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Abstract

In this paper we give a closed expression for the series
oo oo
e K
ny=1 np=1 <n1 + + nk)

for all k =1,2,3,..., solving Open Problem 3.137 in the recent book [5, Chapt.
3.7, problem 3.137] by Furdui. The method is based on properties of divided dif-
ferences. It applies also to similar series and certain generalizations. Furthermore,
we study the asymptotic behaviour of these series as k tends to infinity.

1 Introduction

In his recent book [5, Chapt. 3.7, Problem 3.137] Ovidiu Furdui states the open problem
to give a closed expression for the multiple factorial series

o e e niy-- Nk
Sei= D D e

ni=1 np=1

for all integers k > 4. Moreover, he conjectured that S is, for all integers k € N, a
rational multiple of e, i.e., Sy = are with a; € Q. It is easy to see that S; = e. Using
the Beta function technique Furdui [5, Problem 3.114 and 3.118, respectively] shows
that as = 2/3 and a3 = 31/120.

More generally, Furdui considers the series

o o 1
Skoi= D D

ni=1 np=1

- > nl...nj .
Sy i 1= memy R
k.j nim1 nkzz:l (ny+ -+ ng)! (1<j<k)
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162 Certain Multiple Factorial Series

Obviously, we have Sy = S k. Furdui [5, Problems 3.117 and 3.120, respectively]
determines the exact values Sy = (k)" e and S5 = (5/24) e. Also an expression for
Sk,0 is given [5, Problem 3.119]:

k—1

Sko=(-D [1-e> (=1)°

(1)

§=0 J!
More generally, one defines, for real numbers x4, ..., zx, the function
S (1, mzl nkzl nl+—+nk) (2)
Closed expressions for Sy (z1,...,2,) in the special case k = 2 can be found in [5,

Problem 3.115 (see also Problem 3.116)].
In this note we give an affirmative answer to Furdui’s conjecture e 1Sy = ar € Q
and provide an explicit representation of ay in the form

i (&) )

Moreover, we derive similar expressions for S ;. Our main result considers even more

=1

general sums. Finally, we represent Sk (z1,...,zx) as a finite sum, for all k£ € N.
The proofs are based on divided differences. For pairwise different real or complex
numbers x,..., Tk, in most textbooks, the divided differences of a function f are

defined recursively: [zo; f] = f (z0), - - -,

[mla"'7xk;f]_[$07"'7xk—1;f]
Tk — X0 '

[0y ..., xx; ] =

2 Main Results
Let
= Z gnznv
n=0
be a power series converging for |z| < R with R > 1. For integers ¢ > 0, let

o0

90 (2) = Z Gn+e2"

n=0

Hence gg = g and, for ¢ > 1,

Z g@ Zgn
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For k € N and t € R, we define

o0 (o9}
G (21,...,x55t) = Z e Z [T R LS A (3)

n1:0 nk:0

Throughout the paper we assume that |tz;| < R, for j € {1,...,k}.
Our main results are presented in the following theorems.

THEOREM 1. With the above notation, for all £ € N, integers ¢ > 0, and ¢ € R,
such that |tz;| < R (1 <j <k),

Gro(z1,...,z5;t) = [xh oz 2T g (tz)]

z b
where the index z indicates that the divided difference is taken with respect to the
variable z.

THEOREM 2. Let k, j be integers such that 1 < j < kandletiy,...,i; € {1,...,k}
be pairwise different integers. Then, for all ¢ € R, such that [tz;| < R (1 <j < k),

8‘7 1 d k+j—1
li — G e 1) = —m—— — k=1, (t
mwgbmamf“a%jkxmh s Tk t) (k+j1ﬂl(ﬁ> zge (tz)

p Z=T

For convenience, we define, for k, ¢ € N and real numbers z1, ..., x,

- - R ot
;) = E E g 4
fk,f (xla y Tk ) = = (n1++nk+£)' ( )

In the special case of the exponential function g = exp, Theorem 1 provides the repre-
sentation
Jre(z,. ..,z t) = [:cl, TR expy (ta:)]z . (5)

With regard to the series S ; as defined in Section 1 it follows that

S = BN B Y e

n1=0 n;=0n;41=1 =1

n1=0 n,=0 (nl ++’I’Lk+k_])]
ajfk k—j

8$1"'8$J‘(’ s 1y )

Hence, Theorem 1 implies the following theorem as an immediate corollary.

THEOREM 3. Let k,j be integers such that 0 < j < k. Then the series S ; has
the representation

1 d\I
s~y (i) 7o)

z=1
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In the special case j = 0, we obtain

s s 1 1 d\" e -1
LEDIEDD (1 + - +np)! (k-1 [(dz) 2 ]

n1:1 ’nkzl

z=1

and an application of the Leibniz rule immediately leads to formula (1). In the cases
1 < j <k the formula of Theorem 3 simplifies to

1 d\"7t
- Il Jj—1_z
i = 1) [(dz) ? e]

An application of the Leibniz rule yields the explicit formula

Sk,jzeji <]Zl)(kiz)' (6)

z=1

i=0
Hence, the series Sy ; are rational multiples of e for j = 1,...,k. We list some initial
values:
k\j 0 1 2 3 4 5

1 e—1 1

2 1 1/2 2/3

3] e/2—-1 1/6  5/24  31/120

41 1—-¢/3 1/24 1/20 43/720  179/2520

5|3e/8—1 1/120 7/720 19/1680 529/40320 787/51840

We close with the special case 7 = k:

k—1
k—1 1

We mention that this finite sum can be expressed in terms of the first of Kummer’s
functions (a confluent hypergeometric function; see [1, Eq. (13.1.2)])

Sp = %M(l —kk+1,-1)
or by virtue of the Kummer transformation ([1, Eq. (13.1.27)])
1
Sk = EM(Qk,k—i—l,l).

For the convenience of the reader we list some exact and numerical values of a;, = e~ 1.5;:

k Qg

1 = 1.000000
2/3  ~ 0.666667
31/120 ~ 0.258333
179/2520  ~ 0.0710317
5 | 787/51840 ~ 0.0151813
10 5.912338752837942 - 107
100 2.829019570367539 - 10~ 158
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Finally, we mention that the series S (21,...,2x) as defined in (2) is connected to
the function fi ¢ as defined in (4) by the relation

Sk(xl,...,.’lik):1'1-~-$k~fk’k($1,...,.’lik;1).
Hence, by Eq. (5), we have the new approach
Sk (fL‘l,...,Ik) =TTk [I17"'7Ik;mkilexpk ("E)} .

Experiments with different functions g may be subject of further studies.

n [5, Chapt. 3.7, Problem 3.137] Furdui arose the question of studying the prop-
erties of the sequence (e*ISk)keN = (ar)pen. We study the asymptotic behaviour of
this sequence as k tends to infinity.

THEOREM 4. The sequence (S);cy has the asymptotic expansion

FTR k' 2k2  3k3

as k — oo.

More generally, the proof shows that (Sj) has a complete asymptotic expansion
Skw—chk” (k — o).

Using our method it is possible to compute arbitrarily many coefficients ¢, explicitly.

REMARK 1. After preparation of the paper the author learned by personal com-
munication that Huizeng Qin and Ovidiu Furdui recently found the expressions (6) by
a completely different approach. Their main result (see [8, Theorem 1.7, p. 735]) reads

oMt dng k-1 ol
S S = e Y
|
ni=1 np=1 77/1 oot ’I’Lk,) 1=0 v
=1 /. k+i
en ket _ ezz(]—1> z (1<
R e TG M (Pl [ ILEPEL)
|
ni=1 neg=1 77,1 + -t nk) i=0 ¢ (k + ’L)-
This generalization is a corollary of Theorem 2.
3 Auxiliary Results
Let xg, ...,z be pairwise different real or complex numbers. In most textbooks, the

divided differences of a function f are defined recursively: [zq; f] = f (z0), ...,

(€1, ap; [l — [@o, ..., Tp—1; f]
Ty — To

[an"'axk;.ﬂ:
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In this paper we make use of some properties of divided differences which are considered
in the following lemmas.

LEMMA 1. The divided differences have the integral representation

[zo, -, ok; f
t1 tk 1
/ / / f(k 1’0 + (1’1 — :I,'()) t1+ -+ (xk — xkfl) tk) dty, - -+ dtgdtl,
provided that f*~1 is absolutely continuous.

This can be proved by mathematical induction on k& (see [2, Chapt. 4, §7, Eq. (7.12)
and below]).

LEMMA 2. Let 1 < j < k and let iy,...,7; € {1,...,k} be pairwise different
integers. Then, for each function f having a derivative of order k + j — 1,

. aj[xla"'axk;f] 1
lim = -
T1,...,Tp—T 8.’)%1 cee 8$ij (k +7— 1)!

f(k+j71) (:L’) )

PROOF. Because the divided differences are invariant with respect to the order of

knots we can restrict ourselves to the case i, = v (v =1,...,j). By Lemma 1, we have
aj [:1:17 fllk; f}
0z

= / / / FE D (@ + (22 — 21t

kal’k 1 tk 1 dtk 1° dtgdtl

t1 tr—2
- // / PO (@ (1= ta) (B — t2) o (1 — )
1—t1) t1 —tg) (t _ )dtk 1. dtodty,

where we put t; = 0. Taking the limit we obtain

iy 2l
T1,...,L—X a{L'l -0z

J
= k+] 1) / / / 1—t1 tl —tg)"'(tj_l —tj)dtk_l'“dtgdtl.

An inductive argument shows that the multiple integral has the value 1/ (k +j — 1)!
which completes the proof of Lemma 2.
Popoviciu [7] proved the following formula for monomials.

LEMMA 3. For each integer r > 0,

LSkt n, n
[xo,...,xk,z ]75 6% x,

where the sum runs over all nonnegative integers ng, .. ., ng satisfying ng+---+mni = r.
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4 Proofs of the Theorems

PROOF OF THEOREM 1. By Eq. (3) and Lemma 3 we have

9]

Nk

Gkve («Il,,l'k,t) = Zgn+gtn Z I?l ...xkk
n=0

ni+--+ng=n

3]
Z gn+€tn [mlv sy Thes Zk_1+nj|z = [xh sy Tl zk_lgf (t2>]z
n=0

which completes the proof.
PROOF OF THEOREM 2. By Theorem 1, we have

Grye(x1,...,2) = [a:l, T 2 g (z)]

and Theorem 2 is a consequence of Lemma 1.

PROOF OF THEOREM 4. For convenience, we consider ax11. By Theorem 3, we

obtain
(i)k (z2k+1ez—1)

and an application of the Cauchy integral formula yields

uayes 1 1
a1 =) (z) k+1—4)  (2k+1)

=0

z=1

k! 22k+lezfl

2k + 1)! = — —d
(2k 4+ 1)!ag41 ot S (o 1) 2,

where the integration path W = {z:|z — 1| = 1} encircles z = 1 counterclockwise.
With 2z = 1 + ¢ we have

B2 (L) g
(2k + Dlagyr = — &eetdt*

k
o7 /. ikt (24 2cost)” f(t)dt,

_%0

with f(t) = (1+¢€') e¢"". Because of the symmetries Re f (t) = Re f (27 —t) and
Im f (t) = —Im f (27 — t) we obtain

' s
(2k + Dlag41 = M / (2 +2cost)" Re f(t)dt.
T Jo

This can be rewritten as a Laplace-type integral

T (2k+1)!

. _ T kh(t)
b= T2 ak+1—/o 0 g (1) dt (1)

where

h(t)zlog((1+COSt)/2):fzf%*@*m*
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and

Ref (t) = €' [(1 4 cost) cos (sint) — sintsin (sint)]
Tet?  6Tett  3et®  8429et®
- -
2 24 2 13440

Thus it is well known (e.g., the integral meets the assumptions of [3, Theorem 1,
Chapt. 3, §5]), that it has the complete asymptotic expansion

g(t)

= 2e

e T(r+1)/2
bwﬁ@% (k= o)

Because ¢ and h are even functions, it follows that ¢4 = ¢c3 = --- = 0. By direct
calculation, we find that

(note that h (0) = 0) with coefficients

o= g o0 (=) ™

V!

t=0

o de oo 90 o, 2425 354053 77089969
0= =2 T o T w0 0 P T 161280
Hence,
2e/T  29e/T  2425e\/T  354053e/T  T7089969¢\/T
by ~ — _ (k — o)
k12 4k3/2 64K5/2 1536Kk7/2 161280k9/2
and, by (7),
(k+1)!ak+1
4R (K + 1)) 4k
7 (2k +1)! T(2k+1)Cy
4ke 229 N 2425 354053 N 77089969
(2k + 1) 7C, \k1/2  4k3/2 " 64K5/2  1536k7/2 ' 161280k%/2 ’

where Cj, are Catalan numbers defined by Cj = (k+1)"" (Qkk). It is well-known that

Cr ~ 4% /V/7k3 as k — oo (see [4, Eq. (33)]). More precisely, the Catalan numbers
have the asymptotic expansion

4F 9 . 145 1155 . 36939 295911 n

k3 8k  128k%  1024k3 = 32768k*  262144k5
(see [4, Page 384]). A proof can be given by an application of the Stirling formula for
factorials or directly by the generating function of the Catalan numbers. Hence, we
have

C ~ (k — 00).

20 | 2425 _ 354053 , 77089969
€ 2k — T + Gix — T33cee T Terosors T

’ 9 145 1155
2k +1 1= gp + 12807 — To2ams T

13 33 308
- ¢ E ok 33

(k’ + 1)!ak+1
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which implies that
3 27 218 )

' ~Y _—— —_—— —
Ha e<1 TR T

Because Sy = aye the proof is completed.
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