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Abstract

The purpose of this paper is to investigate the asymptotic behavior of non-
negative solutions of a periodic reaction diffusion system. By De Giorgi iteration
technique, we obtain the a priori upper bound of nonnegative periodic solutions of
the considered periodic system. We then establish the existence of the maximum
periodic solution and asymptotic bounds of nonnegative solutions of the initial
boundary value problem.

1 Introduction

In this paper, we consider the following periodic reaction diffusion system

‘2_1; — div(|Vu[P V) + bru®io® (1) € Q2 x RY, (1)
% — div(| V|22V u) + bau®0, (1) € Q x RY, )
u(z,t) = v(z,t) =0, (z,t) € 90 x RT, (3)
u(z,0) = uo(x), v(z,0) =vo(x), x € €, 4)

where p1, p2 > 2, a1, az, f1, B2 2 1, a1 <p1 —1, B2 <p2—1, 51 <p1 —a1 — 1,
ag < po — P2 — 1, Q@ C R™ is a bounded domain with smooth boundary, by = by (x,t)
and by = ba(z,t) are nonnegative continuous functions and T-periodic (T' > 0) with
respect to t, and ug, vy are nonnegative bounded smooth functions.

In recent years, periodic reaction diffusion equations and systems are of particular
interests since they can take into account periodic fluctuations occurring in the phenom-
ena appearing in the models, and have been extensively studied by many researchers
(see e.g. [1]-]5]). The models for the evolution of the biological species living in the
periodic environment are often described by coupled systems of periodic nonlinear dif-
fusion equations, and therefore it is important to study the existence and asymptotic
behavior of solutions of these systems. To our knowledge, however, it seems that there
are few papers that deal with the asymptotic behavior of periodic-parabolic systems
with degeneracy.
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This work is an extension of [6]. We establish the existence of nontrivial nonneg-
ative periodic solutions of the problem (1)-(4) and their asymptotic behavior. Since
(1) and (2) have periodic sources, it is not appropriate to consider the steady state ap-
proach and we shall seek some new approaches. Our idea is to consider all nonnegative
periodic solutions, which will be showed to have a priori upper bound Cj according to
the maximum norm. Then by monotonicity method we show the existence of the max-
imum periodic solution and asymptotic bounds of nonnegative solutions of the initial
boundary value problem.

2 Preliminaries

Since (1) and (2) are degenerate whenever |Vu| = |Vu| = 0, we focus our main efforts
on the discussion of weak solutions.

DEFINITION 1. A vector-valued function (u, v) is said to be a weak upper-solution
to the problem (1)-(4) in Q, = Q x (0, 7) with 7 > 0, if

w e LPH(0, 7y WHPH(Q)) N L®(Qr), v € LP2(0, 73 WHP2(2)) N L¥(Q-),

and for any nonnegative function ¢ € C*(Q,) with ¢|sax[0,-) = 0, we have
Iy
w(z, T)p(z, 7)de — | uo(z)p(z,0)dr — u——dzdt
Q Q Q. Ot

+ / / |Vu|Pr =2 VuVedzdt > / / biu®tvPt pdadt,

-

/Qv(xm)w(x,f)d:c—/ﬂ Uo(x)w(x,())d:c—//QTv%_fdxdt

+ / / |Vo|P2 2V oV pdzdt > / / bou®20P2 pdxdt,

u(z,t) >0, v(z,t) >0, (z,t) é 00 x (0,7),
u(z,0) > up(x), wv(x,0)> vo(z), z € Q.

Replacing “>” by “<” in the above inequalities, it follows the definition of a weak
lower-solution. Furthermore, if (u,v) is a weak upper-solution as well as a weak lower-
solution, then we call it a weak solution of the problem (1)-(4).

DEFINITION 2. A vector-valued function (u,v) is said to be a T-periodic solution
of the problem (1)-(3), if it is a solution such that u(-,0) = u(-,T), v(-,0) = v(-,T)
in Q. A vector-valued function (@,v) is said to be a T-periodic upper-solution of the
problem (1)-(3), if it is an upper-solution such that @(-,0) > @(-,T), v(-,0) > v(-,T)
in Q. A vector-valued function (u,v) is said to be a T-periodic lower-solution of the
problem (1)-(3), if it is a lower-solution such that u(-,0) < u(-,T), v(-,0) < v(-,T) in
Q. A pair of T-periodic upper-solution (u,v) and T-periodic lower-solution (u,v) are
said to be ordered if @ > u, 7> v in Qp = Q x (0, 7).

LEMMA 1 ([6]). Let (u,v) be a lower-solution of the problem (1)-(4) with the initial
value (ug,vy), and (@, T) an upper-solution of the problem (1)-(4) with the initial value
(To,Tp). Then u <@, v <T a.e. in Qr if uy < g, vy < Tg a.e. in N .
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LEMMA 2. (see [6]) For any nonnegative bounded initial value, the problem (1)-
(4) admits a global nonnegative solution, and the problem (1)-(3) admits a nontrivial
nonnegative periodic solution.

The main results of this paper is the following theorem.

THEOREM 1. The problem (1)-(3) admits a maximal periodic solution (U, V).
Moreover, if (u,v) is the solution of the initial boundary value problem (1)-(4) with
nonnegative initial value (ug,vg), then for any e > 0, there exists ¢; depending on wug
and ¢, to depending on vy and ¢, such that

0<u<U-+e for z€Q, t>tq,

0<v<V+e for x€Q, t>ts

3 Proofs

In this section, we prove the main results of this paper. Firstly, we establish some
important estimates on nonnegative periodic solutions of the problem (1)-(3).

LEMMA 3. Let (u,v) be a nonnegative periodic solution of the problem (1)-(3).
Then there exists positive constants r and s such that

1 —a—1
Qa2 < p1+r < p1— g
p2—P2—1 pats—1 Gh
and
luller@r) < Cs Vlls@r) < C. (5)

In addition, we have

// |VulPrdzdt < C, // |[VolP2dxdt < C, (6)
T Qr

where C' is a positive constant depending on p1, ps, a1, B2, 7, s and ||

PROOF. For r > 1, multiplying (1) by u"~! and integrating over Q7, we deduce

// 8—uurfld:cdt+// |Vu|p1*2VuVuT71d:cdt:// bru® T P dadt.

By the periodic boundary value condition, we see that the first term of the left hand
side of the above equality vanishes. That is

b o pitr—2
(r—1) (*) // |Vu 71 |Pidadt = // bru® TP dadt.
pL+7r—2 - -

Then we have

ppHr— _ P1
// |V'u, 1:1 2 |;D1 < B1 (pl +r 2) // ualJrT*l,Uﬁl dCCdt,
- r—1 p1 -
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where B; denotes the maximum of by (x,¢) in Qr. By using Poincaré’s inequality, we

obtain
p1tr—2
// uP T2 dadt <O, // |[Vu P |Prdadt
QT T
P
ScplBll (pl +7r— 2) 1 // uo‘lJrTil’Uﬁld:Cdt,
r—= P1 T

where Cp, is a constant depending only on || and NNV, and it becomes very large when
the measure of the domain 2 becomes small. Notice that 8; < p1 — a1 — 1 implies
a1 <pp—1,then a3 +r —1 < p; +r — 2. According to Young’s inequality, we have

(7)

Bi(py+7-2)
wortr=1,61 <51u101+7“ 2+C(51)’U p1—ag -1

3

where £1 > 0 and C(e1) are constants of Young’s inequality. Take

1r—-1 p1 P
€1 == ,
YT 20, B \pr+r—2

from (7) we have

1 B1 (1 4+7—2)
// wPr T2 ded < = // wPr T2 dt + C // v e T drdt.
i 2 /Jo, r
By (1 4+7—2)
// P2 e dt < C// v ;1 10‘1 T daxdt. (8)
Qr T

Also, we can get an similar estimate on v® for s > 1, and hence

// up1+T72d:cdt+// P22 dt
B1(p1+7r—2) ag(po+s—2)
<C// v P1— alld:cdt—i-C// u P2—P2-1 dxdt.
T T

Since f1 < p1 — a1 — 1, as < pa — 2 — 1, there must exist r > max{2(a; + 1), 2an}
and s > max{2(f2 + 2),20:} such that

That is

9)

Y5—2 po—fa—1
B P2ts P2 B2 '
pr—a1—1 pr+r—2 Q2

By Young’s inequality, we have

ag(pot+s—2)
// W Gt < oy // W24 dt + C(e)|Qxl,
T T
B1(p1+r—2)
// e d:cdtgsg// WP 24z dt + O(e3)| Q7.
T T
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Take 3 = €3 = it follows from (9) that

2C’

// upl+r*2d:cdt+// P22 dt < C.
T T

Thus we complete the proof of inequality (5).
Now we show the proof of (6). Multiplying (1) by w and integrating over @, by
the periodic boundary value condition and Hoélder’s inequality, we have

// |VulPrdzdt SC// ur TP ddt
T T
1/2 1/
<C (// u2(a1+1)d:cdt> (// vzﬁld:cdt>
T T

Due to 7 > max{2(a; +1),262}, s > max{2(32 + 1), 2a1}, the first inequality in (6)
follows from (5) immediately. The same is true for the second inequality. The proof is
completed.

1
2C57

2

In the following we show the uniform upper bound of the maximum norm of non-
negative periodic solutions.

LEMMA 4. Let (u,v) be a nonnegative periodic solution of (1)-(3). Then there is
a positive constant Cy such that

lull L= (@r) < Co,  [VllL(@r) < Co- (10)

PROOF. Denote s; = max{s,0} and take k be a determined positive constant.
Multiplying (1) by (u — k)4 and integrating over Qr, we have

l/ ﬁ(u_k)id;cdwr// IV (u— k)4 [ dadt
o O .
<C / / u®P (v — k) | dxdt.

Denote p(k) = mes{(x,t) € Qr : u(z,t) > k}. Combine Lemma 3 (with r and s large
enough) with Young’s and Hoélder’s inequalities, we have

%/QT %(u—k}idzdt—i—//T IV (u — ) P dadt
<C (// u e d:cdt)g/ (// (u—k)id:cdt)l/g (12)
<C ( / / (u—kﬁ”d:cdt)l/gnu(k)“%’ ,

where constants £, > 1 are to be determined. By Nirenberg-Gagliardo’s inequality
and Lemma 3, we have

(//T g"dmt>l/£n<0(//T (u— k)4 |P1d:cdt>9/pl, (13)

(11)

o=
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where

Combining (11) with (12) and (13), we have

//T |V (u— k)4 |Prdzdt < C (//T |V (u — k)+|p1d:cdt>% p(k)-we. (14)

wk) = // IV k)|t

Set

from (14) we obtain
D 1y1
w(k) < Cpu(k)met— e, (15)

Take kp, = M(2—2""), h = 0,1,..., and M > 0 to be determined. It follows from
(13) that

£no
(kg1 — kn)*"u(knyr) < / / (u — kp)§ dxdt < Cw(ky) e .
T

Combining the above inequality with (15) we obtain

0(n—=1)
plkng1) < CAM M u(ky) 7177 = CH" p(kn)”,

(n—=1)(én—1)N
EnN(p1—2)+€np1+N*

Ep1+ N
EN
then we have v > 1. By Lemma 3, we can select M large enough such that

where b = 457 and v = For any £ > 1, take n be a positive constant

satisfying

n > max{p1, +p1 — 1},

uiko) = p(M) < O~ b 707,

According to Lemma 5.6 in [7, p. 95], we have u(kp) — 0, as h — 400, which implies
u(z,t) <2M in Q7.

Similarly, we can get the uniform upper bound estimate for ||v||ze(q,). The proof
is completed.

PROOF OF THEOREM 1. Firstly, we establish the existence of the maximal
periodic solution of the periodic boundary value problem. Define a Poincaré map
P= (P, P):C(Q)xCHQ) — C(Q)xC(Q) with P(up(x),vo(z)) = (u(x, T),v(z,T)),
where (u(z,t),v(x,t)) is the solution of the initial boundary value problem (1)-(4) with
initial value (ug(x),vo(x)). A similar argument as [6] shows that the map P is well
defined.

Let A; (i =1,2) be the first eigenvalue of the problem

—div(|Ve[Pim2Vp) = plp
=0, x €0,

Pi=2p e
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and ¢; be the corresponding positive eigenfunction, where Q' DD Q. Tt is easy to see
if x € Q, then ¢1(z) > 0 and p2(x) > 0, that is min;(z) > 0 and min ps(z) > 0. Let
Q Q

(un(z,t), vp(z,t)) be the solution of the problem (1)-(4) with initial value

(uo(x),vo(z)) = (u(x),v(v)) = (K1p1(x), Kap2(7)),

Then we have (u,(z,T),v,(z,T)) = P™*(u(x),v(x)) and
Unt1 (T, 1) < up(z,t) <a(z), vpii(z,t) <ovp(z,t) <v(x),

by comparison principle. By a rather standard argument, we conclude that there exist
u*(x), v*(z) € C(Q) and a subsequence of {P™(u(x),v(x))}, denoted by itself for
simplicity, such that
(u*(2),v"(z)) = lim P"(u(z),v(x)).

Similar to the proof in [6], we can prove that (U(x,t),V(z,t)), which is the even
extension of the solution of the initial boundary value problem (1)-(4) with initial
value (u*(x),v*(x)), is a periodic solution of (1)-(3). Moreover, by Lemma 4, we see
that any nonnegative periodic solution (u(x,t),v(zx,t)) of (1)-(3) must satisfy

[u(@, )llL=@r) < Co,  |v(@,)l[L(@r) < Co.
Therefore, if we take K7, Ko also satisfy

Ky > .i, Ky > .i,
min ¢; () min ()
€N e
by the comparison principle and v*(z) > u(z,0),v*(z) > v(z,0), we obtain U(x,t) >
u(z,t), V(x,t) > v(x,t), which means that (U(z,t), V(z,t)) is the maximal periodic
solution of (1)-(3).

Let (u(z,t),v(z,t)) be the solution of the initial boundary problem (1)-(4) with
given nonnegative initial value (ug(x), vo(x)), (wi(z,t),w2(z,t)) be the solution of (1)-
(4) with initial value (w1 (z,0), w2(z,0)) = (Rip1(z), Rowa(z)), where Ry, Ry are posi-
tive constants satisfying the same conditions as K;, Ko and also

R > [|uol| Lo Ry > [|vo | Lo
'S ming;(z)’ 77T mings(z)’
xeQd e

Then we have
u(z,t + kT) < wi(x, t +kT), v(z,t+kT) < wa(x,t+ kT)
for any (z,t) € Qr, k =0,1,2,.... A similar argument as [1] shows that

(Wi (z,t),ws(z,t)) = (klim wi(z,t+ kT), klim wo(x,t +kT))
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exists and (wi(z,t),w3(z,t)) is a nontrivial nonnegative periodic solution of (1)-(3).
Therefore, for any € > 0, there exists kg such that

1 (
2

for k > ko and (x,t) € Q7. Provided that the periodicities of wi (x,t), w3 (x,t), U(z,t)
and V(x,t) are taken into account, then the conclusion follows immediately.

u(x, t+ kT)
v(x, t+ kT)

t)+e<U(x,t)+e,

<wj(z,
<wi(z,t)+e<V(x,t)+e
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