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Abstract

Let T denote the interval [—m, 7]. In this work we investigate the inequality of
Ul'yanov type for moduli of smoothness of an integer order in the L, (T), p > 1
spaces. In particular, we study (p,q) inequalities for moduli of smoothness of a
derivative of a function via the modulus of smoothness of the function itself.

1 Introduction

Let f be 2m-periodic and let f € Ly, [0, 2n] = Ly, for p > 1. Throughout this work, |-,
will denote the L,-norm and will be defined by

1/p

27
1
19, = {5 [ @Pdzy . feL, 1<p<c.
0

The modulus of smoothness wy, (f, 5)p of a function f € Ly, 1 < p < oo, of fractional
order k > 0 are defined by

wi (f, 5)1; = Sup |p|<6 HA’}«CLJC (x)Hp (1)

where

fe%s) , k
Aff(z) = (1) ( y >f(:r+(k1/)h), k> 0.
v=0
Note that, the following (p, ¢) inequalities between moduli of smoothness, nowadays
called Ul’yanov-type inequalities, are known:
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where

re NU{0}, 0<p<qg<oo, 0=

bR
| =

_J q ifg<oo,
h=11 if ¢ = oo.

In the case r = 0, p > 1 the inequality (2) was proved by Ul'’yanov [15]. In other
cases, (p,q) estimates (the modulus of smoothness wy(f,d), of an integer order, the
r-the derivative, r € N and the fractional derivative of order » > 0 of the function)
were obtained in references [3], [4], [14].

Note that the inequality between moduli of smoothness of various orders in different
metrics was investigated by [6].

We denote by E,(f), the best approximation of f € L,(T") by trigonometric poly-
nomials of degree not exceeding n, i.e.,

Eﬂ (f)p = inanEHn ”f*Tan, n:07132,-"'7

where II,, denotes the class of trigonometric polynomials of degree at most n.

Let W7 [0,27] = W/, (r =1,2,...) be the linear space of functions for which f("~1
is absolutely continuous and f(") e L, (T), p> 1. It becomes a Banach space with the
norm

£l = 151, + || £

Let f € L,. For § > 0, the K-functional is defined by

p

K (8, f Ly, W, ) 1= in {|f ol 3 [[p

p:?/JGWp}.

Let 1 < p < co. We define an operator on L, (T') by

h

1
(onhg)(x) ::%/g(x—i—t)dt, O<h<m zel.
Zh

The k-modulus of smoothness € (-, 9),,, (k=1,2,...), of g € L, (T) is defined by

, 6>0, (3)
Ly(T)

k
H(I*U}”)g

Q (9,9), == sup 0<hi<s
_1_ g

where I is the identity operator [1], [5], [7].

In the case of k = 0 we set (0, 9), := ll9]l, (1) and if k = 1 we write 2(d,9),, :=
Ql (5, g)p

It can be shown easily that the modulus of smoothness Qy, (-, g)
nonnegative, continuous function satisfying the conditions

» is a nondecreasing,

lim 5082 (,9), =0,



S. Jafarov 223

Qk (67f + g)p S Qk (57f)p + Qk (679)1)
for f,g € L,(T),

frolf) = aoéf)—%ji:(ak(f)coskx-+lm(f)sh1km) (4)

k=1

is the Fourier series of the function f € Li(T).
The n-th partial sums and de La Vallée-Poussin sum of the series (4) are defined,
respectively, as

ao

Sp (x, f) ==

;f) + Z (ar(f) cos kx + by (f) sin kx)
k=1

and
2n—1

Valf) = Vil f) == 3 8, (@)

The following Lemma holds.
LEMMA 1. For f € L,, 1 <p<oo;and k=1,2,... we have

C1 (p7 k) Qk (i?f) < <n2k ’

p < Cz(p»k)Qk(l f)

)
n

VR (L] 1 @ - Va0, )

p

PROOF. Considering reference [7], the inequality

1 i
Qk ('I’L7Tn) < C3 (p7 k) n72k ‘
p

| (5)
p

holds, where T,, is a trigonometric polynomial of order m. Using the properties of
smoothness Qy (-, f) » [5 ], [7] and (5), we have

Qk (’I]’-L7f> C4 (pv k) (Qk (:l7Tn) + f_Tan)
P p

o) (s 9] 415 -7.1,).
p

IN

IN

By reference [7] the Jackson inequality
B (f), < oo [ —— f k=1,2 (6)
n p = C63¢k n+17 pa T Ly Ly ey

holds, with a constant ¢g > 0 independent of n.
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1
Note that, to estimate <, f > from below we shall use the following inequality
n
P
in [7]

1
n—2k: HTT(LZIC)H < 07(pak) Qk <3Tn> p- (7)

P n

Let V,,(f) be de La Vallée-Poussin sum of the series (4).

We denote by T (x, f) the best approximating polynomial of degree at most n to
fin L, (T). In this case, from the boundedness of V,, in L, (T), we obtain

If =V (D, 1f (&) = T3 (2, Pll,, + T3 (2, f) = Vi (2, D,

< cr(p) En (f), + Vo (2,15 (2, ) = f (@),

cs (p, k) En (f)p : (8)
Using (7) and (8) we reach

IA AN IA

n—2k ‘

Ve @ )| 1 @) = Vi

co (p, k) <Qk (711 Vn)p + B, (f)p)
10 (p, k) (Qk- <if> -0, (:Lf - v))

en o (1.1) -
p

IN

IN

IN

Thus the proof of Lemma 1 is completed.

In this work we study (p, ¢)-inequalities of Ul'yanov type for the modulus of smooth-
ness Q (f(r), 5)1)7 k=1,2,...,r=1,2,... defined in the form (3). To prove we use the
method of the proof given in the study [14].

Main result in the present work is the following theorem.

1 1
THEOREM 1. Let f € Ly, 1 <p<gqg<o0,8=———. Then for any k = 1,2, ...,
p g
r = 1,2, ... the following estimate holds:

§ 1/q
o (00) <o [ (o enwn,) T (9)

u
0

2 Proof of the Main Result

According to reference [7] for 1 < g < oo the following equivalence holds:

1
Qk <2n’ f(T)>
q

Q

K (o 0L (1) W2 (1)

S A R
q

‘1/)(%)Hq L e W2 (T)} . (10)
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If V,, is the de La Vallée-Poussin sum of the function f using Lemma 1 we get

1
K (T"f(r)’Lq (T),Wq%) ~ Hf(r) — Vo (f(r))” 4+ 92k ’VQ(fk)H =1, + L. (11)
q q

Taking account of (8) we have
1f = Va (D, < c12En (f),,- (12)

Considering [16] and [4], the following (p, ¢)-inequality holds:

-1 a
q
RS N | P PRI ey N
a — P
Using the Bernstein-type inequality [7], [9], [14] we obtain
[Viks =Vi2|| < cvs2™ Vamsn = Vaml,. (14)
P

Taking into account the relations (13), (14) and Jackson inequality [6] we have

I, = Hf(r) — Vo (f(r))
q
< 5 Z 2'm0q27nqrEéZm (f)
m=n
o 1 7\ /4
mlqomqr
< oS () )
g-n 1/q
ad
< ar / (u7(0+r)9k+r (U,f)p> - : (15)
u
0

On the order hand, for §; ~ do the following equivalence holds:
Qk} (617f)p %Qk (627f)p' (16)

It is known that for trigonometric polynomials of degree n the following Nikol’skii
inequality holds [4], [8], [10] :

1_1
ITull, < crsns Tl 0<p<g<o. (17)
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Use of inequality (17) gives us

(r)
I, = 2—nk (V2(,]f))
q
< ClngnanO “/2(5+7")
p
nbonr 1
< 202" 2" Qg | 50 f
2n »
- ; 1/q
o _r 9 du
< /(U fu Qk+r(uyf)p) o
0
g—n 1/q
. 7 du
= (2 /(u 6+ )QkJrr (fau)p) w : (18)
0

Using (10), (11), (15) and (18), we have (9).
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