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Abstract

In this paper we consider a quasilinear parabolic system of the form:
t
A(t)Jue| ™ ?up — Lu + / g(t — s)Lu(s)ds =0
0

in a bounded domain €, A(t) is a bounded and positive definite matrix, Q C
R"(n > 1), initial data (uo,u1) are given functions belonging to suitable spaces
and g a continuously differentiable decaying function. We use the lemma of Mar-
tinez to establish a general decay result. This improves the result obtained by
Messaoudi and Tellab [3].

1 Introduction

In this paper we consider
¢
A(t)|ue| ™ %uy — Lu + / g(t — s)Lu(s)ds =0, m > 2, (1)
0

subjected to the following boundary conditions
u(z,t) =0, x € 082, t >0, (2)
and initial conditions
u(z,0) = uo(z), u(z,0) =ui(z), z€Q, (3)
where 2 is a bounded open subset of R™(n > 1), A(¢) is a bounded and positive definite

matrix,
N

Lu = —div(MVu) = — Z 3% (a”(x)gg> .

ij=1
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The matrix M = (a;;(z)), where a;; € C(Q), is symmetric and there exists a

constant ag > 0 such that for all z € Q and ¢ = ((1,({3,.....,(y) € RN, we have
Z?,]jzl aij(2)¢;¢; > ao|¢|?. Also,

N
a(ut),v(®) = 3 ai,j(x)agg) agg) da — /Q MVu(t).Vo(t)dz,

ij=1
N
— 2
a1 = max g llaijlls | -
i=1

The values of u are taken in R" and A € C(R*) is a bounded square matrix satisfying

and

colv® < (A(t)v,v) < er|vf?, Vt € RY, v € R™. (4)

The initial data (ug,u1) are given functions belonging to suitable spaces and g a con-
tinuously differentiable decaying function. To motivate our work, let us recall some
results regarding quasilinear parabolic system. This type of equation arises from a
variety of mathematical models in engineering and physical sciences. For example, in
the study of a heat conduction in materials with memory, the classical Fourier’s law is
replaced by the following form (cf. [7]):

t
qg=—dVu-— / k(x, t)u(zx, s)ds,
— o0

where u is the temperature, d is the diffusion coefficient and the integral term rep-
resents the memory effect in the material. The study of this type of equations has
drawn a considerable attention and many results have been obtained, see (]2, 3, 6, 9]).
From a mathematical point of view one would expect that the integral term should be
dominated by the leading term in the equation. Messaoudi and Tellab [3] studied the
following system

t
A()|ug| ™2 uy — Au+ / g(t — s)Au(s)ds = 0,
0

with the same conditions in (2)—(3) and obtained an energy decay result although the
memory term makes more complex situation. Berrimi and Messaoudi [6] showed that
if A satisfies

(A(t)v,v) > colv|?, Vte RT,veR"

then the solutions with small initial energy decay exponentially for m = 2 and polyno-
mially if m > 2. Very recently for a framework of blow-up in finite time Liu and Chen
[2] studied the following system

t
A" Pur = At [ gt 9 Aus)ds = fulu,
0

with the same conditions in (2)—(3) and proved a blow-up result for both positive and
negative initial energy under suitable conditions on g and p. Motivated by the previous
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works, in the present paper we investigate problem (1) in which we generalize the results
obtained in [3], supposing new conditions with which the stability is assured, by using
the lemma of Martinez.

Our work is organized as follows. In section 2, we present some preliminaries and
some lemmas. In section 3, the decay property is derived. Our result improves the one
in Messaoudi and Tellab [3].

2 Preliminary Results

In this section, we present some material needed for the proof of our main result. For
the relaxation function g we assume

(Ag) g: R™ — R is a bounded C* function satisfying
g(0) >0, 1 —/ g(s)ds =1<1,
0
and there exists a nonincreasing differentiable function ¢ : Rt — R7T satisfying
+oo
g0 -0, 120 [ gls)ds = +ox.
0

(A1) We also assume that

2n

n —

2<m< if n>3; m>2, if n=1,2.

REMARK 1. The same as in [3], there are many functions satisfying (Ag). Exam-
ples of such functions are

() =e " 0<a <1 and go(t) = (1+1)°, e<—1.

We will also be using the embedding

Hy(Q) — LP(Q),  Hy(Q) — L™(Q).

LEMMA 1 ([2]). Let E: Ry — R4 be a nonincreasing function and ¢ : Ry — Ry
be a C? increasing function with ¢(0) = 0 and lim, __ 9 () = +oco. Assume that there
exists ¢ > 0 for which

/T E@#)y'(t)dt < cE(S), VS > 0.
S

Then .
B(t) < aB(0)e~ (o &)ds) "y > 0,
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where o and w are positive constants.
LEMMA 2 (Sobolev-Poincaré’s inequality). Let 2 <m < % The inequality
lu |m< cs||Vullz  for u e HY(Q)
holds with some positive constant c;.

LEMMA 3 ([3]). For u(.,t) € H(£2), we have

/ﬂ (/0 gt = s)(ulz, t) —ulz, s))ds)2 dr < (1- )% (g ou)(t),

Qg

where ¢, is the Poincaré constant and [ is given in (A;), and
t
(gou®) = [ ot =) [ atua,t) - u(w,s),u(e.t) - ula,5))dsds.
0 Q

3 Asymptotic Behavior

In this section, we consider the energy decay of solutions associated to the system
(1)—(3). Similarly as in [7] we give a definition of a weak solution of the system (1)—(3).

DEFINITION 1. A weak solution of (1)—(3) is a function w(z,t) such that
u(z,t) € C([0,T); [Hy (2)]") N C* ((0,T); [L™()]"),
which satisfies
¢ ¢
/ / A(8)|us(8)|™ 2us(x, ) (x, s)dsdx +/ / Lu(z, s)¢(x, s)dsdz
o Jo 0o Jo
s t
- L dvdzds =0
—|—/0 /0 /Qg(t v)p(x, s)Lu(z,v)dvdeds = 0,
for all £ € [0,7] and ¢ € C ([0,T); [HE()]") .

REMARK 2. Similar to ([3, 9]), we assume the existence of a solution. For the
linear case (m = 2), one can easily establish the existence of a weak solution by the
Galerkin method. In the one-dimensional case (n = 1), the existence is established, in
a more general setting, by Yin [9].

Now we define the "modified" energy equation related with problem (1)—(3) by

E(t) = %(g ou)(t) + % (1 - /0 g(s)ds> a(u(t),u(t)).
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LEMMA 4. Let u(z,t) be the solution of (1)—(3). Then the energy equation satisfies

E(1) < 59’ o)1) — 50(t) / Al ()| e

l\DM—l

PROOF. By multiplying (1) by u:(t), and integrating over §2 we get

LéAUWQ@W%zfiﬁa /:/ (t — ) MVu(s)Vuy(t)dsdz = 0. (5)

Note that

a(u(t), ua(1)) = 5 & afu(t), u(0),

following the ideas of [10], we can obtain

/ g(t—s) MVu( YWuy(t)dxds

u(s) duq(t)
= s)a; dzds
”21// 4 3% ox;
_ u(t) Oue(t)
= Z// (t—s)a; (z 8331 oz, dxds
7,j=1
u(t)  Oue(s) Oue(t)
i 1// alj <(9.’L‘1 B 8{Ej 8951 duds

- ! / gt =) ((Grotult). o) ) ds

[ ot ) (ot - w00~ o)) s
_ ;i(ég@@qmmu@)@
f%% (/o g9(t — s)a(u(t) —u(s), u(t) — U(S))) ds
1 1
— 900t ult) + 3 [ 5/ = alult) = uls).ule) — u(s))ds
0
— 5o+ 3¢ 0O+ 3 [alu.ulo) [ ols)as]
—go(t)au(e), u(t)) ®)

where

(gou)(t) = / ot — s)a(u(z, £) — ulz, ), u(z, 1) — u(z, 5))ds.
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By (5) and (6), we obtain
B(t) < ~5(o o w)(®) = o)au(t).u(®) ~ [ AW u(®]"dz < 0.
THEOREM 1. Let (ug,u1) € (H(£2))? be given. Suppose that (Ag)—(A1) and (4)

hold. Then there exist two positive constants w and K, depending on the initial data
and ¢g for which the solution of (1)—(3) satisfies

E(t) < Ke /o €)ds

PROOF. From now on, we denote by ¢; various positive constants which may be
different at different occurrences. We multiply the equation (1) by £(¢)u, integrate over
Q x (S,T), and use the boundary conditions to get

T T
/ /§(t)A(t)|ut(t)|m72ut(t)u(t)dmdt—/ E(t)a(u(t), u(t))dtdr
s Jo S
+/S §(t)/QMVu(t)/o g(t — s)Vu(s)dsdz = 0. (7)
We then estimate
—/g(t).MVu(t)/ g(t — s)Vu(s)dsdx
Q 0
_ / £(t).M / gt — $)(Vult) — Vu(s))Vu(t)dsda
Q 0

- / g(s)ds.£(E)alu(t), u(t)), (8)
by substituting (8) in (7) and adding the following term in (7)
T T
3 c0@en0-3 [ sowouo. o

So (7) becomes

! = - ' U m=2 (O u(t)dx
/S DB = /S / £ A e (8)™ 2wy (u(t) dodt
T t
_ / / £(1)M. / g(t — $)(Vu(t) — Vu(s)).Vu(t)dsdzdt
S ) 0

<

4 /S £(t)(g o u)(t)dt. (10)
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By Lemma 4, equation (4), the boundedness of A(t) and condition (A1), we see that,

V3 > 0,
B/Qlu(t)l dm+05/9|ut(t)| iz

B [Vu(t)|™ + cs / g ()|l

—2

< per (252 - (2)zo,

/ / )™ 2wy (Hu(t)dedt < <Bcgl (2El(o)> m52> /ST E(t)e(t)dt

_(Zﬁ>/s E'()e(®)dt, VB >0. (11)

IN

/Q A e (8) ™2 () u(t)das

IN

Then

We also have

/Q /ot Mg(t = 5)(Vu(t) — Vu(s)) Vu(t)dsdx
- XN: /ot 9(t = 5)/Qaij(sc) aaugg) (ags) N 3;9(:)) dxds
N

Q</Ot“”( )aauz()ds>2d:c

IN
=
™
S~

1 & t du(s)  du(t) ?
m;/g </o =) (a O )d) d‘”’”
< £ (malemnm) )ult) + o (1= Dl(go )0
< (Zuaunw) 0+ o1 = Dg o0, (12)

and using the fact that

() (gouw)(t)] = &) (gou)(t) < Blgou)(t) < B(-FE'(1)),
we obtain

/g )(g o u)( dt</ B(—E'(t))dt < CE(S). (13)
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By combining (10)—(13), we easily deduce the following

- (220)

X /S () B(t)dt

N

N

1 12 —(1-1

(a+1) irgnfgvzIIGJIIOo +4aoﬂ( )
i,j=1

< (Cﬁg(o) + eﬁ) E(S).

Co

Finally, we get

/ "Bt < CES), VS >0,
S

by choosing 3, 2, € small enough and by the hypothesis | < 1. By letting T' go to
infinity, one can easily see that (Ag) is satisfied with ¢(t) = fot &(s)ds. This completes
the proof.
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