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Abstract
In this article we study the existence of positive periodic solutions for two
types of third-order nonlinear neutral differential equation with variable delay.
The main tool employed here is the Krasnoselskii’s fixed point theorem dealing
with a sum of two mappings, one is a contraction and the other is completely

continuous. The results obtained here generalize the work of Ren, Siegmund and
Chen [14].

1 Introduction

In recent years, there have been a few papers written on the existence of periodic solu-
tions, nontrivial periodic solutions and positive periodic solutions for several classes of
functional differential equations with delays, which arise from a number of mathemat-
ical ecological models, economical and control models, physiological and population
models and other models, see [1-14], [16-18] and the references therein.

In this paper, we are interested in the analysis of qualitative theory of positive
periodic solutions of delay differential equations. Motivated by the papers [2, 7, 8, 9,
10, 11, 12, 13, 14, 16, 17] and the references therein, we concentrate on the existence of
positive periodic solutions for the two types of third-order nonlinear neutral differential
equation with variable delay

d3
@@ —gtat-—7)=al)z®) - ftzt-71)), (1)

and
% (@) —gtzt—7()=-alt)z(t)+ f(tz(t—7(), (2)
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where a,7 € C (R, (0,0)), g € C(R x [0,00),R), f € C(Rx[0,00),[0,00)), and a,
7, g(t,x), f (¢t z) are T-periodic in ¢ where T is a positive constant. To reach our
desired end we have to transform (1) and (2) into integral equations and then use
Krasnoselskii’s fixed point theorem to show the existence of positive periodic solutions.
The obtained equation splits into a sum of two mappings, one is a contraction and the
other is compact. In the special case g (t,x) = cx with |c| < 1, Ren et al. in [14] show
that (1) and (2) have a positive periodic solutions by using Krasnoselskii’s fixed point
theorem.

The organization of this paper is as follows. In Section 2, we introduce some nota-
tions and lemmas, and state some preliminary results needed in later sections, then we
give the Green’s function of (1) and (2), which plays an important role in this paper.
Also, we present the inversions of (1) and (2), and Krasnoselskii’s fixed point theorem.
For details on Krasnoselskii’s theorem we refer the reader to [15]. In Section 3 and
Section 4, we present our main results on existence of positive periodic solutions of (1)
and (2), respectively. The results presented in this paper generalize the main results
in [14].

2 Preliminaries

For T > 0, let Cp be the set of all continuous scalar functions x, periodic in ¢ of period
T. Then (Cr,||-||) is a Banach space with the supremum norm

J«]| = sup |z ()| = sup [z (t)].
teR

t€[0,T)
Define
Ci={reCr:x>0}, Cr ={z€Cr:x<0}.
Denote
M =sup{a(t):t€[0,T]}, m=inf{a(t):tc[0,T]}, 8= VM,
and

Fz)=[ftzl-7@)—a)gltz(t—7().
LEMMA 2.1 ([14]). The equation

d3

Y O = My(t) =h(t), heCr,

has a unique T-periodic solution

y(t) = / G1 (t,5) (~h (s)) ds,
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where if 0 < s <t < T,

) o (1) s
Gy (t,s) = 35 {1 T exp(_AT) — 20xp ( BT> o (@)} lbm <2ﬁ(t —5)+ 6)
) exp(B(t — s))

ol 3

1 (V3
—exp <_25T> sin <25(t —s—T)+ 353% (exp(BT) — 1)’

and if 0 <t <s<T,

2 exp (LS*FT) )

357 [1+exp( BT) —2eXp( 52T>cos( 3;%)}

X [sin (\fﬁ(t —s+T)+ g) — exp (—;BT> sin <\fﬁ(t —s)+ g)

exp(B(t+T —s))
36%(exp(BT) — 1)

G1 (t, S) =

LEMMA 2.2 ([14]). [, G1(t,s)ds = 1/M and if V38T < 47/3 holds, then G1 (¢, s) >
0 for all t € [0,7] and s € [0, 7.

LEMMA 2.3 ([14]). The equation

a3
ﬁy(t)—a(t)y(t)zh(t), h e Cr,

has a unique positive T-periodic solution
(Pih) (t) = (I = T1By) " Thh (1),

where
(Thh) ( / G1(t,s)(—h(s))ds and (Bry)(t) =[-M +a(t)]y(t).

LEMMA 2.4 ([14]). If /38T < 4 /3 holds, then P; is completely continuous and
M _
0 < (Tyh) (t) < (Pih)(t) < poe |Tih|, heCr.

The following lemma is essential for our results on existence of positive periodic
solution of (1). The proof is similar to that of Section 6 of [14] and hence, we omit it.

LEMMA 2.5. If z € Cr then z is a solution of equation (1) if and only if

z(t)=gtat-—7@)+P(=fGzE-7)+a)gtz(t-7@1)). ©)
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LEMMA 2.6 ([14]). The equation

3

YO+ My () =h(t), heCp,

has a unique T-periodic solution

where if 0 < s <t < T,

oxp (22
Ga(t,s) = ? p( 2 ) )} [sin(ﬁﬁ(t—s)—g>

367 [1 + exp(BT) — 2exp (ﬁTT) cos ( 5

LN (3 7 exp(B(s — 1))
~exp (507 ) sin <2ﬁ(t —s=T) - 6> ] " 357(1 — exp(~4T))

and if 0 <t <s<T,

2exp (LHZJLS))

Ga(t,s) = 34 {1 + exp(BT) — 2exp (5771) cos (\/ZBT)}

exp(B(s —t—T))
35°(1 — exp(—BT))

LEMMA 2.7 ([14)). [ Ga(t,s)ds = 1/M and if V38T < 4r/3 holds, then
Go (t,s) >0 forall t € [0,7] and s € [0,T].

LEMMA 2.8 ([14]). The equation

d3
Y +a®y ) =h(), hely,
has a unique positive T-periodic solution

(P2h) (t) = (I — T2B2) ' Thh (t)

where

T
(Tah) (1) :/ Gy (t,s) h(s)ds, (Bay) (t) = [M —a(t)]y ().
0
LEMMA 2.9 ([14]). If /38T < 4 /3 holds, then P, is completely continuous and

0 < (Tzh) () < (P2h) () < % |T3hl|, h e Cy.
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The following lemma is essential for our results on existence of positive periodic
solution of (2).
LEMMA 2.10. If z € Cr then z is a solution of equation (2) if and only if
z(t)=gtat—7)+P(ftzt-—7()—al)gtzt-7())). (4

PROOF. Let x € Pr be a solution of (2). Rewrite (2) as

3

% [z(@) =gtz —7 @)+ Mz()—g 2 —7(t)
=M-a®]z@)—gtzC@—TON+fEGaE-71)—al)gtzt—-7(1))
=Byfe(t) gtz —T@O)+ et —7() —a@®) gtz —7(1)

From Lemma 2.6, we have

z(t)—g(ta(t—7()=TB:[z(t) — gtz (t—7(t))
+h(f et —7@) —a(t) gtz (t—7(1).

This yields
(I =TaBs) (x(t) —g(t,x(t—7() =T2(f(t,a(t—7(1)) —a)g(t,z(t—7()))).

Therefore,

w(t)—g(tat—71)) = -TB)  Ta(f (Lt —7(1) —at)gtz(t—7()
=B (f(tzt—7®)—a(t)gtz(t—7(1)).
Obviously,
z(t)=gtzt—7@)+P(f(tz@t—7(t)—alt)gtz(—7(t)).

This completes the proof.

Lastly in this section, we state Krasnoselskii’s fixed point theorem which enables
us to prove the existence of positive periodic solutions to (1) and (2). For its proof we
refer the reader to ([15], p. 31).

THEOREM 2.1 (Krasnoselskii). Let I be a closed convex nonempty subset of a
Banach space (B, ||.||) . Suppose that A and B map D into B such that

(i) z,y € D, implies Az + By € D,
(ii) A is completely continuous,
(iii) B is a contraction mapping.

Then there exists z € D with z = Az + Bz.
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3 Positive Periodic Solutions for (1)

To apply Theorem 2.1, we need to define a Banach space B, a closed convex subset D)
of B and construct two mappings, one is a contraction and the other is a completely
continuous. So, we let (B, ||.]|) = (Cr, ||.||) and D ={p € B: L < ¢ < K}, where L is
non-negative constant and K is positive constant. We express equation (3) as

@ (t) = (Bip) (t) + (A1) (t) := (H1) (1) ,
where Ay, B; : D — B are defined by

(A1) () = PL(=f (Lot =7 (1) +a®) gt —7()), ()

and
(Bip) (t) =gt ot —T7(1))). (6)

In this section we obtain the existence of a positive periodic solution of (1) by
considering the three cases; g (t,z) > 0, g (t,2) =0and g (t,z) <Oforallt € R, z € D.
We assume that function g (¢, ) is locally Lipschitz continuous in x. That is, there
exists a positive constant k such that

|g(t,I) 7g(t7y)‘ < k”.’,U*yH, for all t € [OvT]v T,y € D. (7)

In the case g (t,x) > 0, we assume that there exist positive constants ki and ks
such that
kiz < g(t,x) < kox, forallt € [0,T], x € D, (8)

ko <1, 9)

and for all t € [0,T], x € D,
kym < F (t,x) < M. (10)

LEMMA 3.1. Suppose that (7) holds. If By is given by (6) with
k<1, (11)

then B; : D — B is a contraction.

PROOF. Let B; be defined by (6). Obviously, By is continuous and it is easy to
show that (Bip) (¢t +T) = (B1y) (t). So, for any ¢, € D, we have

((Bip) () = (Bay) () < g (b, 0t =7 (1)) =g (£, (t =7 ()] < klle =l
Then ||Bip — B1y|| < k¢ — ¢||. Thus B; : D — B is a contraction by (11).
Besides, by the complete continuity of P, it is easy to verify the following lemma.

LEMMA 3.2. Suppose that v/38T < 47/3 and the conditions (8)-(10) hold. Then
A; : D — B is completely continuous.



92 Existence of Positive Periodic Solutions

THEOREM 3.1. Suppose that /38T < 4m/3 and the conditions (7)-(11) hold with

k M
L = % and K = m Then equation (1) has a positive T-periodic

solution z in the subset

klm M
D= B:— o << — %
{“"E <1k1>M—“”—<1k2>m}

PROOF. By Lemma 3.1, the operator By : D — B is a contraction. Also, from
Lemma 3.2, the operator A; : D — B is completely continuous. Moreover, we claim
that By + Ajp € D for all o, € D. Since F (t,z) > kym > 0 which implies
—f(t,z)+a(t)g(t,z) <0, then for any ¢,? € D, by Lemma 2.2 and Lemma 2.4, we
have

(B1) (t) + (A1) (2)
=gty t—7®)+P(=ftet—71)+at)g(t,e—7(t)))

Shotp (=7 () + % [Ty (=f (e (t =7 (1) +a(t)g et —7(1)l

ko M
T u v — Imax
= (I=k2)m "y icio T

T
/0 Gi(ts)(f (s, (s =7(s))) —a(s)g(s,p(s—7(s))))ds

< bt + M e [ 1) (7 s 7 (9~ a(6)9 (05— () s
koM M

< 7

S0 —h)m + - /0 G (t,s) Mds
koM M _ 1 M

T 0<dkm  m M U—k)m
On the other hand, by Lemma 2.2 and Lemma 2.4,

(Biy) (8) + (A1) ()
=gty (E—7)+P(=fEet—71)+at)g(t,el—7(t)))

> bt (1 — 7 (¢ /Glts (5,0 (s —7(5))) — a(s) g (5,0 (5 — 7 (5)))) ds

20— k)M kk / G1 (t,8) kymds
- 1
kim 1 kim
__mm e, s M
k)M " T U=k M

Then Biy + A1 € D for all ¢, € . Clearly, all the hypotheses of the Krasnoselskii
theorem are satisfied. Thus there exists a fixed point € D such that z = A1z + Byx.
By Lemma 2.5 this fixed point is a solution of (1) and the proof is complete.

EXAMPLE 3.1. Consider the following third-order nonlinear neutral differential
equation with variable delay

3
% [2(t) =gzt —T@®)] =a@)z@) - [tz -7(1), (12)
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where T = 7, 7 (t) = sin’ (t), a(t) = %sin2 (t)+0.8, g(t,x) = 0.6sin (£), and

sin? (t)

f(t.a) = =1 + 0-125in” (1) sin (g) +0.48 sin? (g) +0.2.

Then Equation (12) has a positive m-periodic solution x satisfying 0.2 < x < 2.5. To
see this, a simple calculation yields

k=03, m=08 M=1, ky =02, ks =05, L =02, K = 2.5.

Define the set D ={p € B: 0.2 < ¢ < 2.5}. Then for = € [0.2,2.5] we have

F(t,x) = m +02<081<1=M.
On the other hand,
F(t,x) = ﬂ +022>0.2>0.16 = kym.
z2+1.6

By Theorem 3.1, Equation (12) has a positive m-periodic solution x such that 0.2 <
xr < 2.5.

REMARK 3.1. When g (t,z) = cxz, Theorem 3.1 reduces to Theorem 6.2 of [14].

In the case g (t,z) = 0, we have the following theorem.

THEOREM 3.2 ([14]). If /3BT < 4m/3 holds, ky = 0 and 0 < F (t,x) < M, then
equation (1) has a positive T-periodic solution x in the subset

M
ID)1={<,0€IB§:O<<,0§}.
m

In the case g (t,x) < 0, we substitute conditions (8)-(10) with the following con-
ditions respectively. We assume that there exist negative constants k3 and k4 such
that

ksx < g(t,x) < kaz, forall t € [0,T], z € D, (13)
m
_k3 < Ma (14)

and for all t € [0,T], x € D
—ksM < F (t,x) <m. (15)
THEOREM 3.3. Suppose that /38T < 4r/3, (7) and (11)-(15) hold with L = 0

and K = 1. Then equation (1) has a positive T-periodic solution = in the subset
Dy={peB:0<p<1}.
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PROOF. By Lemma 3.1, the operator By : D — B is a contraction. Also, from
Lemma 3.2, the operator A; : D — B is completely continuous. Moreover, we claim
that By + A1 € D for all p,¢ € D. In fact, for any ¢,1 € D, by Lemma 2.2 and
Lemma 2.4, we have

(Bry) (8) + (A1) ()
=gty t—T@O)+P(=fEet—T®)+a)gt,et—7()

< katp (t =7 (1)) + % 1Ty (=f (8ot =7 (1) +a(t)g(t et -7 @)

T
S%tg[lg% / G (1,5) (F (5,0 (5 — 7 (5)) — a(s) g (5,0 (5 — 7 (5)))) ds
g%%]/ Gr(t,5) (f (5,0 (5 — 7(5)) — a(s) g (s, (5 — 7 (5)))) ds

IN

M M 1
E/o G1 (t,s) mds = —mar = 1.

On the other hand, by Lemma 2.2 and Lemma 2.4,

(B1y) (t) + (A1) (1)

=gt t—7®)+P(=f(tet—7()+alt)glt e(t—7(1)))

> ks (t—7(t / Gi(t,s)(f(s,0(s—=7(5)) —a(s)g(s,p(s—7(s))))ds

> kg + / G1 (t, S) (—kgM) ds

0
1

Then By + Ay € D for all p,9 € D. Clearly, all the hypotheses of the Krasnoselskii
theorem are satisfied. Thus there exists a fixed point € D such that z = A1z + By x.

Since F (t,xz) > —ksM, it is clear that x (t) > 0, hence € Dy. By Lemma 2.5 this
fixed point is a solution of (1) and the proof is complete.

REMARK 3.2. When g (¢,z) = cxz, Theorem 3.3 reduces to Theorem 6.6 of [14].

4 Positive Periodic Solutions for (2)

We express equation (4) as
() = (Bap) (1) + (A29) () := (Hap) (1),
where Az, Bs : D — B are defined by

(A2p) (1) = P2 (f (8,0 (8 =7 (1)) —a () g (0 (E =7 (1)), (16)
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and
(B2p) (t) = g (t, 0 (t =T (2)))- (17)

Moreover, by the complete continuity of P, it is easy to verify

LEMMA 4.1. Suppose that v/38T < 47/3 and the conditions (8)-(10) hold. Then
As : D — B is completely continuous.

REMARK 4.1. Notice that Bz in this section is defined exactly the same as that in
Section 3. Hence Lemma 3.1 still holds true.

Similar to the results in Section 3, we have

THEOREM 4.1. Assume that the hypotheses of Theorem 3.1 hold, then equation
(2) has a positive T-periodic solution z in the subset

ko 1
D= B: = <p<—5.

THEOREM 4.2. Assume that the hypotheses of Theorem 3.2 hold, then equation
(2) has a positive T-periodic solution z in the subset

1
]D)l{chB:O<g0§}.
m
THEOREM 4.3. Assume that the hypotheses of Theorem 3.3 hold, then equation
(2) has a positive T-periodic solution z in the subset
Do={peB:0<p<1}.
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