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Abstract

Some results on the common fixed points of three self-mappings in cone metric
spaces in which the cone is not necessarily normal are proved. Consequently, the
results are generalizations, extensions and improvements of some previous results
in the literature.

1 Introduction and Preliminaries

The fact that ordered Banach spaces, normal cones and topical functions have appli-
cations in optimization theory is one of the motivation for research in ordered linear
metric spaces (see e.g. [10, 11]). In 2007, Huang and Zhang [7] introduced the concept
of cone metric spaces, which is a generalization of that of metric spaces, by replacing
the real numbers with ordered Banach spaces.

Huang and Zhang [7] proved some fixed point theorems for some contractive maps
in normal cone metric spaces. The results have been generalized by some authors [12,
13, 15]. Vetro [15] and Abbas and Jungck [1] studied common fixed points for non-
commuting mappings in normal cone metric spaces. However, there exists non-normal
cone metric spaces [8]. Hence the recent results of Jungck et al. [8] on the common
fixed points for weakly compatible pairs on cone metric spaces are generalizations as
well as extensions of the result of Vetro [15] in that normality assumption is removed
and the pair of maps considered are more general. Recently, Arshad et al. [3] proved a
result on common fixed point for three self mappings satisfying generalized contractive
type conditions in a non-normal cone metric space. The result is a generalization of
the results in [1, 7, 13] involving single-valued maps and pairs of contractive maps in
cone metric spaces. The result in this paper is an extension of the results in [3] in that
we consider three self-mappings satisfying more general contractive conditions, and a
generalization of the results of [8].

The following definitions are in the literature (e.g. see [7]).

Let E be a real Banach space and P a subset of E. P is called a cone if and only if (i)
P is closed, nonempty, and P # {0}; (ii) a,b € R, a,b > 0, z,y € P = ax + by € P;
and (iii) P (—P) = {0}.
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42 Common Fixed Points for Self-Mappings

For a given cone P C F, we can define a partial ordering < with respect to P by
z <y ifand only if y —x € P. x < y will stand for z < y and = # y, while z < y will
stand for y — x € int P, where intP denotes the interior of P.

The cone P is called normal if there is M > 0 such that for all z,y € F, 0 <z <y
implies ||z|| < M||y].

The least positive number M satisfying the above is called the normal constant of
P.

DEFINITION 1.1. Let X be a non-empty set. Suppose that d : X x X — F
satisfies
(i) 0 < d(z,y) for all z,y € X and d(z,y) =0 if and only if z =y,

(ii) d(z,y) = d(y,z) for all z,y € X,
(iil) d(z,y) < d(z,z) +d(z,y) for all z,y,z € X.
Then d is called a cone metric on X, and (X, d) is called a cone metric space.

EXAMPLE 1.2 [7]. Let E = R, P = {(z,y) € E : z,y > 0}, X = R and
d: X x X — E defined by d(z,y) = (Jx — y|, |z — y|), where a > 0 is a constant.
Then (X, d) is a cone metric space.

Clearly, this example shows that cone metric spaces generalize metric spaces. We
now give another example where F is a linear metric space that is not normable.

EXAMPLE 1.3 [12]. Let E=¢", (0 <p < 1), P={{zp}tn>1 € E: 2, > 0, for all
n}, (X, p) a metric space and d : X x X — E defined by d(z,y) = {p(;;y)}nzl. Then
(X, d) is a cone metric space.

DEFINITION 1.4. Let (X, d) be a cone metric space. Let {z,} be a sequence in
X. If for every ¢ € E with 0 < ¢ there is N such that for all n > N, d(z,,z) < ¢,
then {z,} is said to be convergent to z € X, i.e. lim,_,o T, = .

DEFINITION 1.5. Let (X,d) be a cone metric space. Let {z,,} be a sequence in
X. If for every ¢ € E with 0 < ¢ there is N such that for all n,m > N, d(z,,z,) < ¢,
then {z,} is called a Cauchy sequence in X.

It is shown in [7] that a convergent sequence in a cone metric space (X,d) is a
Cauchy sequence.

DEFINITION 1.6 [8]. A point € X is called a coincident point of a family of self
maps {f;,i € I}, if there exists a point w (called a point of coincidence) in X such
that w = f;(z) for all i € I. Self-maps f and g are said to be weakly compatible if
they commute at their coincidence point, that is, if fx = gx for some z € X, then
fgz =gfz.

REMARK 1.7. The concept of weak compatibility is known to be the most general
among all commutativity concepts in fixed point theory. For example every pair of
weakly commuting self-maps and each pair of compatible self-maps are weakly com-
patible, but the reverse is not always true. In fact, the notion of weakly compatible
maps is more general than compatibility of type (A), compatibility of type (B), com-
patibility of type (C) and compatibility of type (P). For a review of those notions of
commutativity, see [4].

PROPOSITION 1.8 [3]. Let X be a non empty set and the mappings f,g,h: X —
X have a unique point of coincidence in X. If (f, h) and (g, h) are weakly compatible
self-maps of X, then f, g, h have a unique common fixed point.
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2 Main Results

We adopt the technique used in [3].

Let (X, d) be a cone metric space and f, g and h be self mappings on X such that
Ff(X)Ug(X) C h(X). Suppose z, € X and 1 € X is chosen such that hzy = fxo and
29 € X is chosen such that hzy = gz;. Continuing in this way, the sequence {hz, }
such that

hxogt1 = fxog,
hl’g]ﬁ.g = gT2k+1, k= O, 1, 2, (1)
is called a (f — g)-sequence with initial point x,.
The following result is an extension of [3, Proposition 3.2].

PROPOSITION 2.1. Let (X,d) be a cone metric space and f,g,h : X — X be
mappings such that f(X) U g(X) C h(X). Assume that

d(fz,gy) < ard(hz, fz) + a2d(hy, gy) + azd(hy, fr) + asd(hz, gy) + asd(hz, hy) (2)

for all z,y € X, x # y where a1,a3,a3,a4,a5 € [0,1) and a1 + a2 + a3 + a4 + a5 < 1,
and that d(fxz, gz) < d(hx, fz) + d(hz, gz) for all x € X, whenever fz # gz.
Then every (f — g)-sequence with initial point z( is a Cauchy sequence.

PROOF. Observe that if f and g satisfy (2), it also satisfies
d(fx,gy) < kd(hz, fx) + kd(hy, gy) + ld(hy, fz) + ld(hz, gy) + md(hz, hy)  (3)

forall z,y € X where k,I,m € [0,1) and 2k+2l+m < 1, (2k = a1+as,l = az+aq, a5 =
m). Suppose {hz,} is a (f — g)-sequence with initial point zg. Assume hz, # h,41
for all n € N, then x,, # x4 for all n. Using (3), we have

d(hxops1, htopy2) = d(fTor, gTor+1)
< kd(hzak, fror) + kd(hxoki1, 9Tak+1) + ld(haogi1, fror)
+Hld(hxog, grart+1) + md(haog, hragi1)

< kd(hxak, hzory1) + kd(hwog i1, hrog2)
+ld(hxok, hxogt2) + md(haog, hokt1)
< kd(hzok, htogy1) + kd(htogy1, hrogra) + ld(hxag, hroki1)
Hld(hzary1, hvog o) + md(hray, hag11)
< (k+1+m)d(heak, hxogt1) + (B + Dd(hxogt1, haogt2)-
Hence,
(1 =k —1Dd(hxags1, hrars2) < (k4 1+ m)d(hxag, htari1),
so that
d(htosr, hopsa) < (’jtl%)%ﬂd(mo, has). (4)
Similarly,

k+1l4+m

T Yd(haopt1, haaky2),

d(h$2k+2,h$2k+3) < (
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and hence
k+1l+m

1-k-1
Let A = (ELEm) Then A < 1. Following the same argument in (3.9)-(3.17) of [3], if
follows immediately that {hx,} is a Cauchy sequence.

REMARK 2.2. If ag = a4 = 0 in Proposition 2.1, then we have Proposition 3.2 of

d(h$2k+2, h$2k+3) S ( )2k+2d(h$o, hxl) (5)

[3].
THEOREM 2.3. Let (X,d) be a cone metric space and P an order cone and
fyg,h : X — X be mappings such that f(X)Ug(X) C h(X). Assume the following
conditions hold:

d(fz,gy) < ard(hz, fz) + a2d(hy, gy) + azd(hy, fr) + asd(hz, gy) + asd(hz, hy) (6)

for all z,y € X, x # y where ay,a2,as3,a4,a5 € [0,1) and a1 + as + a3 + a4 + a5 < 1,
and that d(fz, gz) < d(hz, fx) + d(hz, gz) for all € X, whenever fz # gx. If f(X)
or f(X)Ug(X) is a complete subspace of X, then f, g and h have a unique point of
coincidence. Furthermore, if (f,h) and (g, h) are both weakly compatible, then f, g
and h have a unique common fixed point.

PROOF. Since f,g satisfy (6), they also satisfy (3), we will use (3). If f(X) is
a complete subspace of X, since by Proposition 2.1, a (f — g)-sequence {hzx,}, with
the initial point zy is a Cauchy sequence, then there exist u,v € X such that hz, —
v = hu. The same argument holds if f(X) U g(X) is a complete subspace of X with
v € f(X)Ug(X). From

d(hu, fu) < d(hu, hzay,) + d(hxan, fu)
d(hu, hxayn) + d(fu, gxon—1)
d(v, hxay,) + kd(hu, fu) + kd(hxa,—1, 9Tan—1)
+ld(hxon—1, fu) + ld(hu, gro,—1) + md(hu, hxo,—1)
(
)
(

INIA

IN

d(v, hzan) + kd(hu, fu) + kd(hxan—1, hta,)
+ld(hxon-1, fu) + ld(v, hza,) + md(v, hxa,—1)
d(v, hxay,) + kd(hu, fu) + kd(hzo,—1,v)
+kd(v, hzon) + ld(hzon_1,v) + ld(hu, fu)
+ld(v, hxay) + md(v, htan—1),

IN

we obtain

1
eyt
+ld(hzan—1,v) + ld(v, hxa,) + md(v, haa,—1)]
1+ k41 k+1l+m

ey ey LU CYEE DR e ey ey

d(hu, fu)

IN

d(v, hxay) + kd(hzan_1,v) + kd(v, hxay)

d(’Uyh"L'Zn—l)- (7)

c(l—k—1)

Suppose 0 < ¢ and there exists ng € N such that d(v, haa,) < cl=k=l) 4nd d(hzon—1,v) <

2(1+k+1)

c—h=D) for all n > ng. Therefore d(hu, fu) < ¢ from (7) and hence d(hu, fu) < <

2(k+1+m)
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for every r € N. Since ¢ — d(hu, fu) € intP, and P is closed, then as r — oo,
we have that —d(hu, fu) € P. Since d(hu, fu) > 0, therefore d(hu, fu) € P and so
d(hu, fu) € PN (—P) = {0}. Hence d(hu, fu) = 0. Therefore hu = fu. Similarly, by
using the inequality

d(hua gu) S d(hua hx2n+1) + d(hx2n+1v gu)7 (8)

we can show that hu = gu. Thus v = hu = fu = gu and hence we conclude that v is
a point of coincidence of h, f and g.

The next is to show that the point of coincidence is unique. Assume there is another
point of coincidence v* in X such that v* = hu* = fu* = gu*, for some v* € X. It is
easy to check, using (3) that

d(v,v*) = d(fu,gu”)
< kd(hu, fu) + kd(hu™, gu™) + ld(hu*, fu) + ld(hu, gu™)
+md(hu, hu*)
< kd(v,v) + kd(v*,v*) + 1d(v*,v) + ld(v,v") + md(v,v")
< (2l+m)d(v,v").

Since 2l+m < 1, then v = v*. Since (f, h), (g, h) are weakly compatible by assumption,
v is the unique point of coincidence of h, f and g, then by Proposition 1.8, v is the
unique common fixed point of h, f and g.

REMARK 2.4.
(i) If a3 = a4 = 0 in Theorem 2.3, then we have the Theorem 3.3 of [3].
(i) If f = g, Theorem 2.3 gives the main result in [13] and Theorem 2.8 of [8].
(iii) If we choose f = g and as = a4 in Theorem 2.3, then we have a generalization of
Theorem 3.1 of [12].
(iv) If a3 = a4 = 0 in Theorem 2.3, then we have a generalization of the Theorem 1 of
[15].
(v) If a3 = a2 = ag = a4 = 0, Theorem 2.3 is a generalization of Theorem 1 of [7],
Theorem 2.1 of [1] and Theorem 2.3 of [3] .
(vi) If a3 = a4 = a5 = 0, Theorem 2.3 generalizes Theorem 3 of [7], Theorem 2.3 of [1]
and Theorem 2.6 of [13].
(vii) If a3 = a2 = a5 = 0 and Theorem 2.3 generalizes Theorem 5 of [7], Theorem 2.5
of [1] and Theorem 2.7 of [13].
(viii) If f = g = h Theorem 2.3 gives the result of Hardy and Rogers [6], which is a
generalization of the results of Chatterjea [5] and Kannan [9] among others.

The following proposition is needed for the next result.

PROPOSITION 2.5. Let (X,d) be a cone metric space and f,g,h : X — X be
mappings such that f(X) U g(X) C h(X). Assume that d(fz, gy) < Au where

d(hy, fx) + d(hz,

w & {d(ha, hy) d(he, f), d(hy, gy), XLT LA 90), Q
for all z,y € X, x # y, 0 < XA < 1, and that d(fz,gx) < d(hx, fz) + d(hz, gz), for
all z € X, whenever fax # gx. Then every (f — g)-sequence with initial point zg is a
Cauchy sequence.
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PROOF. Suppose {hx,} is a (f — g)-sequence with initial point xg. Assume hz,, #
hx,41 for all n € N, then x,, # z,4; for all n. Using (9), we have

d(hzops1, htopre) = d(fror, 9Tar+1)
Md(hxog, hxogy1), d(haok, fror), d(haaki1, 9Tak41),
d(hzaki1, fror) + d(hxak, gTak+1) )

2

Md(hxog, hxogi1), d(hxogr1, htokt2),

IN

d(hxak, hropi2) }
5k

IN

It suffices to look at the following cases:

Case 1: d(hzogs1, hxogre) < Ad(hxog, haogt1).

Case 2: d(hxagi1, htar12) < )\d(hxz’“’g”’““) < /\d(h“’“’h“’““Hg(th’““7}”32“2).Thus,
d(hwani1, hogi2) < 725 d(haor, haoyi1).

Combining the two cases we have d(hxaki1,hxopte) < Ad(hxak, heogs1). Thus,
d(hop i1, htopse) < NP TVd(ha,, hay). Similarly, d(h@opy e, hrorrs) < A2 T2d(ha,, hay).
Following the same argument in (3.9)-(3.17) of [3], if follows immediately that {hz, }
is a Cauchy sequence.

THEOREM 2.6. Let (X, d) be a cone metric space and P an order cone and f, g, h :
X — X be mappings such that f(X) U g(X) C h(X). Assume that d(fz,gy) < Au
where

hy, fx) -Q%d(hx,gy)} (10)

for all z,y € X, z #y, 0 < A < 1; and that d(fz, gz) < d(hz, fx) + d(hz, gz) for all
x € X, whenever fa # gx. If f(X) or f(X)Ug(X) is a complete subspace of X, then
f, g and h have a unique point of coincidence. Furthermore, if (f,h) and (g, h) are
both weakly compatible, then f, g and h have a unique common fixed point.

PROOF. If f(X) is a complete subspace of X, since by Proposition 2.5, a (f — g)-
sequence {hx, }, with the initial point z¢ is a Cauchy sequence, then there exist u,v € X
such that hxz, — v = hu. The same argument holds if f(X) U g(X) is a complete
subspace of X with v € f(X) U g(X). From

w € {d(he, hy), d(ha, f2), d(hy, gy), X

d(hu, fu) < d(hu, hza,) + d(hzay, fu)
< d(hu, hxa,) + d(fu, gron—1)
< d(v, hway) + Md(hu, hxan—1), d(hu, fu), d(htan—1, g9Tan—1),
d(h.%‘gn_l, fu) + d(hu, 9932n—1) }
2
< d(v, hxey,) + Md(v, haxan—1),d(hu, fu), d(hzan—1, htay),
d(hiljgn,l, fu) + d(’U7 hxgn) }
2
< d(v, hze,) + Md(v, hxan—1), d(hu, fu), d(hze,—1,v) + d(v, hzay,),

d(hxon—1,v) + d(hu, fu) + d(v, hzay,)
2

2
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we consider the following cases:

Case 1: d(hu, fu

) v, hay) + Ad(v, hzo,—1),
Case 2: d(hu, fu)

d(
d(v, haay) + Md(hu, fu) = d(hu, fu) < 25d(v, hasy,),

Case 3: d(hu, fu) < d(v, hee,)+Md(hzan—1,v)+d(v, haa,)}, and thus d(hu, fu) <
(A + D)d(v, hzay) + Ad(hzan—1,v),

Case 4: d(hu, fu) < d(v, hzgn)Jr {d(hzan—1,v)+d(hu, fu)+d(v, hee,)}, and thus
d(hu, fu) < 252d(v, has,) + 72 )\d(hmgn 1,).
Combining the four cases, we have

<
<
<
d

—

1
d(hu, fu) < md(v, haan) + Ad(v, haan—1). (11)
Suppose 0 < cand there exists ng € N such that d(v, hxa,) < C(’\H) and d(hza,_1,v) <
55 for all n > ng. Therefore d(hu, fu) < ¢ from (11). The fact that v is the common
ﬁxed point follows the same procedure as in the proof of Theorem 2.3. The uniqueness
follows from the contractive definition (10).

REMARK 2.7. If g = f, we have Theorem 2.1 of [8] which is a generalization of
several results in the references of [8].

Following the same procedure in the proof of Proposition 2.5, the proof of the
following proposition follows easily.

PROPOSITION 2.8. Let (X,d) be a cone metric space and f,g,h : X — X be
mappings such that f(X)Ug(X) C h(X). Assume that d(fz, gy) < Au where
d(hz, fz) + d(hy, gy) d(hy, fz) + d(hz, gy)

: , ! b )

for all z,y € X, ¢ # y, 0 < XA < 1; and that d(fz, gz) < d(hx, fx) + d(hz, gx) for
all z € X, whenever fx # gx. Then every (f — g)-sequence with initial point zg is a
Cauchy sequence.

u € {d(hz, hy),

We now state the following Theorem.

THEOREM 2.9. Let (X, d) be a cone metric space and P an order cone and f, g, h
X — X be mappings such that f(X) U g(X) C h(X). Assume that d(fz,gy) < Au

where
w e {d(ha, hy), d(h, fx) ;r dlhy, gy) d(hy, fz) ; d(h%gy)} (13)

for all z,y € X, x #y, 0 < A < 1; and that d(fz,gx) < d(hz, fx) 4+ d(hz, gz) for all
xz € X, whenever fx # gz. If f(X) or f(X)U g(X) is a complete subspace of X, then
f, g and h have a unique point of coincidence. Furthermore, if (f,h) and (g,h) are
both weakly compatible, then f, g and h have a unique common fixed point.

PROOF. If f(X) is a complete subspace of X, since by Proposition 2.8, a (f — g)-
sequence {hx, }, with the initial point zq is a Cauchy sequence, then there exist u,v € X
such that hz, — v = hu. The same argument holds if f(X) U g(X) is a complete
subspace of X with v € f(X) U ¢g(X). In view of Theorem 2.6, it is sufficient to
consider the case d(fz, gy) < A%‘Fd(hygy) Then

d(hu, fu) < d(hu,hza,) + d(hzay,, fu)
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S d(hu, hx2n) + d(fua ngn—l)
A

< d(v, hxay) + §(d(hu7 fu) +d(hzan—_1,9T2n-1))
A

< d(v, hxoy) + §(d(hu7 fu) + d(hxan—_1, hxay)).

After computing, we have d(hu, fu) < %d(v, hxgn)—l—ﬁd(hx%_l, v). Suppose 0 < ¢
and there exists ng € N such that d(v, hxa,) < ;g;ig and d(hzan_1,v) < @ for
all n > ng. Therefore d(hu, fu) < ¢ from (13). The fact that v is the common fixed
point follows the same procedure as in the proof of Theorem 2.3. The uniqueness
follows from the contractive definition (9).

REMARK 2.10. If g = f, we have Theorem 2.2 of [8] which is a generalization of
several results in the references of [8].

EXAMPLE 2.11. Let X =R, E=/?, (0 < p < 00), P = {{2p}n>1 € E : 2, > 0,
for all n}. Let d : X x X — E be defined by d(z,y) = {£-2},5,. Then (X,d) is a
cone metric space. Consider the mapping f, g and h defined as:

1 1
+6 x#0 —B z#0

= 1+a = l1-a
fx { 0, z=0 gr { 0, z=0

h(z) = az for all x

where a > 1 and § > 0. It is easy to check that
d(fz,gy) < ad(hz, hy)

for all z,y € X, where a = m € (0,1). The only point of coincidence of f, g and
h is 0. Also, the pair mappings (f, h) and (g, h) commutes at the point of coincidence
and therefore are weakly compatible. All the conditions of Theorem 2.3 are satisfied
and therefore f, g and h have a unique common fixed point which is 0.
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