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Abstract

In this paper, we study a class of p-Laplacian problems with impulsive condi-
tions depending on a real parameter A. Using variational methods and Bonnano’s
critical points theorem [4], we give some appropriate conditions on the nonlinear
term and the impulsive functions to find a range of the control parameter for
which the impulsive problem admits at least one nontrivial solution.

1 Introduction

In this work, we study the existence of nontrivial solutions for the following p-Laplacian
problem with the impulsive conditions

—(p(@)g, () + s(x)¢,(u) = Af(z,u(z)), ae z € (ab),
au'(a™) — agu(a) =0, Bu/(b7) + Byu(b) =0, (1)
Alp(x) e, (W (25))) = Mj(ulz;)), J=1,2,....n,

where ¢,(t) = [t|P=2t and a,b € R with a < b, p > 1, ay, a2, 1, B and A are positive
constants, p, s € L>([a,b]) with py := essinfyeqp) p(z) > 0, 50 := essinf [y s(z) >
0, pla™) = p(a) >0, p(b™) = p(b) >0, f:[a,b] xR — R, I; : R — R are continuous
forj=1,...;,nandxg=a <z <2 < -+ < xp < xTpy1 =b. We note that

Alp(x;)0, (W' (7)) = p(a), (u'(2]) — p(a7 )b, (u' (),

where z(y™) and z(y~) denote the right and left limits of z(y) at y respectively.

The theory of impulsive differential equations has become an important area of
investigation in the past two decades because of their applications to various prob-
lems arising in communications, control technology, electrical engineering, population
dynamics, biotechnology processes, chemistry and biology (see [2, 3, 8, 12, 14]).

There have been many papers to study impulsive problems by variational method
and critical point theory, we refer the reader to [13, 15, 20, 23] and references cited
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22 Existence of Nontrivial Solution for a p-Laplacian Problems

therein. In [19] Tian and Ge obtained sufficient conditions that guarantee the exis-
tence of at least two positive solutions of a p-Laplacian boundary value problem with
impulsive effects

~(p(1)6, (W (1)) + 5(1)6, (u(®)) = f(t,u(t)), ae. te (ab),
aw'(at) - Bu(a) = A, '(b7) +ou(b) = B,
t

Alp(ti) e, (' (t5))) = Li(u(t:)), i=1,2,...,1,

where a,b € Rwitha < b, p > 1, ¢,(t) = [t|7%t, p,s € L>([a, b]) with essinf;c(q,4) p(t) >
0, essinficfq ) s(t) > 0, 0 < p(a),p(b) < +oo, A <0, B >0, a, B, 7, 0 are positive
constants, I; € C([0,4o00), [0,400)) for i =1,...,1, f € C([a,b] x [0, +00), [0, +00)),
f(t,O) #Oforte [a,b], to=a <t <tlg---<?t <41 =b.

In [1], by virtue of Ricceri’s three critical points theorem [18], Bai and Dai studied
the existence of at least three solutions for the following p-Laplacian impulsive problem

—(p(t)p (W' (1)) + s(t) o, (u(t)) = Af(t,u(t), ae. te(ab),
a1t/ (aT) — agu(a) =0, B/ (b7) + Byu(b) =0,
A(p(ti)¢p(u/(tj))) zlz(u(tz))’ i=1,2,...,1

In [5], Bonnano et al. considered the second-order impulsive differential equations with
Dirichlet boundary conditions, depending on two real parameters

u’(t) + a(t)u' () + b(t)u(t) = Ag(t,u(t)), t€[0,T], t#t;,
u(0) =u(T) =0,

Au/(ty) = u'(t]) —u'(t;) = ulj(u(ty), j=1,2,..,n

where A, 11 >0, g : [0,T]xR — R, a,b € L>([0,T7]) satisfy the conditions ess inf,c[o ) a(t)
> 0, essinfycjorb(t) > 0, 0 =t < t1 <t < --- <ty < tpy1 =T, Au/(t;) =
u'(tj') —u/(t;) = lim, .+ u'(t) —lim, - u/(¢), and I; : R — R are continuous for every
7=1,2,...,n. Under arjl appropriate gfowth condition of the nonlinear function, and a
small perturbations of impulsive terms, they established the existence of at least three
solutions by choosing p in a suitable way and for every A lying in a precise interval.

Recently, the authors in [10] studied the following nonlinear perturbed problem

—(p() ¢, (u' (1)) + 5() 9y (u(t)) = Af(t,u(t)) + pg(t, u(t)), ae. te(a,b),
aru'(a®) —agu(a) =0, By’ (b7) + Bou(d) =0,
Alp(t), (' () = L(uts)), i=1,2,...,1.

They utilized Bonnano’s theorem [6], to establish precise values of A\ and u for which
the above problem admits at least three weak solutions.

Motivated by the above mentioned works, our goal in this paper is to obtain some
sufficient conditions to guarantee that problem (1) admits at least one nontrivial solu-
tion when the parameter ) lies in different intervals. Our analysis is mainly based on
the critical point theorems obtained by Bonanno [4]. This theorem has been used in
several works to obtain existence results for different kinds of problems. For review on
the subject, we refer the reader to [7, 9, 11].
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2 Preliminaries

Our main tools are two consequences of a local minimum theorem ([4], Theorem 3.1)
which is a more general version of the Ricceri variational principle (see [17]). Given a
set X and two functionals ®, ¥ : X — R, we put

(Supveéfl(]n,m[) qj(”)) - \Ij(u)

, = inf , 2
B(ri,m2) ueq)flll(l]rlm[) ra— ®(u) (2)

( ) \I/('LL) - (Supveéfl(]foo,h[) \I/('U)> (3)

P1\T1,T2) 1= sup )
' wed=1(Jr1,r2[) D(u) —m
and
() = ($uPyep-1 (o) ¥())
p(r) == sup (4)
u€d—1(]r +o0l) P(u) —r

for all r,r1,79 € R, with 71 < 7s.

THEOREM 1 ([4], Theorem 5.1). Let X be a reflexive real Banach space, ® : X —
R be a sequentially weakly lower semicontinuous, coercive and continuously Gateaux
differentiable function whose Gateaux derivative admits a continuous inverse on X*,
and ¥ : X — R be a continuously Gateaux differentiable function whose Gateaux
derivative is compact. Put Iy, = & — AV and assume that there are r{,79 € R, with
r1 < rg, such that
B(ri,r2) < py(ri,72), (5)
where 8, p; are given by (2) and (3). Then, for each A € ]m, m[, there
is a ugy € ®7I(Jr1,m2[) such that In(ugy) < In(u) for all u € ®~1(Jry,r2[) and
I;\(’LL()’)\) =0.

THEOREM 2 ([4], Theorem 5.3). Let X be a real Banach space; ® : X — R
be a continuously Gateaux differentiable function whose Gateaux derivative admits a
continuous inverse on X*.¥ : X — R be a continuously Gateaux differentiable function
whose Gateaux derivative is compact. Fix infx ® < r < supy ¢ and assume that

p(r) >0, (6)
where p is given by (4), and for each A > ﬁ the function I, = ® — AWV is coercive.
Then, for A > ﬁ, there is a ug x € ®71(]r, +o0[) such that I (ug ) < Ix(u) for all

u € ®71(Jr, +00]) and I} (ug ) = 0.

Let X be the Sobolev space W1 ([a,b]) equipped with the norm

1/p

b b
[l == (/ p(z) IU’(w)Ipdw+/ 8($)IU($)Ipdw> ,
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which is equivalent to the usual one. We define the norm in C°([a,b]) as

[ulloc = max |u(z)].
z€la,b]

Since p > 1, X is compactly embedded in C%([a, b]).

LEMMA 1 ([19], lemma 2.6). For u € X, we have ||u]|oc < M||u||, where

—q)"l/p — )V
M:21/qmax{(b @) (b-a) }, 1—|—1=1.

Throughout the sequel, we assume that the functions f and I; satisfy the following
assumptions:

(F) f:[a,b] x R — R is an L!-Carathéodory function namely: ¢t — f(¢,z) is measur-
able for every © € R, x — f(¢, ) is continuous for almost every t € [a, b], and for
every ¢ > 0 there exists a function I, € L'([a, b]) such that

sup |f(z,8) <l,(z) for a.e.z € [a,b].
l€1<e

H) The impulsive functions I, have sublinear growth, i.e., there exist constants
J
a;, bj >0 and o; € [0,p — 1) such that

|I;(z)| <aj+bjlz|?? forallzeR, j=1,2,...,n.

DEFINITION 1. We say that u € X is a weak solution of problem (1) if, for v € X,

b

/ " (@), 0 () (@) + [ s@yu@)nialds + payo, (“2“(“>) v()

aq

b n
+p<b>¢p(62gfb))v<b>—x [ sy - 3 L)) | o

j=1

Now, Put
13
Pla,€) = / F@t)dt for all (z,€) € [a, 5] x R.
0
We introduce the functional I : X — R defined, for each u € X, by
L(u) = ®(u) — A(u),
where - -
(u) = Lul]? + A2 fu(a) P + ZIE— fu(b) 7,
p pay pﬁl (7)

b n u(x;
U(u) = [} F(z,u)de — S [o ) 1(t)dt.
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By the property of f and the continuity of I; (j = 1,2, ...,n), we have that ® and ¥
are well defined and Gateaux differentiable functionals, whose Gateaux derivatives at
u € X are given by

b b
o= [ ple)o, @)@+ [ @), ulo)(e)is
+ @0, (2282 ) uia) + o010, (25 ) o

and , .
(= [ fleuyods = Y- u(e)o(a)
a ]=1
for all v € X.
We need the following Proposition in the proofs of our main results.

PROPOSITION 1 ([10], Proposition 2.4). Let T': X — X* be defined by

u)h = / (@)t (a)da + | ()6, () h(a)do
+pla)o, (“fjf“) ) ata) + o030, (25 ) oo

for every u,h € X. Then the operator T" admits a continuous inverse on X*.

3 Main Results

For the sake of convenience, we put

. 2(p+1)pg
B T Dol + 0+ 20— a3l (8)

Jj=1

and

where a;, b;, o, are given by (H), M is given in Lemma 1 and ¢, d are two positive
constants. Moreover, given a nonnegative constant 1 and a positive constant 6 such

that ) )
", po(1+C1)o” pla)oy”"  p(b)BY~
U\ VSN = MP .
AP B(b— @)1 where Cy ai’fl + [3’1’71

We set

[P maxiy <, F(x, t)dz + 0T, + ()T o) — fm F(t,0)dt
P po(l+C1)e” '
MP k(b—a)p 1

Ag(n) =
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THEOREM 3. Assume that there exists a nonnegative constant ; and two positive
constants 7y and 6 with

9)

such that

(A1) Ag(ny) < Ag(m),
(A2) F(z,t) >0 for every (z,t) € [a, “E2] x [0,4].

Then, for each A € %} m, m , problem (1) admits at least one nontrivial weak
solution w € X such that . .
Uit - 2
<P(u) < .
pMP (@) pMP

PROOF. Let ® and ¥ be the functionals defined in (7). It is well known that ® is
coercive and sequentially weakly lower semicontinuous. From Proposition 1, of course,
®’ admits a continuous inverse on X *. Moreover, ¥ has a compact derivative, it results
sequentially weakly continuous. Hence ® and U satisfy all regularity assumptions
requested in Theorem 1. So, our aim is to verify condition (5). To this end, let

P P 20 a+b
_ Ui _ b _ E(x_a)a :L'G[G,T[, 1
e pMP’ 2= pMP’ and up(z) = { 0, z € [2F2,b]. (10)
Clearly ug € X. Moreover, one has
weP [ wgr [T b
lluoll” = m/ p(z)dz + m/ (x —a)Ps(z)dz + 9p/+b s(z)dz.
a a a2
Using (8), we observe that
Pot” p Pot”
m < ol < W. (11)
From the definition of ®, we have
Nl < @(w) < 5 (14 C)
—||lu u) < — ul|P.
p - TP !
In particular, we infer
pot” po0”
26— a1 < ®(ug) < (1+Ch) ph(b — a1 (12)

Hence, it follows from (9) that

r < CI)(’LLQ) < To.
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Now, let u € X such that u € ®71(] — 0o, 73[). By Lemma 1, we obtain
lu(z)| <ny for each x € [a,b]. (13)

Moreover, thanks to (H), we get

n u(ty) n bJ -
S [ i <3 (ajnuoo TR ) (14)
=1

= O'j—|-1

which combined with (13) yields that

b " pulz;)
su U(u) = sup / F(z,u)dz — Z/ Ii(t)dt
u€P—1(]—oo,ral) weP—1(]—oo,ra[) a j=1 0
b n b L
< max F(x,t)dx + (a:uoo—i- J u‘;ng)
| nax (z,1) ; illul Jj+1H I
b
max F(z,t)dx +n3L,,. (15)
a [t]<n,
Arguing as before, we obtain
b
sup U(u) < max F(z,t)dx +nil,, . (16)
uwed—1(]—oo,r1[) a 1tI<m

On the other hand, due to Lemma 1, (H), (A2) and (11), we have

b n o puo(e;)
\IJ(U(]) > [erb .F(t7 9) dt — / Ij(t)dt
) = J,
b n bj B
> F(t,0)dt — , - o;
> /+ (t.0) ; (aj||UU|| + o lel )

\ F(t,0)dt — /L(@)F#(e). (17)

Vv
—
A

Therefore, from (12) and (15)—(17), we get

(Supuequ(]n,r?[) ‘I’(u)) — U(uo)
ro — ®(ug)
[P maxyj<y, F(x,t)dz + 53T, + p(0)T ) — f”i F(t,0) dt
a ny po(l+ C1)8”
pMY k(b — a)P—1

B(ri,m2) <

pAg(n2)-
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We also obtain

\I/(UO) - (Supueéfl(]—oo,m[) \I/(u))

>
pi(ri,re) = B(ug) =11
b b
. f%b F(t,0)dt — p(0)T ) — nily, — [, maxpy <, F(z,t)dx
- po(1+C1O”
pk(b —a)p=t  PM?
= pAg(m)-
So, by our assumption it follows that 8(r1,72) < p;(r1,72). Hence, from Theorem 1 for
each \ € % m, m , the functional I, admits at least one critical point w such
that
P p
m — Up)
<o <
pMp (U’) pMp )

and the proof of Theorem 3 is achieved.
Now, we point out the following consequence of Theorem 3.

THEOREM 4. Assume that there exist two constants 1 and 6 with

poMP  p k p

G—ap 1’ “O+cn™

such that assumption (A2) in Theorem 3 holds. Furthermore, suppose that
b
f: max|y <, F(z, t)dz + n°T,, k(b —a)P? faTb F(t,0)dt — p(0)L 0)

1
np poMP(1+ Cy) 6? (18)

Then, for each

1 pot” MP(1+ Ch) k(b — a)P~!
D f% F(t,0)dt — u(0)T 46 , f; max|y <, F(z,t)dr + n?T,

problem (1) admits at least one nontrivial weak solution @ such that |[u(z)| < n for all
x € [a,b].

PROOQOF. Our aim is to apply Theorem 3. To this end we pick 77, = 0 and 7y = 7.
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From (18), one has

ff max|y <, F(z, t)dz + n°Ty, + ()T 0y — f% F(t,0)dt

)
A =
0(77) (i) pO 1 +C1)9p
M k(b—a)r—1
P AP ) b
< [1 p%zk](\z gtcl)} {fa max‘t|<n (x t)dm—l—an"n}
+ C1)0”?
( ) —a)P~ k(b—a)P 1
B f: max| <, F(z,t)dz + 772F,7 fﬂ+b F(t,0)dt — u(0)T 0
- (oY ool + OO
M k(b — a)r—1

= Ap(0).

Hence, Theorem 3 ensures the existence of nontrivial weak solution @ of problem (1)
such that

1 "
“allr < ®@@) < ,
Ll < o < T
and clearly by Lemma 1, [u(z)| < n for all z € [a, b].

Finally, we also give an application of Theorem 2.

THEOREM 5. Assume that there exist two constants 7 and 6 with

—p poMP o0
TSt
such that . .
‘Irllax F(z,t)dr +7°T; < / F(z,0)dx — u(@)]f‘u(g)7 (19)
a It atb
and P
lim sup (z 5) < 0 uniformly in «. (20)

Then, for each X\ > )\, where

7P po(1 + Cl)ép

MP T (b — a)p !
b

p [f; maxy <y F(z,t)de + 72Ty + @w(0)T ) — faTH, F(x, 9)d:r]

X:

problem (1) admits at least one nontrivial weak solution @ such that ||| > W

PROOF. The functionals ® and ¥ given by (7) satisfy all regularity assumptions
requested in Theorem 2. Moreover, by standard computations, condition (20) implies
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that I, A > 0, is coercive. To apply Theorem 2, it suffices to verify condition (6).

Indeed, put ug(x) as in (10) and r = pi’%. Arguing as in the proof of Theorem 3 we
obtain

W(u) — (Squequ(]foo,r[) ‘I’(U))
O(u)—r
f@ F(t,0) dt — (@)L 5 — 7Ty — [) maxjy <y F(z, t)dz
po(1+CE" '

Y]

p(r)

Y

So, from our assumption it follows that p(r) > 0. Hence, in view of Theorem 2 for each
A > A, I, admits at least one local minimum % such that

ﬁP
pMP

< @) < —(1+C)lfall”,

"=

and our conclusion is achieved.
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