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Abstract

We present a new method to compute the determinants of n x n(n > 5)
matrices by reducing their sizes by four. To prove our results we use the so-called
“cornice determinants”, i.e, square determinants of order n (n > 5) where, with
the exception of the first and last entries, the entries of the 2nd row and (n — 1)-
th row, as well the 2nd column and (n — 1)-th column are all zero. The method
introduced here has the advantage of reducing the size of a determinant by four,
and thus enabling their quicker and easier computation.

1 Introduction

Let A be an n X n matrix

{ ai; a2 - QAin -|
a21 Q2 - A2p
A =
an1l an2 e Ann

DEFINITION 1. A determinant of order n, or size n x n, (see [5], [9], [10], [11]) is
the sum

ai;p a2 - Qain
a21 Aa22 - A2p
D =det(A) = |A] = . . . . = Z€j17j27»»»7jnajlaj2 LAY
: : ", : s,
an1l an2 e Ann

ranging over the symmetric permutation group S, where

+1, if j1, jo, . . ., jn is an even permutation

Ej1,d2sesdn = e .. .
—1, ifj1, 42, ..., jn is an odd permuation.
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1.1 Properties Characterizing Determinants

Let A and B be any n X n matrices.

1. If A is a triangular matrix, i.e. a;; = 0 whenever ¢ > j or, alternatively, whenever
1< 7, then det(A) = Qa11022 " Qpn-

2. If B results from A by interchanging two rows or columns, then det(B) =
—det(A).

3. If B results from A by multiplying one row or column with a number ¢, then
det(B) = cdet(A).

4. If B results from A by adding a multiple of one row to another row, or a multiple
of one column to another column, then det(B) = det(A).

These four properties (see e.g. [3], [7], [8]) can be used to compute the determinant
of any matrix, using Gaussian elimination. This is an algorithm that transforms any
given matrix to a triangular matrix, only by using the operations from the last three
items above. Since the effect of these operations on the determinant can be traced, the
determinant of the original matrix is known, once Gaussian elimination is performed.

It is also possible to expand a determinant along a row or column using Laplace’s
formula, which is efficient for relatively small matrices. To do this along the row ¢, say,
we write

det(A) = Z CLijCij = Z Qij(—l)iJrjMija
j=1 j=1

where the C;; represent the matrix cofactors, i.e., Cy; is (—1)"™/ times the minor M;;,
which is the determinant of the matrix that results from A by removing the i-th row
and the j-th column, and n is the size of the matrix.

5. If I is identity matrix, i.e.

1, ifi =
Aij = ip. .
0, ifi # j
then the determinant of the identity matrix is one, det(I) = 1.

6. Multiplying a matrix by a number r affects the determinant as follows: det(rA) =
r"™ det(A).

7. If A contains a zero row (or column), then det(A) = 0.
8. If A contains two identical or proportional rows (or columus), then det(A4) = 0.

9. A matrix and its transpose have the same determinant: det(A%) = det(A).

PROPOSITION 1. Let B be obtained from A by one of the following elementary
row (column) operations:
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1) Two rows (or columns) of A are switched, or
2) A row (or column) of A is multiplied by a number «, or

3) A multiplier of a row (or column) of A is added to another row (or column).

Then we have, respectively, det(B) = —det(A), or det(B) = awdet(A), or det(B) =
det(A).

1.2 Chio’s Condensation Method

Chio’s condensation is a method for evaluating an m x n determinant in terms of
(n—1) x (n — 1) determinants; see [1], [4]:

’ ai; a2 ’ ’ a1 @13 ’ ’ a11  Qin

a1 a1y .. Qin a21 Aa22 a21 @23 a21 Aa2n
a1 a9 a92n,

1 ai; a2 a1 @13 a11  Ain

A= - a2 ’ a1 as2 ’ ’ a1 as3 ’ ’ a1 asn
an1 an2 Ann

’ ailr a2 ’ ’ a1 a13 ’ ’ a11  Qin

an1 an2 an1l an3 an1 Ann

1.3 Dodgson Condensation Method

Dodgson’s condensation method computes determinants of size n x n by expressing
them in terms of those of size (n — 1) x (n — 1), and then expresses the latter in terms
of determinants of size (n — 2) x (n — 2), and so on (see [2]).

2 A New Method

Let |A,xn| be an n x n determinant:

a1 a2 a3 - Qln
a21 a2 a3 - G2n
an1l an2 an3 e Ann

Let us now analyze determinants of size n X n (n > 5), where, with the exception
of the first and last entries, the entries of the 2nd row and (n — 1)-th row, as well the
2nd column and (n — 1)-th column are all zero. We call such determinants “cornice
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determinants” and write them down as |Cpxn| (n > 5):

arl ai2 ais T a1,n—2 a1,n—1 QA1n
a1 0 0 tee 0 0 a9n,
asy 0 asz -+ a3p—2 0 a3n
[Crxn| = : : : - : : : (2)
n-21 0 ap_—23 -+ Gn_2np-2 0 n—2n
an—1,1 0 0 te 0 0 An—1,n
Gn1 an2 an3 e Qn,n—2 Gn,n—1 Qnn

By using elementary row and column operations and based on determinants properties,
a considerable number of determinants of size n X n can be transformed into cornice
determinants.

We will prove that any cornice determinant of size n (n > 5) can be computed by
reducing its size by four, thus transforming it to an (n —4) x (n —4) determinant. For
example, a determinant of size 5 x 5 is transformed to a number, one of size 6 X 6 to a
determinant of size 2 x 2, etc.

THEOREM 1. Every cornice determinant |C), x| of size n x n (n > 5) can be
computed by reducing the order of the determinant by four:

|Can| = (a12a2lan,nflanfl,n — A1202n0n,n—-10n—1,1
—02101201 n—10n—1,n + 01,n—10200n20,-1,1)|Cn—a)x (n—1)|» (3)
where
as3 e a3 n—2

|Ctn—a)x (n—a)| =

an—-23 **° Ap—2n-2

We illustrate this using the following picture:

nxn|

lc

PROOF. Let n = 5. We will prove that Theorem 1 holds for |Csxs5| cornice deter-
minants. Based on Laplace’s formula, the determinant |Csx5| can be expanded along
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the first row: |Cs

aii
a21
asi
a41
asi

+ai3

+CL15

x5| s equal to

a2 @13 0ai4
0 0 0
0 ass 0
0 0 0
as52 a53 G54
0 0 0
0 ass 0
0 0 0
as52 Aas3  0A54
a1 0 0
asil 0 0
aq1 0 0
as1  Aas2 (G54
a1 0 0
az1 0 ass
aq1 0 0
as1 Aas2 453

54

a1 0

Qa, Qa,
+ (_1)1+2a12 31 33

++(=1) " ayy

Based on property 8 from the first section, the

zero, and hence

|Csxs5] = —aiz

—Q14

(—1)"ag

(D' an

ass

as3

0
0

a52

0
0

as54

as3
0

as3

ass
Q45
ass

ass
Q45
ass

aq1 0
as1  as3
a21
asi
a41
asi

0
0
0

as54

o O O

a52

a25
ass
Q45
ass

ass

as3

a25
ass
Q45
ass
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first, third and fifth determinants are

+ (—1>1+4CL25

+ (—1>1+4CL25

asi
Q41
as1

asi
Q41

as1

as3
0

a52

0
0

a52

0
0

as54

as3
0

as3

= —ai2 [G21(—&33G45G54) - &25(—1133&41(154)] — Q14 [G21(&33&45&52) - G25(G33G41@52)]

= (G12G21G54G45 — (12025054041 — 021052014045 + G41G52G25G14) a3z,

which has the desired form.

= (12021033045054 — G12025033041054 — A14021033045052 + A14025033041052

Next, we prove that the theorem holds for n > 6. Based on Laplace’s formula, the
determinant |C, x| can be expanded along the second column to yield:
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a1 a12 a13 a1,n—2 a1,n—1 Q1n
a1 0 0 s 0 0 a2n
asy 0 ass as,n—2 0 a3n
n-21 0 ap_23 Qn—2mn—2 0 n—2n
an—1,1 0 0 o 0 n—1.n
Gn1 an2 an3 T Qn,n—2 Qn,n—1 Qnn
a1 0 tee 0 0 a92n,
asy ass az,n—2 0 a3n
_ 1+2 .
= (1) a2
Gpn—21 Qp—23 Qn—2n—2 0 n—2n
an—1,1 0 o 0 0 An—1,n
Gn1 an3 Qn,n—2 Gn,n—1 Ann
a11 a13 a1,n—2 a1,n—1 A1n
a1 0 0 0 a2n
i asy ass az,n—2 0 a3n
+(=1)""an2 (4)
Gpn—21 Qp—23 Qn—2mn—2 0 Qn—2n
Ap—1,1 0 te 0 0 An—1,n
The determinants in (4) are expanded along the (n — 1)-th column so that |Cy,xx|
is equal to
a1 0 0 a92n,
asi ass asz n—2 a3n
142 n—14+n—2
(=1)" " a12(-1) Anon—1
Gn—-2,1 Gn-23 Gn—2n—2 0aAn—2n
An—1,1 0 0 an—1,n
a1 0 0 a92n,
asi ass as n—2 asn
n+2 14+n—2
+(=1)""an2(-1) a1n—1
Gn—-2,1 Gn-23 an—2n—2 0aAn—2n
an—1,1 0 0 An—1.n
a1 0 0 A2
asi ass asz n—2 a3zn
. 2n 2n+1
= ((-1)*"a12ann-1+ (-1) An201n—1)
Gn—-2,1 Gn-23 Gn—2n—2 0Qapn—-2n
0 0 An—1,n
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The determinant in the right hand side is expanded along the first row to yield

ass s az,n—2 a3n
1+1 : . : :
(@120n,n—1 — Gn2a1,n—1) | (—1) " an +
an—-2,3 Gn—-2mn—2 0Qapn—-2n
0 cee 0 Gn—1,n
asi ass T azn—2
14n—2 : : . :
+(=1) 2n ) ) ’ : (5)
Gn—-2,1 Gn-23 - (An—-2n—-2
an_11 0 . 0

The determinants in (5) are expanded along the last row to yield

_ _1\n—3+n—-3 _1\n—1 _1\n—2
n7 - 9 - -4 -4
(@12an,n—1 — an2a1,n—1) (a21(—1) an—1,n + (=1)"lagn(—1)""%a,_1,1)

as3 a34 ce a3.n—2
Q43 Q44 to a4.n—2
X
an—-23 0Gn-24 - 0(An—-2n—-2

= (a'12a'n,nfl - a'n2a'1,nfl) (a'21a'n71,n - a'2na'n71,1)

ass a3q ce a3,n—2
Q43 Q44 T a4.n—2
X
an—-23 Gn-24 *°° 0(An—-2n—-2

= (a'12a'21a'n,nflanfl,n — A1202n0n,n—-10n—1,1

—02101201 n—10n—1,n + 01,n—10200n20n-1,1)|Cn—a)x (n—1)|»

which proves that Theorem 1 holds.

We remark that if a matrix A of size nxn (n > 5) can be transformed into a cornice
determinant |Cy,xp|, then it can be computed using the formula (3).

To illustrate the usefulness of our method in computing cornice determinants, we
give an example:

7 1 -3 11 9 -6

8 0 0 0 0 2
-5 0 5 -5 0 1
|Coxel = 12 0 3 7 0 2
30 0 0 0 11
0 9 -2 1 5 7

5 —5

= [8:1-5-11-1-2-3-5—-8-9-9-11+9-2-3.9] 5 7

= (440 — 30 — 7128 + 486) - 50 = —311600.
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