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Abstract

In this paper, we study the existence and multiplicity of solutions of third
order periodic boundary value problems.

1 Introduction

The third-order equations arise in many areas of applied mathematics and physics,
such as the deflection of a curved beam having a constant or a varying cross-section,
three layer beam, electromagnetic waves or gravity-driven flows [1]. So the third-
order boundary value problems were discussed by many authors and existence and
multiplicity of solutions have been obtained in recent years, see for instance [2-17]
and the references therein. However, most of the boundary conditions in the above
mentioned references are two-point or three-point boundary conditions, the periodic
boundary conditions are quite rarely seen [2,5,9-12,15].

Recently in [15], Yu and Pei considered the existence of solutions for a third-order
periodic boundary value problem

u"(t) +bu () + g(t,u(t)) = e(t), te(0,2m), (1)

u(0) =u(27), i=0,1,2, (2)

where b is a nonnegative constant. By using Leray-Schauder continuation theorem, Yu
and Pei established the following result:

THEOREM A ([15]). Let g : [0,27] xR — R be a given L?-Carathéodory function.
Assume that there exist a; < as,r; < 0,7 < ro such that

g(t,u) > ag for u > 1y, a.e.t € [0,27],

and
g(t,u) < ag for u < ry, a.et €10,27].
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Suppose also that there exists a function v(t) € L°°(0,27) with ||v|lcc < 2 such that

t
lim sup 79( X0

|z|— o0 U

< 9(t),

uniformly in a.e.t € [0,2n]. Then, for every given function e(t) € L?(0,2m) with

a < & 0% e(t)dt < ag, problem (1)(2) has at least one solution.

However, their result gives no information on the interesting problem that nonlin-
earity crosses the eigenvalues. It is easy to see that 0 is the first eigenvalue of the
following problem

o (t) + bu’ () = Mu(t), (3)
uP(0) = u(T),i =0,1,2. (4)

An interesting problem is what would happen if the nonlinearity crosses the eigenvalue
0.

In this paper, we use Leray-Schauder degree and bifurcation technique to consider
the existence and multiplicity of solutions of third order periodic boundary value prob-
lems

o (t) + bu” () + Mu(t) + g(u(t)) = h(t), t € (0,T), (5)
u(0) = u(T), i=0,1,2, (6)

where b is a nonnegative constant. g : R — R is continuous, h € L'(0,T), and the
parameter A runs near 0 which is the first eigenvalue of (3)(4). In the paper, we make
the following assumptions:

(H1) g : R — R is continuous, and there exist « € [0,1), p,q € (0, 00), such that

lg(u)| <plul*+q,  ueR.
(H2) There exist constants A, a, R,r such that r <0 < R and
g(u) > A for all u > R,

g(u) <afor all u <r.
(H2') There exist constants A, a, R,r such that » < 0 < R and

g(u) < Afor allu > R,

g(u) > a for all u <r.

(H3)
1 T
g < T/o h(s)ds < gtoo,
where
g~ =limsupg(s), gtoo = liminfg(s).
S——00 s—400
(H3')

1 T
gt < */ h(s)ds < g—co,
T 0
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where
T = limsup g(s), ¢_oo = liminf g(s).

s—+o00 ST

g

Our main results are the following

THEOREM 1.1. Assume that (H1)-(H3) hold. Then there exist A., A_ with
A+ > 0> A_ such that
(1) (5),(6) has at least one solution if A € [0, A4 ];
(i) (5),(6) has at least three solutions if A € [A_,0).

THEOREM 1.2. Assume that (H1),(H2') and (H3') hold. Then there exist Ay, A
with Ay > 0 > A_ such that
(i) (5),(6) has at least one solution if A € [A_,0];
(ii) (5),(6) has at least three solutions if A € (0, A4].

Motivated by bifurcation technique and Leray-Schauder degree developed in [16],
which is concerned with second order periodic boundary value problem, in this paper
we are concerned with the existence and multiplicity solutions of (5),(6). Since (5),(6)
has odd order, there exist difficulty in the proof. The rest of the paper is arranged as
follows. In Section 2, we discuss the Lyapunov-Schmidt procedure for (5),(6). Section
3 is devoted to the proof of our main results. Finally, we give an example in Section 4.

2 Lyapunov-Schmidt Procedure

Let X, Y be respectively the Banach spaces C2[0,T] and L'[0, T] with respective norms
l2l| = max{(|zllo, 12’ [lo, =" [lo} and [Julls = [ u(s)|ds, where [lz]lo = max{|z(t)] : t €
[0,T7}. Define the linear operator L : D(L) C X — Y by

Lu=vu""4+bu", uwe D(L), (7)

where D(L) = {u € W30, T) : u?(0) = u)(T),i = 0,1,2}. Let N : X — X be the
nonlinear operator defined by

(Nu)(t) = g(u(®)), t € [0, T), ue D(L). (8)
It is easy to see that N is continuous. (5),(6) is equivalent to
Lu+ M+ Nu=h, ue D(L). (9)
LEMMA 2.1. Let L be defined as (7). Then

KerL ={z € X : z(t) = ¢,c € R},

ImL={yeY: /0 y(s)ds = 0}.

PROOF. It is easy to see that KerL = {z € X : z(t) = ¢,c € R}. The following
will prove that InL ={y € Y : fOT y(s)ds = 0}.
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If y € ImL, then there exists u € D(L) such that «”(t) + bu” (t) = y(¢). So
T
u’(t) —u"(0) + bu'(t) — bu’(0) = / y(s)ds.
0

Combining with (" (0) = w(T),i = 0,1,2, we have fOT y(s)ds = 0. The proof is
complete.

Define the operator P : X — KerL by

(Pu)(t) = % /0 u(s)ds, u € X. (10)

Let @ :Y — Y be such that

@) =7 [ wo)dsyey. ()

Then it is easy to check that P and @ are continuous projectors. Let K(t,s) be the
Green’s function of
"' (t) +bu’"(t) = 0,t € [0, T,

T
/ w(t)dt = 0,u(0) = uD(T),i=0,1,2.
0

Then K : ImL — D(L) N KerP can be given by

T
(Ky) (1) = / K (t, s)y(s)ds. (12)

Obviously, the linear map K : ImL — D(L) N KerP is continuous.
LEMMA 2.2. Let P and @ be defined by (10) and (11) respectively. Then

X =KerP @ KerL, Y =ImL & ImQ.

Therefore, for every u € X , we have unique decomposition u(t) = p + v(t), t €
[0, T], where p € R, v € KerP. Similarly, for every h € Y, we have unique decompo-
sition h(t) = 7+ h(t), t € [0, T], where 7 € R, h € ImL. Let the operators Q and K
be defined by (11),(12). Then K(I — Q)N : X — X is completely continuous and (9)
is equivalent to the systems

v(t) + AKv(t) + K(I — Q)N (p+v(t)) = Kh(t), (13)
Ap+QN(p+v(t) =r7. (14)

LEMMA 2.3 ([17]). Assume that (H1) and (H2) hold. Then for each real number

s > 0, there exists a decomposition g(u) = gs(u) + gs(u) of g by ¢s and g4 satisfying
the following conditions:

ugs(u) > 0,u € R, (15)
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lgs(w)| < plul +q+s,u>1, (16)

there exists o depending on a, A and ¢ such that
l9s(u)| < os,u €R. (17)

LEMMA 2.4. Assume that (H1)-(H3) hold. If X satisfies

1
0< A< =

. S— 18
2||[(||ImL~>KerP ( )

then there exists constant Ry > 0 such that any solution u of (5),(6) satisfies ||u|| < Rp.

PROOF. We divide the proof into several steps.
Step 1. By the assumption (H1), there exists a constant b such that

lg(u)l <plul+0b, ueR,
where p = 1n,. Using Lemma 2.3 with s = 1, (5),(6) is equivalent to
u" () + bu(t) + Mu(t) + g1 (u(t)) + @ (u(t)) = h(t), t € [0,T], we D(L),  (19)
where ¢; and ¢y satisfy conditions (15) and (17). Moreover, by (16),
[ (u)] < pluf+b+1. (20)

Let § > 0 and choose B € R such that

1 1-
= <= 21
EIF Rt (21)
for all w € R with |u| > B. It follows from (20) (21) that

0<q(uut<p+ 15 (22)

for all u € R with |u| > B.
Step 2. Let us define v : R — R by

wqi(u),  |ul > B;
y(u) = Bflql(B)(g)Jr(l*%)p’ 0<u<B; (23)
B a(-B)(H) +(1+ 5. ~B<u<o.

It is easy to see that v is continuous. Moreover, by (22) one has

0< () <p+ 78 (24)

for all u € R. Defining f : R — R by

fu) = g1(u) + q1(u) =~ (uw)u, (25)
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it follows from (22) that for some o € R,
[f(w)] <o (26)
for all w € R, where ¢ depends only on p and k. Finally, (19) is equivalent to
u” (t) + bu(t) + Au(t) + f(u(t) + y(u(t))u(t) = h(t), t € [0,T], w € D(L).

Step 3. It is to see that (L 4+ A)|kerpnp(r) : KerP — ImL is invertible. From (18),

||(L + AI)|Izelran(L)||ImL—>KerP = ||L_1|KerPﬂD(L) (I + AI()_l||ImL—>K‘3TP
||K||ImL—>KerP||(I + AK)71||1111L—>Ke1'P
S 2||K||ImL—>KerP-

Let u = p+ v be a solution of (19), where p € R, v € KerP. Then from (13),

loll = 1L+ ADle iy (= QB — g(p+0(2)]
< E+AD e oy lmz—xerp |1 = Q)ly —tw LAl + p(1o] + [[0])* + d]
< 2K lmz—kerr|(I = Q)lly —mrlllRllr + p(p| + [[o])* + ¢]
- [[v]]
= 2| K|lmr—kerr (I = Q)lly—tmrllAllr +p(p))* (1 + W)“ +4
< 9K j A aqr 4+ ol
< 2| K[mr—kerr (I = Q)lly—tmrlllhllx + p(|p))* (1 + K ) +4dl
= 2|K - h SR L
- H HImL~>Kch”( Q)||Y~>ImL[|| ||1 +p(‘,0\) ( + (|p|)1_a : (‘p‘)a) +q]
Therefore, (e < iz + &1 + s e, where co = 2K lmzxerpll (T -
Q)”YA»ImL(”h”l + q), Cc1 = 2p||K||ImL~>KerPH(I - Q)‘|Y~>ImL~
If
bl > (2ac1) 7 = ¢,
then ol
v 2co
S oo +201 = C. (27)
(lo))> — (&)~

Step 4. If we now assume that the conclusion of the lemma is false, we obtain a
sequence {A\,} : 0 < X\, < 1y, A\, — 0 and a sequence {u,} : up = p, + Vpn, p, €
R, v, € KerP with ||u,| — oo such that

It follows immediately from (27) that

|on] = 00, [lvall(lpn)) ™" — 0, 7 — 0. (29)
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So we infer that there exists sufficiently large ny € N such that for n > ng
oa@®)|(lp,)7H <1, te0,T]. (30)

Without loss of generality, let p,, — +oo if n — 400 (the other case be proved by
similar method), then there exists sufficiently large ng € N. If n > ng, A,p,, > 0, thus

1 T
=7 [ oot valois =0
T 0

T
T> %lim inf [ g(p, +vn(s))ds. (31)
0

n—oo

Now in order to apply the Fatou lemma to (31) we need the existence of a function
K € L'[0,T] such that for s € [0,7], g (un(s)) > K(s). Indeed, from the relation (30),
there exists nonnegative function k; € L[0, 7] such that for n > no,

02 (®)[(pn) ™" < ka(t), t € [0,T],
and for every s € [0, 7],

At () () + F(tn(5)) = At ()P + 0n(5)) + Flatn(s))
vwm»“ﬁj“@+ﬂw@»
ot () (1 — Ky (5)) — |t (5))]

~(p+ 1)1~ k() — o

v v
»

Y

Let i
K(s) 1= ~(p+ 29)(1 ~ ka(s) — 0.
It follows from g (un(s)) > K(s) that
9(py +vn(s)) > K(s), s €[0,T].
Thus, appling Fatou lemma to (31), we have

n—oo

T
T > %hmmf/ g(p, +vn(s))ds

> —/ liminf g(p,, + v, (8))ds

n—00

> — ods.
_T/09+ S

This contradicts with (H3).
LEMMA 2.4’. Assume that (H1),(H2'),(H3’) hold. If A satisfies
1

R T S—
o =M 2||[(||ImL—>KerP

then there exists constant Ry > 0 such that any solution u of (5),(6) satisfies

lul| < Ro.
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3 The Proof of the Main Result

We have the following

LEMMA 3.1. Assume that (H1)-(H3) hold. Then there exists Ry > Ry such that
for 0 < A <4, and R > R one has

deg(L + M + N — h, B(R), 0) =deg(L +6I, B(R), 0) = =£1,

where B(R) = {u € C[0,T]: [lul| < R}, and the “deg” denotes Leray-Schauder degree
when A # 0 and coincidence degree when A = 0. Then (5),(6) has a solution in B(R)
for 0 < X <6.

PROOF. From Lemma 2.4 and the definition of L, if A € [0, 4], then
deg(L + I, B(R), 0)
is defined and is relevant to A. Let (u,u) € [0, 1] x X be a solution of (9). Then
Lu+ du+ pu(Nu—h)=0.
So

pll(L +6)7 (h = Nu)|
I+ &) ly—x (IRl + pllul® + q).-

|

IN

Therefore there exists R{, > 0 such that ||u|| < Rj. Choosing R; = max{Rj, Ry}, then
for arbitrary R > Ry,

deg(L+ A+ N — h, B(R), 0) =deg(L+ I, B(R), 0) = =+1.

LEMMA 3.1". Assume that (HI),(H2'),(H3’) hold. Then there exists Ry > Ry
such that for 0 < A <, and R > Ry one has

deg(L + M + N — h, B(R), 0) = deg(L + 61, B(R), 0) = =1,

where B(R) = {u € C[0,T] : ||u|]| < R}.
LEMMA 3.2. Assume that (H1)-(H3) hold. Then there exists 1 > 0 such that for
—u < X <0 one has

deg(L + A+ N — h, B(R), 0) =deg(L+ 61, B(R), 0) = £1,

where R is defined in Lemma 3.1. Then (5),(6) has a solution in B(R) for —p < A <.

PROOF. Let
To = inf |ILu + Nu — h|.
uw€dB(R)NX
It is easy to verify that 79 > 0. Choosing sufficiently small x> 0 such that pR <
To, then if A € [—pu, wl,

deg(L + A+ N —h, B(R), 0) =deg(L+ N —h, B(R), 0).



126 Multiple Solutions of Third Order Periodic BVP

Combined with Lemma 3.1, the result can be proved. That is to say, if A € [—u, 0],
then (9) has at least one solution in B(R).

LEMMA 3.2". Assume that (H1),(H2')(H3') hold. Then there exists g > 0 such
that for —p < A < 0 one has

deg(L + A+ N — h, B(R), 0) =deg(L+ 61, B(R), 0) = £1,

where R is defined in Lemma 3.1. Then (5),(6) has a solution in B(R) for —p < A <.

REMARK 1 Since g is L-completely continuous and satisfies (H2) and since A = 0
is a simple eigenvalue of L, it follows from bifurcation results of [18] that there exist
two connected sets C4,C— C R x X of solutions of (5),(6) such that for all sufficiently
small € > 0,

CoNU#0D, C_NU #0,
where U, := {(\,u) e Rx X, [A| <e¢, [ul| > 1}

PROOF OF THEOREM 1.1. Set AT = §. Then it follows from Lemma 3.1 and
Lemma 3.2 that (5),(6) has at least one solution in B(R) for A € [—u, A4]. On the other
hand, Remark 1 shows that there exist two connected sets C+ and C— of solutions of
(5),(6) bifurcating from infinity at A = 0. Hence by Lemma 2.4, the connected sets C+
and C— of Remark 1 must satisfy

1
C+, C— C{(A, w):|ul 22 — < A<O0}
and hence % > R,ie €< % Choosing A_ = max{—py, — %}, we obtain two solutions
uy, ug: ug € C+, ug € C—, and |lu|| > R, i =1,2.

Theorem 1.2 can be proved in similar manners.

4 Example

To illustrate Theorem 1.1, we consider the existence and multiplicity of solutions of
the following third order periodic boundary value problems

u”' (t) + bu” (t) + Mu(t) + g(u(t)) = cost, te (0,T), (32)
u®(0) =u(T), i=0,1,2, (33)
where b is a nonnegative constant.
. T
1+|sm1—6m|, x> 8;
g(z) = Va, |z < 8; (34)
™
—1—|sin — -8.
| sin 16:1c|7 r < —8

Choose p=qg=1,a = %,A: l,a=—-1,-8=r <0< R=28.1It is easy to check that
(H1) and (H2) hold. Tt follows from (34) that g=°° = 0,940 = 1. Thus (H3) is also
satisfied. By Theorem 1.1, there exist Ay, A_ such that Ay > 0 > A_ and (32),(33)
has at least one solution if A € [0, Ay]; and (32),(33) has at least three solutions if

A€, 0).
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