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Abstract
In this paper, we study the dynamics of n-subspecies selection function with
nonlinear growth rate. Lyapunov functions for selection function are introduced,
and global properties of the model are thereby established. We find that the
conclusion “survival of the first, survival of all" still holds for the population with
n-subspecies.

1 Introduction

It is well known that replication, selection, and mutation are the fundamental and
defining principles of biological systems. Also these are the three basic building blocks
of evolutionary dynamics. One type may reproduce faster and thereby outcompete
the others [1]. Assume that there are n different types of subspecies in a population,
and we label them ¢ = 1,2,...,n. Denote by z;(t) the frequency of type 4, and by
a; the fitness of type ¢. Here, fitness is a non-negative real number and describes the
rate of reproduction. Assume that their growth rates are non-linear functions of their
frequencies. Thus the dynamics can be described by the following model

i = a;ab — ¢my, i=1,2,...n, (1)

where ¢ > 0, and ¢ is the average fitness of the population given by

o= Zaixf. (2)
i=1

Note that the total population size remains constant: » . ; = Land )., @; = 0.
First, we give the definition which satisfies this property.

DEFINITION 1. [2] The standard n-simplex is

{yeR”“:yi>0,i=1,...,n;2yz~=1}.
=0
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Let A, denote the closure of the standard n-simplex, called the standard closed n-
simplex.

To bring the definition into correspondence with [1]. Let
S’n:{x:(acl,...,xn)ER”:x¢20,2x¢=1}7 (3)

which means S, is the standard closed (n — 1)-simplex.

If ¢ = 1, equation (1) contains a single globally stable equilibrium. Starting from
any initial condition in the standard (n — 1)-simplex, the population will converge to
a corner point where but one type have become extinct. The winner k satisfies that
ap, > a; for all i # k. The system shows competitive exclusion: the fittest type will
outcompete all others, which is called “survival of the fittest". See [1].

In the case ¢ # 1, if ¢ < 1, then growth is subexponential. In the absence of the
density limitation ¢, the growth curve of each type would be slower than exponential.
In contrast, if ¢ > 1, then growth is superexponential. The growth curve of each
type would be faster than exponential in the absence of the density limitation ¢. For
n = 2, Nowak [1] shows that the superexponential growth favors whoever was there
first (survival of the first) whereas subexponential growth leads to the survival of all.

We do not know the dynamics of equation (1) if ¢ # 1 and n > 2. Volterra-
type Lyapunov function is widely used to consider the global dynamics of population
models [8, 9, 10, 11, 12]. Motivated by the methods used in [3, 4, 5], in this article,
we investigate this case using Lyapunov direct method. First of all, there is only one

inner equilibrium Xy = (29,29, ...,2%) which satisfies
ar(27)7" = ap(a3) Tt = = ap(ah) T (4)

We only consider the inner points of S,,, and other points can be investigated in
some lower dimensional simplex.

2 Casel. c<1

In the case ¢ < 1, there is a global Lyapunov function which allows a straightforward
investigating of global properties of the system (1). The following theorem holds for
the system.

THEOREM 1. If ¢ < 1, then every vertex is unstable; and the inner equilibrium
X is globally asymptotically stable.

PROOF. It is easy to check that the vertex is unstable. We then prove the second
part. A Lyapunov function

V(z1,2z2,...,2n) = <x1x(1)lnz(l)> + (zgzglnzg) +--+ (znz%lnzg) (5)
1

2 n
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satisfies
dv - .2y .oz
—_— = Ty ——2x1 |+ |lx2——22 |+ + |21 — —Xp
dt T T2 Tn
0 0 0
= 4 1—ﬁ.’f2— _mnl'n
T T Ty
= —af(azf "t = ¢) —ah(agas Tt — ¢) — - — af(anzy, P — @)
= (@0 +ad+ 20— arxfa§t —apadast — o —apalatT?
= alm‘fl(xl —20) + a2$§71($2 — )+ anrt N (x, —20)
= alefl(xl -2+ agmgfl(xg —a) -+ anflmf;ll(mn,l —22 )
—ap(l—ay = =z 1) (@ —2)) + -+ (a1 —2py)).
Let
f@y,-an) = axf (@ —al) +agws (wr — a8) + -+ ap 1@ (@1 —2p_y)
—ap(1 =y = =2 1) (@ —2)) + - 4 (Tam1 — 2y y)].
Computing the partial derivative of f on xq,
8f _ c—1 c—1 c—1
proii ar(c— 1Dy (r1 —zo) + a1z —ap(l—21 —22 — -+ — Tp—1)
Fan(e= )1 =2y — o= 20 ) — 2 4 (e — )]
Hence, we have
of _ _
P et ) = ar(29)° ! = an(2))" = 0.
Computing the second partial derivative of f on xq,
an _ c—3 0 c—2
ol a1(c—1)(c = 2)z{ " (x1 — 27) + 2a1(c — 1)z§
1
tan(c—1)(c—2)25 3 (2, — 2°) + 2a,(c — 1)z 2
= aic(c— 1572 —ay(c —1)(c — 2)zoz{ > + anc(c — 1)z8 2
—an(c—1)(c—2)2x22c3

< 0,
and computing the second partial derivative of f on z;,

0% f
5x1€)xj

= 2an(1 — X1 — Xy — " — 1‘n_1)071

—an(c=1)(c=2)(1 = 21— = 25-1)*[(w1 = 2}) + - + (@no1 — 25 y)]
= 2a,(c— 125 % +an(c—1)(c—2)z (2, — 22)
= apclc—1)252 —a,(c—1)(c—2)xd2c3

n
< 0,



40 Global Properties of Selection Dynamics Model

where j = 2,3,...,n— 1. Let

A = aje(c—1)z5? —ag(c — 1) (c — 2oz

and
B = apc(c—1)as2 —ay(c—1)(c — 2)al2873,
where ¢ =1,2,...,n — 1. Then A; <0, B <0, and
0% f 0% f
=A; + B, =B
8 ox2 1t &vl&rj ’
where i =1,2,....n—1and 5 =2,3,....,n — 1.
In a similar way, we have that
af
8.’E ‘(xl,arg, z0 ) _O (6)
0% f 0% f
~— L = A;+ B and =B,
Ox? tE o 0z;0z;

fori =2,....n—1,j =1,2,...,n—1, and ¢ # j. So we conclude the Hessian of
flzi, e, ..., p_q) is

A+ B B B
B Ai+B --- B
Hp=| o (7)
B B -+ A1+ B

Since A; <0 and B <0 fori=2,...,n— 1, we can obtain that all the eigenvalues
of H(f) are negative. Therefore, X is the only extremum point of f inside S,,, and
it is a maximum point. f(z9,29,---,2% ;) = 0. Now we will prove that Xy is the
greatest point inside S,,.

It is easy to find that 0 is the greatest value for n = 2. For n = 3, we also have that
Xy is the greatest point because Ss is the boundary of S3, hence by induction, X is

the only greatest point inside S;,. So we have that

dv
dt f(-%’l,.rg,--- 7x7l—1) Sf(x(l),xg, ’m'(r)b—l) 207

for all (z1, o, - ,x,) inside S,.
This completes the proof of Theorem 1.

3 Case 2. c>1

In this case, let
= {(®1,22,...,2,) € Sn| ajz§ — ¢x; > 0}. (8)

For the dynamics of ( ) in this case, we have the following theorem.
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THEOREM 2. If ¢ > 1, then every vertex is locally asymptotically stable and the
attractive basin of vertex i is €2;; the inner equilibrium X is unstable.

PROOF. For the first part, without loss of generality, we may only check the vertex
(1,0,...,0). We can use the Lyapunov function

V(z1,22,...,2n) = (x1 —Inxy) + 20+ - + Ty (9)
The Lyapunov function V satisfies

v @, .
T = (x17;)+$2+"'+$n
= (¢1+ @+ 7)) — (mz] —¢)
= —ay (amzf - gan)
< 0,

for (z1,z2,...,2,) € .

Suppose that ; is the closure of {2;, namely,
Q; = {(z1,72,...,7,) € Sy : a;5 — px;} > 0.

Because |, Q; = S, it is obvious that the inner equilibrium X is unstable.
This completes the proof of Theorem 2.

4 Remarks

A Volterra-type Lyapunov function has been used in this note to prove global stability
of the positive equilibrium. We know that the replicator equation in n variables is
equivalent to the Lotka-Volterra equation in n — 1 variables [3]. Equation (1) can also
be written in "replicator" form
Jii:xi(aixf_l—¢),i:1,2,...,n. (10)
The difference between equation (1) and replicator equation is that the growth rate
of i ( or payoff to strategy i ) is given by a nonlinear function of its frequency, which
has nothing to do with other subspecies. This means that equation (1) doesn’t take
into account the interactions within the population. Thus equation (1) can be used as
an example of the replicator equation with non-linear payoff functions.
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