n>0

A form u is called H,-semiclassical when it is regular and there exist two polynomials
® and ¥, ® monic, deg® =t > 0, deg ¥ = p > 1 such that

H,y(®u) + Tu = 0. (7)

The corresponding orthogonal sequence {P,},>¢ is called H,-semiclassical [9]. The
H ,-semiclassical form v is said to be of class s = max(p —1,¢—2) > 0 if and only if [9]

11 {\Q(hqw)(c) + (Hy®)(c)

CcEZy

+ ’(u, 0(00q¥) + (Ocq 0 9C<I>)>‘} >0, 8)

where Zg is the set of zeros of ®.
REMARK. When g — 1 in (7)—(8) we meet the D-semiclassical character [10].

Regarding integral representations through true-functions for a H,-semiclassical
form u satisfying (7), we look for a function U such that

+oo

(u, f) = / U(2)f(x)dx, f P, (9)

where we suppose that U is regular as far as necessary. On account of (7), we get [§]
+oo
/ {q_l(Hq1(<DU))(x) + \I/(x)U(x)}f(x)dm =0, feP,
with the additional condition [8]

lim YU(z) - U(—=2)

m dx exists or U is continuous at the origin. (10)
€— ¢ x

Therefore
q " (Hy1 (®U)) (z) + ¥ (z)U(z) = Ag(z), (11)

where A € C and g is a locally integrable function with rapid decay representing the
null form. For instance the function s defined by (4) and satisfying (5) represents the
null form.
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Lastly, let us recall the following standard expressions needed to the g-calculus in
the sequel [2, 6, 7] where ¢ is fixed in ]0, 1].

+oo

(a;9)0 =1, (a;q)n H 1—ag"™"), n>1, (a;9) = [J(1 - ad®).

k=0

The g-integral of a function f is defined as

T +oo +oo +oo
/O F) dgt = (L=q)z Y flzq")q", / f)dt = (L=q)z ) fleg ")a ",
n=0 z n=1
and

+o0 too
/0 fdt=0-q 3 flg

n=—oo

provided the sums converge absolutely.

3 An Integral Representation for u(«a)

In the sequel, let

1
3 and ¢ > 1. (12)
We define the following sequence of numbers
q— 1 a—k
o)l = T, keN. (13)

THEOREM 1. For all a > 5 1 there exists ¢ > 1 such that, for all f € P, the form
u(a) has the following integral reprebentatlon

- (28(0)2~%q72)
u(a), = Sa; i -
(u(a), f) ’ /{g;|>|wo(Q)|} x
+o00 m 2a+1 s(t2 — 22(q))
x/m ( t ) (@t % 7)o O

PROOF. Taking into account (12)—(13) we have

0 <lzrp1(9)l < lex(g)l < lzolg )I—\/ilq and [zx(q)] — 0. (14)

k—-4o0

According to (9) and (12), we look for a function U representing u(«a) respecting the
complementary condition [11]

+oo
[ U(x)dx #0. (15)
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By (9), (12)-(13) and the g¢-distributional equation in (2), the g¢-difference equation
(11) becomes

Ulg'e) —q' (1 — ¢*z5(q) 3;2)(](3;) =M’ (1 - gz ?g(x), (16)

where A # 0 and g represents the null form. For instance, let us choose g the following
even function [11]

g( ) |CC‘ (:U —:Eg(q)), x GRv
where s is given by (4). Therefore,
|| exp (— Y2 — m%(q)) sin ( Y2 — x%(q)) if |z| > |zo(q)|,

g(x) = (17)
0 if |z < lzo(q)]-

It is easily seen that for all n > 0

and

/ a?g(z)dr = 2/ " g(w)dx = / z*"s (z* — 23(q)) 2zdx
0 zo(q)

+00 n
= /0 [t+ 25(q)]" s(t)dt = 0,

by (5). Consequently, the even function g in (17) is locally integrable with rapid decay
representing the null form.
Let us consider the g-sum ) - un(z) and |z| > |z¢(g)| where

72 ol exp (/a7 = a3(a) ) sin( Y73 )

un(®) = (P22 (q)x=%q72) ' (18)

For all n > 1, |z| > |zo(g)| we have

q 2" x| exp (— VaPra? — x%(Q))

)l = (@3 (@)z7%072) =l
with
77}2:;;;)6) =q (1= "z (q)z?) exr>< (\/q 22— q=nd(q) — /a2 - qu"$3((1))>-

As consequence, the g-sum > - un(z), |z > [20(g)| converge absolutely since

)
'Un+1($)

0.
Un(m) n—>+oo
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Now, on account of (18) we are able to give a possible solution U of the g-difference
equation (16)

s (@e % -
Ag2+2(1 — Q)M Zn X un(z) if |z] > |70(q)], (19)

0 if |z < lzo(q)]-

U(z) =

For a > 3, ¢ > 1 and |z| > |z0(g)| and according to (17)—(19) we obtain the definition
of the following ¢~ !-integral

+o0 m 2a+1 S(t2 _ x%(q))
/x ( t ) (q2x%(q)t72;q,2)md(l—1t = Zun

Consequently, (19) becomes

ERPEIEE (z5(@z%a7%)
% if || > |zo(q)|

2a+1 S(t2—z2 5
U(z) = < S (5) S —d, (20)

0 if |2 < ao(q)]-

Taking into account (13)—(14), (19) and the d’Alembert test an other time, we get for
x> a, Ya > |zo(q)], |U(x)| < V(x), where

(m%(q)mfz; q72) exp(—32 (22 — aQ)i)
T . _ 2042 2
Ve = D G e ). o

+oo
oka 1 & 1
x;q 2ke exp (2q2( 1’3((1))4)

= o <exp (-i (22 — az)i» . @ —> foo.

Condition (15) now becomes
/ U(z)dr = —A\g** 28,4 # 0,
{121>1z0

where

g _ (2d@r™% a7 [* (" s —a3@)
a,q — 2 ¢ ( sz( ) q! :
{iz/>1z0 (@)1 } z o] a3 ()t 207 ?)o

Furthermore, S, , approaches S, when ¢ tends to 17 and S, # 0 for o > 1 , therefore

Va> =, d¢g, > 1, V1<q<qa, Sa,q # 0.

w\H
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Consequently, for all o > %, 1< ¢ <qq and f € P, the form u(«) has the following

integral representation (compare with the limiting representation (3))

s@z%q7?)

) (950
u(a), = Socq 2
(u(e), f) ’ /{|x|>-’co((I)|} v
+00 & 2a+1 s(t? — 23(q)) x)dx
X/l ( > ( dq—ltf( )d :

x| t q2x(2)(Q)t_2;q_2)oo
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