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Abstract

The present paper investigates the existence of mild solutions of a nonlinear
mixed Volterra-Fredholm integrodifferential equation with nonlocal condition in
Banach spaces. Further sufficient condition for the controllability of integrodif-
ferential equation is established. The approach used is the Schauder fixed point
theorem with the theory of resolvent operators.

1 Introduction

Let X be a Banach space with norm | - ||. Let Z = C(J, X) be the Banach space of all
continuous functions from J into X endowed with the supremum norm

2]z = sup{[lz(®)]| : ¢ € J}

and B(X) denotes the Banach space of bounded linear operators from X into itself.
Motivated by the work of [20], in this paper we consider the following nonlinear
mixed Volterra-Fredholm integrodifferential equation of the form:

¢ ¢ b
2 0= A0 (s(0)+ [ Qts)ols)ds) + ftale), [ kit ale)ds, [ it a(s)ds)
0 0 0
(1)
2(0) + g(x) = o, (2)
where t € J = [0,b], the unknown x(-) takes values in the Banach space X, and zg is
a given element of X. Here A(t) is a closed linear operator on X with dense domain
D(A), which is independent of t. Q(t,s),t,s € J, is a bounded operator in X. The

nonlinear functions f: I X X X X xX - X, g: Z —- X, k, h: JxJxX — X are
continuous functions. We define the following sets:

B.={zeX:|z||<r} and E.={z€Z:|z||z<r},
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where 7 > 0 is defined below.

The nonlocal condition, which is a generalization of the classical initial condition,
was motivated by physical problems. The problem of existence of solutions of evolution
equation with nonlocal conditions in Banach space was first studied by [5] and he
investigated the existence and uniqueness of mild, strong and classical solutions of
the nonlocal Cauchy problem. As indicated in [5, 10] and the references therein, the
nonlocal condition y(0) + ¢g(y) = yo can be applied in physics with better effect than
the classical condition y(0) = yo. For example, in [10], the author used

g(y) = Z ciy(ta),

wherec;, ¢ =1,2,...,pand 0 < t; <ty < --- < b, to describe the diffusion phenom-
enon of a small amount of gas in a transparent tube. In this case, the above explanation
allows the additional measurements at ¢;, ¢ =1,2,...,p. The study of differential and
integrodifferential equations in abstract spaces with nonlocal conditions have received
much attention in recent years. We refer to the papers [6, 7, 16, 19].

The objective of the present paper is to generalize the results reported in [13, 14, 16,
17] and our approach to the conditions on functions are different. The papers reported
in [3, 20] are also special cases of the problem (1)—(2) when the function o(t) =t. We
first investigate the existence of mild solutions of the problem (1)—(2). The main tool
employed in our analysis is based on the Schauder fixed point theorem and the theory
of resolvent operators. We also study the nonlocal controllability problem for the above
equation.

The paper is organized as follows. In section 2, we present the preliminaries and
the hypotheses. Section 3 deals with the main result. Section 4 concerns with the
controllability of integrodifferential equation. In section 5, we give an example to
illustrate the applications of our results.

2 Preliminaries and Main Results

Before proceeding to our results, we shall set forth some preliminaries and hypotheses
that will be used in our subsequent discussion.

DEFINITION. A resolvent operator for (1)—(2) is a bounded operator-valued func-
tion R(t,s) € B(X), 0 <s <t <b, having the following properties:

(a) R(t,s) is strongly continuous in s and ¢, R(s,s) = I, the identity operator on X,
0<s<b,and||R(ts)| < MeP**) for some constants M and f3.

(b) R(t,s)Y CY, R(t,s) is strongly continuous in s and ¢ on Y, and Y is the Banach
space formed from D(A), the domain A(t), endowed with the graph norm.

(¢) Foreach y € Y, R(t,s)y is continuously differential in s € J and

SRty = ~R9AG)y ~ [ RE.DQ(r s Alsydr.
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(d) For each y € Y, and s € J, R(t, s)y is continuously differential in ¢ € J and

%R(t, )y = Rt ) A(t)y + / R(t,7)Q(r, ) A(t)ydr

with %R(t,s)y and %R(us)y are strongly continuous on 0 < s < ¢ < b. Here,
R(t,s) can be deduced from the evolution operator of the generator A(t).

DEFINITION. A continuous solution z(-) : J — X is said to be a mild solution of
problem (1)—(2) on J if for zy € X, it satisfies the following integral equation

z(t) = R(t,0)[zo — g(x)] —I—/O R(t,s)f(s,a:(s),/oS k(s,7,z(T))dr,
b
/0 h(s, 7, 2(r))dr)ds. 3)

We need the following theorem (known as Schauder fixed point theorem [18], p-37)
for further discussion:

THEOREM 1. Let S be a bounded, closed and convex subset of a Banach space
X. If feC(S,9)-set of all compact maps from S into S, then f has at least one fixed
point.

We list the following hypotheses for our convenience.

(H1) The resolvent operator R(¢,s) is compact when ¢ —s > 0 and there exists a
positive constant M7 such that

[R(L,s)]| < M.

(H3) There are constants Ly, K1 and H; such that

L= t,0,0,0 K, = k(t,s,0 H, = h(t,s,0)|.
1 I?Eaj(”f(v ) )Hv 1 Ognslgfgb” (737 )Hv 1 Og?féb‘l (73, )H

(Hs) There exists a constant G; > 0 such that
lg(@)[ <Gy, for we By g(Amy + (1= Nag) = Ag(z1) + (1 — N)g(x2),
for x; € E,, (1 =1,2), A € (0,1).

(H4) The set
{z(0) : z € E,,z(0) + g(x) = 2o}

where
M|[||zo|| + G1 + Lrb + LK7b* + LK b* + LHrb* + LH b* + L1b] <,

with [M;Lb+ M, LKbV? + My LHV?] < 1, is precompact in X.
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3 Existence Result

Now we shall prove the following result of existence of mild solution.
THEOREM 2. Assume that

(7) hypotheses (Hy)—(H4) hold,
(it) feC(JxX xX x X;X) and there exists a constant L > 0 such that
1t 21,1, 21) = f(E, @2, 92, 22) | < Llllwy — wall + [lyr — v2ll + 20 — 22[)),
for x;,y;,2; € Br,i=1,2and t € J.
(13i) k, h € C(J x J x X; X) and there exist constants K, H > 0 such that
1kt 5, 21) = k(t, 5, 22)|| < K|z — 22|
and
[P (t; 8, 21) = h(t, s, 22)|| < Hl[zy — 22l

for z;,y; € By, i =1,2 and t,s € J. Then problem (1)—(2) has a mild solution
on J.

PROOF. We define the set E by E = {z € Z : z € E,, z(0)+ g(x)) = zo}.
It is easy to see that E is a bounded closed convex subset of Z. Define a mapping
F:FE— Eby

<F@@>—R@mmmgun+[;Rw@fww@»[fuanxw»m3

/b h(s,7,z(7))dr)ds, te€ J. (4)
0

Since all the functions involved in the definition of the operator are continuous, the
operator F' is continuous. For x € E,t € J and using hypotheses (H1)-(H) and
assumptions (i), (ii¢), we have

|(Fz) (@)l §M1(||;z:0||+G1)+M1/0 [||f(5,l’(5)a/0 k(s,7,z(7))dr,
b
[ s rstran) = £5,0.0,0)] + (5.0,0.0) s
0
§M1(||x0||—|—G1)+M1L/O [7‘+/0 k(s, 7, 2()) — k(s, 7,0) + k(s, 7, 0) | dr
b
—|—/ 1h(s,7,2(T)) — h(s,7,0) + h(s,T,0)||dT]ds + L1 Myb
0

t
S Ml(”iEQH +G1)+M1/ [LT+Lb(K7"+K1)+Lb(H7"+H1)]dS+L1M1b
0
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< My[||wo|| + Gy + Lrb + LKrb® + LK b* + LHrb* + LHb* + L]
=r. (5)

Thus, F' maps E into itself and consequently F' € C(E; E).

Now, we prove that F' maps F into a precompact subset F(E) of E. For this
purpose, we first show that the set E(t) = {(Fz)(t) : « € E}, t € J is precompact in
X. Observe that

E0)={(Fz)(0):x € E}={ax0—g(z) :x € E,, z(0)+g(x) =m0}

Therefore, according to hypothesis (Hy), F(0) is precompact in X.
Let t > 0 be fixed. For an arbitrary 0 < € < ¢, we define a mapping

(F.2)(t) = R(t,0)[0 — g( / R(t, 5)f(s, o /ksrx

h(s,r,x( ))dT)ds. (6)

0

Since R(t,s) is compact operator for every t,s > 0, then the set E.(t) = {(Fex)(¢) :
x € E} is precompact in X for every ¢ > 0. By using the equations (4), (6) and the
hypotheses (H;)—(Hy4), we obtain

[(Fx)(t) — (Fex)(t)|
<M /t_ [Hf(s,x(s)/o( k(s,T,x(T))dT,/ h(s, 7, 2(r))dr) — £(5,0,0,0)] + Li]ds

0
t
< M, / [Lr + Lb(Kr 4 K1) + Lb(Hr 4+ Hy) + Ly]ds
t—e
< My[Lrb+ LKrb* + LK b* + LHrb* + LH1b* + Ly ble. (7)

This implies that there exist precompact sets arbitrary close to the set E(t) = {(Fx)(¢) :
x € E}. Hence, the set {(Fz)(t) : « € E} is precompact in X.

Next, we show that F(FE) is an uniformly equicontinuous family of functions. Let
0 < s < t. By using hypotheses hypotheses (Hs), (Hs) and (%), (iii), we have

[(Fz)(t) — (Fa)(s)]
< [B(,0) = R(s, 0)[[([lzol + llg(=)[}) +/0 |17t 7) = R(s, )

T b
« ||f(T,a:(7'),/ k;(T,a,x(a))da,/O h(r, o, 2(0))do) || dr
T b
/ IR )£ (7 2(r), / K(r,0,2(0))do, / h(r,0,2(c))do) |dr

0
< ||R(t,0) — R(s,0)||(||zo]| + G1) + My[Lr + L(Kr + K1 + Hr + Hy)b+ L] (t — s)

+/ |R(t,7) — R(s,7)||[Lr + L(Kr+ Ky + Hr + Hy )b+ Ly]dr. (8)
0
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Here we have proceeded as in the result (7). The right hand side of (8) is independent
of x € E and tends to zero as s — ¢ as a consequence of the continuity of R(t,s) in the
uniform operator topology for ¢ > 0, which follows from the compactness of R(t, s),
t —s > 0. Therefore, F(F) is equicontinuous family of functions. Thus by Arzela-
Ascoli’s theorem, F'(F) is precompact. Hence by the Schauder fixed point theorem, F'
has a fixed point in E and any fixed point of F' is a mild solution of (1)—(2) on J.

4 Controllability Result

Controllability is one of the fundamental concepts in mathematical control theory and
plays an important role in both deterministic and stochastic control systems. It is
well known that the controllability of deterministic systems are widely used in many
fields of science and technology. The controllability of nonlinear deterministic systems
represented by equations in abstract spaces, whereas the stochastic control theory is a
stochastic generalization of classical control theory. Such problems have been studied
by several authors, see [1, 2, 4, 7, 8, 9] and the references cited therein. Now we
will establish a set of sufficient conditions for the controllability of nonlinear mixed
integrodifferential equation with control parameter of the form:

’

2 (t) = A(t) (x(t)+/(JtQ(t, s)x(s)ds) +f(t,x(t),/0tk(t, s, z(s))ds,

b
/0 h(t,s,z(s))ds) + (Bu)(t), t € J (9)
z(0) + g(z) = o, (10)

where the state z(-) takes values in the Banach space X and the control function wu(-) is
given in L2(J,U), a Banach space of admissible control functions with U as a Banach
space. Here B is is a bounded linear operator from U into X. Then, for equations
(9)—(10), there exists a mild solution of the following form

z(t) = R(t,0)[zo — g()] —|—/0 R(t,s) {f(s,x(s), /OS k(s,7,z(7))dr,
b
/0 h(s, T, 2(7))dr) + (Bu)(s)}ds, (11)

where the resolvent operator R(t,s) € B(X) for t — s > 0 and the functions f, g, k and
h satisfy the conditions stated in Section 3.

DEFINITION. The system (9)—(10) is said to be nonlocally controllable on the
interval J if, for every z; € X, there exists a control u € L?(J,U) such that the mild
solution z(-) of the problem (9)—(10) satisfies z(b) + g(x) = ;.

To establish the result, we need the following additional hypothesis.

(Hs) The operator W from L?(J,U) into X, defined by

b
Wu:/o R(b, s)(Bu)(s)ds,
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has an induced inverse operator W1 which takes values in L?(.J,U)/kerW, and
there exist positive constants My, M3 such that

1Bl < Mo, W < Ms.

THEOREM 3. If the hypotheses (H;)-(Hs) and conditions (i7), (i44) of Theorem
2 are satisfied, then the (9)—(10) is nonlocally controllable on J.

PROOF. Using hypothesis (Hs), for an arbitrary z(-), define the control
u(t) = W1 - g(@) = R,0)(z0 — g())

b s b
—/0 R(b,s)[f(s,x(s),/o k(s,77x(7'))d77/0 h(sm,x(T))dT)}ds}(t). (12)

Let
={zeZ:2(0)+g(x), |z|<r, for teJ},

where the positive constant r; is given by
r1 > My |:||.’L‘0|| + Gq1+ Lrb+ LKT1b2 + LK1b2 + LHT1b2
+ LHB + Lib| (14 My MaMb) + My MMy ([l | + G ),

with (14 My Mo M3b)[MyLb+ My LKb?+ M; LHb?] < 1. Then Z; is clearly a bounded,
closed and convex subset of Z. Define a mapping ® : Zy — Zy by

(@0)(0) = R(,0)(a0 ~ g(a)) + | Ret,3)[7(5.2(6), [ ko 7.(r)ar,
b
/0 h(s, T, z(7))dr) + (Bu)(s)] ds. (13)

Now, we shall show that, when using control u, the operator ® has a fixed point. This
fixed point is then a mild solution of the system (9)—(10). Clearly, z1 — g(x) = (®x)(b),
which means that the control u steers the mixed integrodifferential system from the

initial state xy to 7 in time b provided we can obtain a fixed point of the nonlinear
operator ®. Using the definition of the control u in the equation (13), we get

(®x)(t) = R(t,0)(zo — / R(t,s)|f(s,z(s), /0 k(s,T,z(7))dT,
b
/ h(s,T,2z(T))dr) ds—l—/ R(t,s)BW~ [xl g(z) — R(b,0)(zo — g(x))

/ R(b,0)£(6, (0), / k0, 7, 2(r))dr, /0 bh(e,r,m(f))dr)de} (s)ds. (14)

Since all the functions involved in the definition of the operator are continuous, the
operator ® is continuous. For z € Zj,t € J and following steps as in the proof of
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Theorem 2 in equation (5), from hypotheses (Hy) — (Hs) and assumptions (i), (444),
we have

[(@z)(t)|| < My|||zo|| + G1 + Lrib+ LKrb* + LK b* + LHrb?
+ LHb? + Lib| (1 + My MyMsb) + My Mo Ms(||z1|| + G1)b=r1. (15)

Thus, ® maps Zj into itself and consequently ® € C(Zy; Zy).

Now, we prove that ® maps Zp into a precompact subset ®(Zy) of Zy. For this
purpose, we first show that for every fixed t € J, the set Zy(t) = {(®z)(¢) : x € Zp}, is
precompact in X. This is clear for ¢ = 0 since Zy(0) is precompact by hypothesis (Hy).

Let t > 0 be fixed. For an arbitrary 0 < € < ¢, we define a mapping

t—e

(@a)(t) = R0 ~9(e) + [ R(69)[ 5.2, [ K.l
b
/h(S,T,JJ(T))dT)}dS
0
t—e b
[ RSB 51— g(0) - RO0) w0~ 9(0) ~ [ RE.010.200),

0 b
/ k(0 7, (r))dr, / h(0.7.2(r)) )b (s)ds. (16)
0 0
Since R(t,s) is compact operator for every t,s > 0, then the set Z.(t) = {(Px)(¢) :
x € Zy} is precompact in X for every € > 0. By using the equations (14), (16) and the
hypotheses (Hy)—(H,4), and (i7), (i), we obtain

[(@2)(t) — (Pex)(t)]]
<M, [Lrl + LKrb+ LKb+ LHrb+ LH b+ Ll] €+ M MyMs {||m1|| + Gy

+ M, (|zo]| + Gy + Lirb + LK b + LK b2 + LHrb? + LH, B + le)} e, (17)

which implies that Zy(t) is totally bounded, that is, precompact in X.

Next, we show that ®(Zp) is an uniformly equicontinuous family of functions. Let
0 < s < t. Following steps as in the proof of Theorem 2 in equation (8), from hypotheses
hypotheses (Hs), (H3) and (i), (ii1), we have

(@) (t) — (Pz)(s)|
< ||R(t,0) — R(s,0)||(||zo]| + G1) + Mi[Lr + L(Kr + K1 + Hr + Hy)b+ Li](t — 5)

+ / |R(t,7) — R(s,7)||[Lr + L(Kr 4+ Ky + Hr + Hy)b+ Lq]dr
0
+/ ||R(t,7') — R(S, T)||M2M3 |:||£E1|| + G1 + M1(||x0H + G1 + (LTl + LK’I’lb
0
+ LK1b+ LHr1b+ LH.b+ Ll)b)]dT + My MsMs |:||331|| + G + M1(||l‘0” + Gy

4 (L + LKrb+ LK b+ LHrb+ LH b+ Ll)b)} (t — ). (18)
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Here we have proceeded as in the result (17). The right hand side of (18) is independent
of x € Zy and tends to zero as s — ¢ as a consequence of the continuity of R(t,s) in
the uniform operator topology for ¢ > 0, which follows from the compactness of R(t, s),
t —s > 0. Therefore, ®(Zy) is equicontinuous family of functions. Thus by Arzela-
Ascoli’s theorem, ®(Zy) is precompact. Hence by the Schauder fixed point theorem, ®
has a fixed point in Zp and any fixed point of ® is a mild solution of (9)—(10) on J.
Therefore, the system (9)—(10) is nonlocally controllable on J.

5 Example

In this section, we give an example to illustrate the usefulness of our main result. Let
us consider the following partial integrodifferential equation of the form:

d d? i 1
aw(t,x) = ao(t)@[w(t,x) +/0 mw(&@ds} + pu(t, @)

! 1
+ w(t, z) —|—/O mw(s,x)ds
' 1 2 2
—1—/0 m[u} (s,z) + sin(w?(s,z))]ds (19)
w(t,0) =w(t,m) =0 (20)
w(O,JL‘)—&—/1 1w(s,:zc)dszwo(an), 0<t<l, 0<z<m, (21)
0 2

where wo(z) € X = L*([0,7]), wo(0) = wo(r)
[0,1] x (0,7) — (0,7) are continuous on 0 < ¢
operators A(t) be defined by

0 and the functions ag and p :
1. Let X = L?([0,7]) and the

with the domain D(A) = {z € X : z 2z are absolutely contunuous, 2z &
X, 2(0) = z(1) = 0}, then A(t) generates an evolution system and R(t,s) can be
deduced from the evolution systems [11, 12, 15] such that R(t,s) is compact and
|R(t,s)|]| < M;ePt=%) for some constants M; and B. On comparison of functions
f and g with the problem (19)—(21), then by assumptions, we have

log 2

oyl 2o+ ol - .

||f(tawl7y17zl) - f(t7$27y2722)|| S {1 +

Also for z1, 2 € C([0, 1], the function
!
gAz1 + (1 = N)zg) = / 5()@1 + (1= Nax2)(s)ds
0

1
0

— /0 %/\xl(s)ds +/ %(1 — Nza(s)ds = Ag(z1) + (1 — N)g(z2)

is convex.
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Let Bu : [0,1] x X be defined by
(Bu)(t)x = p(t,z), =€ (0,m).

With the choice of A(t), B and f, the equations (19)-(21) take the abstract form as
(1)-(2).

Now, the linear operator W is given by

(Wu)asz/o R(1,s)u(s,x)ds, x € (0,m).

Assume that this operator has a bounded invertible operator W~ in L2([0,1],U)/kerW .
Further, all the other conditions stated in Theorem 2 and Theorem 3 are satisfied.
Hence, the problem (19)-(21) has a mild solution on [0, 1] and the system (19)-(21) is
controllable on [0, 1].
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