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Abstract
In this paper, we obtain some identities for the series >°°° | H2/(n(n+k)) and
S H2/ (n("1F)), where H, = > 47! and k is a positive integer. Then we
obtain some series representations for the Apéry’s constant, ¢(3).

1 Introduction

The Riemann zeta function is defined for s € C with R(s) > 1 by ((s) = 372, j°.

For integer n > 1 we let (,(s) = 2?21 j~°. We define the n-th harmonic number by

n = (,(1), and the generalized n-th harmonic number by Hr(f)

ks oy . . .
number r. Moreover, we set H(() ) — 0. Identities for sums involving harmonic numbers,
generalized harmonic numbers, and their powers are rare in number in the literature.

A classical example is due to L. Euler [3], where for integers ¢ > 3 he proved that

= (,,(r), for any real

22 Hy =(q+2)C(g+1) - Z<m+1 m).

n=1 m=1

Some recently obtained identities are Y -, (Hn/n)2 = 17¢(4)/4 due to D. Borwein
and J. M. Borwein [2], the following one due to A. Sofo [7] which is valid for integers

k=2
2

oo k )
Z 7’1“: 1<<(2)+(1g_21)2_H’i‘)1>’

and 33", (H7/j — H;/5%) = H}} — (,(3) due to M. Hassani [5]. In this paper, we
obtain some identities for the series

S(m) = Z nntm) and Z:

where m and k are positive integers. More precisely, we show the following.
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THEOREM 1. Assume that m > 1 is an integer, and let
F(m) = Hy 1((2) + Hy oy HY = HY |+ HE

Also, for j # m let

Hj 1 ( 2 (2) )
= H: H:
A(m. ) mj? ' 2j(m—j) \ 97! T

Then, we have

THEOREM 2. Assume that k& > 1 is an integer, and let

2 3
Hk—lng—)1 ng—)1+H1§—1

2 + 3 6

G(k) = =C(2)Hp—1 +

Also, for j # 7 let

C(r)= —

2
H, (H3_1 + Hr(—)l) = <Hj_1 H? 4+ HJ(2—)1>
. ‘

Then, we have

b k
B(k) = 3¢(3) + G(k) +Z(1)T“r(r>c(r)- (2)

Then we obtain some new series representations for ¢(3), which is known as the
Apéry’s constant (see [4], pp 40-52). More precisely, applying (1) with m = 5, and (2)
with £k = 1 and k = 4, respectively, we get the following.

COROLLARY 1. We have

i H2  3((3) N 5¢(2) N 8737
n(n+5) 5 12 8640°

COROLLARY 2. We have

o0 o0
H2 H? 49 128587
—n  —3¢(3 d n — —((2 .
> n(n+ 1) (B an nzzl n (" 20¢® * 316000

n=1
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2 Auxiliary Lemmas

In this section we introduce two auxiliary lemmas, which are the base of proofs of our

results. In what follows below, we will use both of notations H,, and H ) for the n-th
harmonic number, and we will apply the following known [2] integral representation

1
f:fi = —/0 2" In(1 — z)dz. (3)

Also, we recall the polylogarithm function defined by Li,, : z — Z 27 /4" for integral
n > 2 and z in the unit disk. The function Lis is known as dllogarlthm function. We
note that Li, (1) = ¢(n). The identity (4) and its proof of the following Lemma is due
to Furdui.

LEMMA 1. Assume that m > 1 is an integer, and let

(1) z7(1)
H,'H
H(m) = TJ@
n=1
Then, we have
m rr(1)
2(3)  C@HY 1 j
- S 4
= 24 S - DS S 4 T (@
where
m—1
m—1 1 3 2
T(m) =S (~1) 2=
m) j:O( ) ( j >(j+1)3 <J+1 m>
Also, we have
2 3
(1) (1)
H(m) _ 2(;(3) n ((Q)H(l) (Hm 1) (Hm 1)
m m 2m? 2m
) 1 g® m=1 (1)
Hyoy  3Hy o Hy’y ]
ot z_: (5)
PROOF. For z € (0,1) we define the function f by
1 % In(u— 1)
f(z)=In(z)In(1 —z) — 3 In*(1 — z) + Lig(z) + / 207 du
1 u

Since f’(x) = 0 and lim,_ o+ f(z) = 0, we imply f(x) = 0. Thus, for z € (0,1) we

obtain

™ In(u—1)
u

In(z)In(l —z) — %lnz(l — 1)+ Liz(z) = —/1 du. (6)
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By using (3), we get

/ / £ In(1 — 2)In(1 — y) > (ey)" dydz = /Olzmlnu:c)f(x)dz,

n=1

I(I):/O Mdy.

1—2xy

where

By letting 1 — 2y = ¢ in Z(x) we obtain

I(z) = % <1n(x) In(1 —x)+ /1;5 ln(x_tl—’_t)dt> .

Then, we substitute ¢ = u (1 — z), and we combine the result with (6) to get

1/1
I(z) = - (2 In?(1 —z) + Lig(gﬁ)) .
Thus, we obtain
1 ! m—17._3 ! m—1 :
H(m) = 3/, 2" In’(1 — z)dx — ; x In(1 — z)Lis(x)dx. (7)
We have
! e m—1 6
2™ 1l x)dr = -1 J+1< > , 8
/ =)= 30 (") Q
and similarly
1 m—1
. -1 2
2™ Mn?(1 — z)de = —1]<m. ) 9
/ a-ae= 3 (") gy ©)

To evaluate the second part of the integral in (7) we use integration by parts by setting
u(x) = Lig(z) and v'(z) = 2™ 1 In(1 — ), from which we get u'(x) = —w and
v(z)=L((@m-1)n(l-=z)- " = ) Hence, by considering (9) we obtain

(/01 2™ n?(1 — gn)dx)

(Z a3 - c(z)Hm> . (10)

i=1

/ "o a1 — o) Liy(2)dr —

0

3= 3=

Combining (7), (8) and (10) completes the proof of (4).

To prove (5) we consider (4). In the interest of expressing T'(m) in terms of harmonic
numbers, we note that

amy’ 1) 77(2) @ (EW) 2)
o () e ()
T 9m 2m m m2

m2

1) M ) M )’ @) 1) @ 3)
_ 1 i Hmfl I (Hm 1) n <Hm—1) Hmfl I 3Hm71Hm71 n Hm71
T omd m3 2m?2 2m 2m?2 2m m
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Hence, we get

2¢ (3) C(2) (H(l) 1 ) H(l) 1 m—1 ];1—](1)1

Him) = =07+ 5 b T
Jj=1
2 3
; (1) ) ( (1) ) ) D e
. H . (Hmfl . Hy oy . HY . 3H) HZ
m? 2m? 2m 2m? 2m ’

and consequently, we obtain (5). This completes the proof.

Our next lemma, gives identities for >~ H,,/(n(n+m)(n+r)), where m and r are
positive integers. We distinguish two cases r # m and r = m, which the last case results
in identities involving ¢(3). During the proof, we need a continuous version of harmonic
numbers (to differentiate). Such continuous versions are available by considering the
relation of harmonic numbers with digamma (psi) function and polygamma functions of
order m, which are defined by 9(z) := d(logI'(z))/dz, and ™ (z) := d™(z) /da™,
respectively. Note that I'(z) = fooo e~ 't*"1dt is the Euler gamma function. Since
Iz 4+ 1) = 2T'(z), we have H, = —¢(1) + ¢¥(n + 1). On the other hand, it is known
that ¢ (1) = —v (see [1], page 258), where « is the Euler-Mascheroni constant (see [4],
pp 28-40). Thus

HTL:’Y_F#)(H_"I)' (11)

Similar relation for generalized harmonic numbers asserts that
HU) =¢(r+1)+ 7<_1)T¢(T)(n +1) (12)

n - rl ’

where 7 > 1 is an integer (see [1], page 260).

LEMMA 2. Assume that m and r are positive integers, and let
J(m,r) =

Then, we have

J(m,m) = m2  m m
2 2 3
2m?2 2m?2 m m
Also, for r # m we have
g 2 HY )
2 m—1 H r—1 H
j(mﬂ“) _ C( ) _ ( ) _ m—1 ( ) r—1 (14)

mr  2m(m-—r) 2m(m— )+2T(mfr)+2r(mfr).
PROOF. To prove (13) we start from the known (see [6]) identity

sz Hm PAm+1) =2+ C(2) — D (m+ 1) = b (m),  (15)

nl
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say. Differentiating both sides of (15) with respect to m gives us

— _ ¥(n) _ h(m)  Lo(m)
ngln(ner)Q_ om?  2m

where q
lo(m) = —l1(m) = 2h(m 4+ 1) (m + 1) — @ (m + 1).
By using (11), and considering the known property ¢ (z + 1) = ¢ (x) + 1/ (see [1]), we

obtain

) o 1 l1(m lo(m
J(m,m)=;m+znz(n+m)z+ éfn?)_ 22(m)

n=1

Following the method used in the paper by A. Sofo [8], we obtain

i (n +m)? ’YZ( (n+m) (n—i—lm)2>

=L (Ym+D+7+ @ -mpOm+1), (1)

and

- 1 I (1 2 1
;nz(n+m)2 :m?Z(nZ_n(ner) * (n+m)2>
1

(mC(Q) +m®(m + 1) — 2(m + 1) — 27) .

Combining (12), (16), (17) and HYP = H(p 1+ 1/mP for p=1,2,3, we get (13).
To prove (14), we assume that r # m, and we apply (12) and (15) in

N 1 1
J(m,r) Z m—r) (n—l—T_n—l—m)'

This gives the identity (14) and completes the proof.

Finally, by using the results and techniques from Wang [9] the following can be
shown.

LEMMA 3. Assume that £ > 1 is an integer. Then, we have

b k
r 1 1
S (F) e, = mfl, (18)
r=1
and k 1) 7(2) (3)
k H. ) H'HY H”
Z(_l)r <T>H7(3:)1 _ ( k6 1) _|_ k 12 k—1 + ];) 1 ] (19)
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3 Proof of Theorems

We now prove our Theorems.
PROOF of Theorem 1. We consider the following identity

o H(l) H(1)+Z
H(m) = (

n=1

i)
n(n +m) N

Thus &(m) = H(m) — 27:1 J(m, 7). By using (5), (13) and (14) in this identity, we
obtain (1).

PROOF of Theorem 2. We consider the following expansion

i (Hm) _ik!(Hm) Z N

k +
n=1 p H (n + ) n=1 r=1 n T
where
. (n+7) r (k
A =1 —— | === ).
oy (=1) k'\r

k
H(n+r)

Thus, we obtain

Now, we use (1), and then we apply (18) and (19) to get (2). This completes the proof.

Acknowledgment. We thank O. Furdui for the statement of relation (4) and its
proof.
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