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Abstract
In this paper, we study the asymptotic behavior of dissipative non-autonomous
PDEs in the framework of a process. In particular, we give sufficient conditions
for the pullback attractor with finite fractal dimension. As an example, the result
is applied to a non-autonomous reaction diffusion equation.

1 Introduction

In recent years, there is much literature on the study of the asymptotic behavior of non-
autonomous PDEs (see [1-3, 8, 10]), and the theory of attractors for non-autonomous
dynamical system is developed in the framework of evolutionary process U(t, 7). The
solutions of non-autonomous dynamical systems depend on two time variables (the
final time ¢ and initial time 7). For stochastic PDEs, Crauel and Flandoli [9] developed
the theory and introduced a more general concept of (random) pullback attractor. As
a consequence, pullback attractors have been successfully used to study the asymptotic
behavior of general non-autonomous and stochastic PDEs, and one of the main results
refers to the finite dimensionality of pullback attractor. However, there are only a
few results on their finite dimensionality. J. A. Langa in [1] studies the finite fractal
dimension of a process, which needs the union of pullback attractors to be relatively
compact [4,6,11], 1.e., if A= {A(t) : t € R} is a pullback attractor for a process U (¢, T),
then |J A(7) needs to be relatively compact. In fact, for general process, |J A(T)
<T T<T
is not necessary relatively compact, and even if |J A(7) is relatively compact, it is
7<T

difficult to provide a proof. Motivated by these problems, we present a new method to
prove the finite dimensionality of pullback attractors. The method has been successfully
applied to autonomous dynamical systems [6], but to our knowledge, it has not been
applied to non-autonomous dynamical systems. We develop this theory and apply it
to non-autonomous systems.
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20 Finite Fractal Dimension for Reaction Diffusion Equations

2 Preliminaries

Let X be a complete metric space, and U(¢,7) be a process in X, i.e.,

(L) U, 8)U(s,7)=U(t,7),¥t > s > 7, and

(2) U(r,7) = Id, is the identity operator, 7 € R.

In general, we interpret U(¢, 7)xo as the solution of a non-autonomous equation at
time ¢ which was at xg in U at the initial date 7.

DEFINITION 1 ([7,8,10]). A bounded subset By of X is called a uniformly pullback
absorbing set for the process {U(t, 7)}+> if for every bounded set B of X, there exists
a 79(B) > 0 such that

U(t,t—7)B C By for all 72> 79,

here 7y does not depend on the choice of t.

DEFINITION 2 ([1,2,7,8,10]). The family A = {A(t) : t € R} is said to be a
pullback attractor for U(t, 7) if

(1) A(t) is compact for all t € R,

(2) A is invariant, i.e., U(t,7)A(T) = A(t) forallt > T,

(3) A is pullback attracting, i.e., . limOo dist((U(t,7)B, A(t)) = 0, for any bounded
B C X, and all t € R, where dist(C,D) = sug ig]g |ly — z||x denotes the Hausdorff

c x

semidistance for arbitrary set C, D € X, !

(4) if {C(t)}ier is another family of closed attracting sets, then A(t) C C(t) for all
teR.

We recall that the attracting sets {C(t)}+er is that for any bounded B C X,

Tgllnoo dist(U(t,7)B,C(t)) =0.

Given a compact K C X, and € > 0, we denote by N(K,¢) the minimum number of
open balls in X with radius € which are necessary to cover K.

DEFINITION 3 ([4-6]). For any nonempty compact set K C X, the fractal dimen-
sion of K is the number

log N(K
dimy(K) = lim sup og N(K,e) (1)
£—

0 log(1/¢)

3 Estimates of the Fractal Dimension

LEMMA 1 ([6]). Let B, be a ball of the radius r in R¢ equipped with Euclidean
norm | - |. Then for any € > 0 there exist a finite set {zy : &k =1,2,...,n.} C B, such
that B, C Lj {r e R : v —ap <e} and n. < (14 Z)4.

k=1
THEOREM 1. Let U(t,7) be a process in a separable Hilbert space H, B be a

uniformly pullback absorbing set in H, A = {A(t) : t € R} be a pullback attractor for
U(t, ), if there exists a finite dimensional projection P in the space H such that

[P(U(t,t = To)ur — U(t,t = To)uz)|| < U(To)[lur — us]| (2)
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for all uy,us € B and some Ty, I(Tp) > 0, and
(I = P)U(t,t — To)ur — U(t,t — To)ua)|| < 0lur — sl (3)

for all uy,uz € B, where 6 < 1 and Ty and [(Tp) are independent on the choice of ¢,
and || - || is the norm in H. Then the family of pullback attractors A = {A(t) : t € R}
possesses a finite fractal dimension, specifically

o . 81(Tp) 2 171
dim;(A(t)) < dim Plog (1 + =% ) [log T35 5] , Vi€ R. (4)

We need the following Lemma 2 to prove the theorem.

LEMMA 2. Let A(t —Tp) € A such that equation (2) and (3) hold. Then for any
q > 0 and € > 0 the following estimate holds

41

N(U(t,t — To)A(t — Tp),e) < (1 + E>n N (A(t ~To). - i 5) : (5)

where n = dim P is the dimension of the projector P.
PROOF. Let g9 = qi—é,

F; C B (since B is uniformly pullback absorbing set in H, we can find a suitable B
]\f(if*T()7 50)
satisfying the condition) and A(t — Tp) C U F;, with the diameter F; does

since A(t —Tp) is compact, there exist finite closed subset

i=1
not exceed 2¢q. (2) implies that in PH there exist ball B; with radius 2ley such that
P(U(t,t —To)F; C B;, by Lemma 1 there exists a covering {Bij}j-vz"l of the set B; with
balls of diameter 2¢geqg, where N; < (1 + %)", therefore, the collection

{Gij = B;; + (I - P)U(t, t— To)Fl' 1=1,2,..., N(A(t— To), 5‘0),j =12,.. Nl}

is a covering of the set U(t,t — To)A(t — Tp).
Obviously that

diam G;; < diam B;j + diam (I — P)U(t,t — Tp)F;.
(3) implies that diam(I — P)U(t,t — Tp) F; < 20e¢. Therefore,
diam G;; < 2(q+ 0)eo.
Hence, N(A(t),e) = N(U(t, t — To)A(t — Tp),e) < (1 + %)"N(A(t —To), 755 )-

Next, we use Lemma 2 to prove Theorem 1.
PROOF. The proof of (5) does not depend on ¢ and by Definition 2, we get

A(t) =U(t,t — To)A(t — Tp),
A(t —Ty) =U(t — To, t — 2Tp) At — 2Tp),
so we have

N(A(t—Tp), %) = N(U(t— Ty, t — 2Tp)A(t — 2Tp)

o)
q+9 ’ (g+9)

(1+ %)"N (At —270), 5577 ) -

IN
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It follows that

4\"" £
N(A(t),e §(1+—> N(At—mT,7>.
We choose ¢ and m(e), such that ¢+ < 1, W > diamB, since when W >
diamB, we only need one ball covering A(t — mTp), i.e.,

N (A(t —mTy), m> —1

log(g+9)
Consequently, we get

Let m(e) = [w} + 1, where [z] is an integer part of the number z.

i 3 log N(A(t),
dimy(A(t)) = shi% sup %
ﬂ ] m(s)
< nlog(l+7) ;g% SUP [5o1 75y

IN

nlog(1 + ) lim (E50atsm? 1) /log !

_ 41 1 7-1

Let ¢ = 15°, we get dimy(A(t)) < dim P (10g(1 + 1%)) log 35] 1.

4 Finite Fractal Dimension of Non-Autonomous Re-
action Diffusion Equations

The purpose of this section is to apply the theoretical results from Section 3 to a
non-autonomous reaction diffusion equation.
We consider the following non-autonomous differential equation

we— Dut fu) = g(t), ze,
ulan =0, (6)
u(T) = ur,

where f € CY(R,R), g(-) € L? (R, L*(2)), Q is a bounded open subset of R" and

loc

there exist p > 2, ¢; >0, i =1,...,5,l € R such that
erlsl? — ¢ < F(s)s < calsl? +cx, (7)

Fi(s) = =1, f(0) =0, |f'(s)| < es5(1+Is]P?) (8)
for all s € R.
Denote H = L*(Q) with norm | - | and scalar product (-), V = H}(Q2) with norm
Il ll, | % is the norm of L*(Q) and c is a constant which may change from line to line
and even in the same line.
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Suppose that the function g(¢) is translation bounded in L?

loc

(R; H) that is ,

h+1
1912 = sup / l9(s) 2ds < oo, (9)
teRJh

THEOREM 2 ([7]). If g(¢) is translation bounded in L? (R; H), f(s) satisfies
conditions (7) and (8) where 2 < p < oo for spatial dimensions n < 2 and 2 <
p < =5 + 1 for spatial dimensions n > 3, then the process U(t, ) corresponding to
problem (6) possesses a uniformly pullback absorbing set B and a pullback attractors
A={A({t):teR}inV.

We set A = —/\, since A~! is a continuous compact operator in H, by the classical
spectral theorem, there exist a sequence {A;}52,

O<)\1§)\2§§)\JS; )\j—>—|—oo,asj—>oo,
and a family of elements {e;}32, of Hg(Q2) which are orthogonal in H such that
Aej = )\jej V] € N.

Let H,, = span{ey, ez, ...,en} in H and P : H — H,, be the orthogonal projection.
For any u € H we write

u=Pu+ (I —P)u2u +us.

THEOREM 3. Assume that g(t) and f(s) satisfy conditions of Theorem 2 and B
is the uniformly pullback absorbing set in V' corresponding to problem (6). Then the
pullback attractor A = {A(t) : t € R} corresponding to problem (6) possesses a finite
fractal dimension in V' and

dimy(A(t)) < nlog (1 + 18?5) [1og(1—i5)]1,

where g = €2, § = ™ + -, we choose n large enough so that § < 1.

PROOF. Let u(t) be the solution of equation (6) with initial data u,, taking inner
product of (6) with —Aw in H, we easily obtain

| .

[u®l? + | Aul? + (f(w), —=Au) = (9(t), —Au).

N =
QU

t

Since . .
(9(t), —Au)| < |g(®)l| Aul < Sl + S| Aul?,

and using (8), we get

d 2 2 2

@I < 2elu@®]" + 191,

and consequently, by Gronwall’s lemma,

t

(e, PI? < 7 fur ]| + 62”/ e~ g(s)|*ds. (10)

T
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We set uq(t) = u(t, 7)ur, and ua(t) = u(t, 7)uz, to be solutions associated with
equation (6) with initial data u1,, us, € B. Since B is the uniformly pullback absorbing

set in V, there exists M > 0, such that |ju;,||*> < M for i =1,2.
Let w = uy(t) — ua(t), by (6), we get

wi — Aw + fur(t)) — f(uz(t)) = 0.
Taking inner product of (11) with —Aw in H, we have

1d
§E||w||2 +Awl + (f(u1) = f(uz), —Lw) =0,

from (8), we get
d 2 2
<2l
& ol < 20]u?

hence
lw(®)|® < [Jw(r)|?e 7).

Let w = wy + ws, where w; is the projection in PH, then
lwor ()1 < [lw(r)[|?e* 7.
Taking inner product of (11) with —Aws in H, we have

1d

53”“’2”2 + | Awa|® + (f(ur) — fluz), —Aws) =0,

and
() = fu), ~Bn)| < [ [F(ur) = Fun)|| S
w4+ 5 [ 1) = fu) P
Taking into account (8) and Holder inequality, it is immediate to see that
A |fur) = f(uz)|Pde = ) ' (w1 + 0(uz —ur))ur — uz|*da

= C/ (1 + Jun P72 + fuz|P72)?[ur — uz|*da
Q

(11)

< ¢( / (14 Jur 2P0 4 Jug 2P Veda) 55 ([ fuy — g2~V
Q

Q

2(p—2 2(p—2
< oL+ furl ) + Tl ) -,

Since 2 <p < oo (n<2),2<p< 5 +1(n>3), using Sobolev embedding theorem,

we get
/Q |f(ur) = fluz)Pdz < e(1 + [fur P27 + [luz|*P=2) |w]*
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Since
Anllwa||? < [Awsl?,

it is immediate that
d _ _
Ellwzll2 + Anllwa]| < e+ [Jua|[PP7 + [lug] PP ||w]?,

then, by Gronwall’s lemma, we have
t
lw2(B)[|* < 6””(H)IIw(T)IlzﬂLceﬂ”t/ A (1 ua (527D [ua ()P ) [w(s) .

Let Top =t — 7 =1, from (12), we get

¢ t
eJ"t/ e |w(s)||?ds < efA"t/ e w(7)|Pds
T T

¢
§e2lef)‘"t/ e)‘"sds||w(7')||2
T

< eI,

t t
e [P [Pds < e [ (@ |
T T

_|_e2ls/ 672lr|g(r)|2dr)(p72)e2l(sf~r)||w(7_)||2d5'

fori=1,2, and

e2ls/ 72lr|g dT < e2ls/ 72l(s 1)|g( )| dr <ec.

So

t
et [ a0 s < e / (€ e |+ 0726 ()| *ds
T

for i = 1,2. We easily obtain
_ c
lwa@)[[* < (7 + =) lw(r)]*.

Since A, — 400, e + - <1 when n is sufficiently large.
Obviously
lwr ()7 < lollw-[|*; Jw2()]|* < 8]lw, 2.
Here Iy = ¢®',§ = e7* + 5=, Ty = 1. We get that the process generated by (6) satisfies
all conditions of Theorem 1.
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