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Abstract

In this paper, we give some new estimates for the lower and upper bounds of
the inverse elements of strictly diagonally dominant pentadiagonal matrices.

1 Introduction

We consider the linear system

Az = b, (1)

where z,b € R™, and A € R™"*" is an M-matrix. When the coefficient matrix A is
ill-conditioned and n is large, i.e., the spectral condition number of A is ka(A) > 1,
then it is ‘expensive’ to solve the linear system (1) (see [7, 8, 9]). For reducing the cost,
we usually use the approximate inverse V' of A for preconditioning the linear system
Az =b.

Band matrices are playing very important roles in numerical computing. It is very
useful in many problems to have upper and lower bounds for the inverse entries of the
matrices. Therefore, many researchers have attempted to investigate better estimates of
bounds. Shivakumar et al. [1] showed upper and lower bounds for diagonally dominant
tridiagonal matrices. Nabben [3] established decay rates for the entries of inverses of
certain banded matrices. Then, Nabben in [2] and Peluso et al. [4] improved the upper
and lower bounds in [1]. Later, Liu et al. [5] obtained upper and lower bounds for
the inverse elements of diagonally dominant tridiagonal matrices that improved related
results in [1-4].
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12 Bounds for the Inverses of Band Matrices

2 Estimates for the bounds of the inverse elements

Let us consider the following real pentadiagonal matrix with order n > 5:

a1 bl dl
C1 ag b2 d2

Assume A is diagonally dominant. Then the elements of A satisfy the condition:
|ai| > |b’L| + |d’L| + |C’L'71| + |e’i72|a 1= 15 25 Iz

with a1 #0, and co =ep =e_1 =dp_1 =d, = b, = 0.
Let X = A™! = (2j)nxn be the inverse of A, z; = (21,5, z2,j, ...,xnyj)T be the j-th
column of X. First of all, we define
b — (Bimicio1 — Tim2ei—2fi-1) s |63 + [ Bi—1ci—1| + [Fi—2ei—2fi—1]

1 T ) 7

Cdy 5 dy B
51‘ = F’ 51‘ ==, I'i=a;— (7'1'7101'71 — Ti—2Ti—1€;—2 + 51'7261'72),
i i
Ui = ||ai| — [Ficicioa] — |FicoTio1€io| — |Bizeial|, i=1,...,n—1;

o1+ 0ip1Yipedi — bidir . eioa] + |Si+1:)/i+2di| + |bi5i+1|
Vi = T, y Vi = = )
i Tl

ei_o = ei_
i =—=2, b= M, Ti = a; +Yit2Yit1di — bivit1 — diyads,
T = ||ai| — FisoFis1di| — [biFig1] — [disadi] |, i=2,...,n.
and 7; = B = Yntoti = Ontoti =T = Bi = ntoti = Ongats =0, i=—1,0.
In this paper, we assume the elements of A satisfy the following conditions
040, %#0, i=1,2,...,n—1; T; 20, T;#0, i=2,3,...,n.

LEMMA 2.1. Let A be a diagonally dominant pentadiagonal matrix of the form
(2), and A= = X = (@i;)nxn. Then

xi,j:_TixiJrl,j_ﬂixiJij;i:1;---;n_1; ]:Z+1,,?’L

PROOF. Note that Az; = e;, where e; is the j-th basis vector of R™. Writing the
first j — 1 equations, with j > 2 and¢=1,...,5 — 1, we have
a1x1,j + bi1xa j + dixs; =0,
Clxl,j =+ CLQ:CQJ' + b2£C37j + d2£C47j = O,

612617j + CQZCQJ' + CL3£C37J' + b3$47j + d3$57j = O, (4)

€i—2Ti—2,j + Cim1Ti—1,j + @i%; j + biziy1,j + diwigo j = 0.



Z. H. Huang and J. Z. Liu 13

According to (4), we obtain

by dy 3
T1j=——x2j — —T3 ;= —T1T2j — (1X3,;
1,5 a1 2,5 a1 3,7 1425 143,55
by —
27 o 1 do
Tgj = ———p T3~ o T4 = —TeXsj — Paa,
a2 — 74 a2 — G
s — bz — (B2co — T1e132) . d3 -
3. = 4,5 — 5,5
! az — (T2c2 — imeer + Brer)” 7 az — (reco — Timaer + Bren)” 7 (5)
= —T3%4,; — P3%4,j,
b; — (51'7101'71 - 7'1'7261'—251'71) d;
Tij = — Titl,j = 7 Tit2,j
T T

= —TiTi41,5 — 5i$i+2,j-

Thus, we obtain our result.

LEMMA 2.2. Let A be a diagonally dominant pentadiagonal matrix of the form
(2), and A~ = X = (@i;)nxn. Then

xi,j = —”yixiflyj — 5ixi72,j;i = 2, e,y ] = 1, .. .,’i— 1

PROOF. Note that Az; = e;, where e; is the j-th basis vector of R™. Writing the
last n — j equations, with j <n —1andi=mn,...,j+ 1, we have

€n—2Tp—2j + Cn1Tp_1,j + anTyn; = 0,

€n—3Tn—3;j + Cn—2Tn—2; + An_1Tn—1j + bn_1Tn; =0,

€i—2Ti—2,j + Cim1Ti—1,j + @i%; j + biziy1,j + diwiqo j = 0.

According to (6), we obtain

Cn—1 €n—2
Tn,j = - Tn—1,5 — Tn—-2,5j = ~InTn—-1,7 — 5nxn72,j;
n n
gy =2l enss
’ ap—1 — bnflﬂ)/n ’ ap—1 — bnflﬂ)/n ’
= —Yn-1Tn-2,j — On—1Tn—3,j,
Th_o = Cn—3 + 5nflﬁ)/ndn72 - bn725n71 Tns p
’ Ap—2 + '-Yn'-)/nfldn72 - bn72ﬁ)/nfl - 5ndn72 ’
€n—4 ) (7)
B Ap—2 + '-Yn'-)/nfldn72 - bn72ﬁ)/nfl - 5ndn72xn74d
= —Vn—2Tn-3,5 — 5n72$n74,j;
iy = G-l Oiy1%itad; — bidiy1 i1 — 61‘_72331_72 ;
) T’L ) T’L )

= _"Yixifl,j — 5i$i72,j;i =n — 2, .. .,j + 1.
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Thus, we obtain our result.

THEOREM 2.1. Let A be a diagonally dominant pentadiagonal matrix of the form
(2), and A™' = X = (2j;)pnxn. Fori=1,...,n—1, j=i+1,...,n, we obtain

ripisa] = |Bipisalllz] < |wij| < (1Fifiigr] + | Bifiiral) |25,

where
B =T Bl Tl 1813 [ [Tl def
Himt =717, 1Bi-1 = (1= 168l — 51108 -
J+1Pi— J+1Pi— 11— 1041851l
S = def .
pi—2 = —(Tj—2pj—1 + Bj—2) < |Tj—2fij—1| + |Bj—2| = fij—2,
def - -
pi = —(Tiptir1 + Biptire) < |Tighiva| + |Bipiv2| = fli,  pro = fio = 0.
PROOF. According to (5) and (7), we have
Tj_1j = —Tji—1%jj — Bj—1%j4145, .
I=hd 51855 = Pi-125+1 j=2,...,n—1. (8)
Tjt+1,5 = —Vj+1L5,5 — 0j4+1L5—1,55
Fori—j—3,...1,
Tij = —TiTit1,j — PiTit2,; = —(Tipit1 + 6i,ui+2)$jj = HiZjg-

Notice that
Tittisr| = |Bittivall < [Tittivr + Bittival < |Tittisa| + |Bittia| < |Fifbiva| + | Biftital.

Thus, we obtain our result.

THEOREM 2.2. Let A be a diagonally dominant pentadiagonal matrix of the form
(2), and A7 = X = (@) nxn. Fori=2,...,n, j=1,...,i— 1, we have

vivie1| — [ivial||zj;| < |wijl < (Fadrio1] + 10:iTi—2l)|251,
where

Vil = 0j+1Tj-1 = Vj+1 < 10175 1] + [Vj41] < 10j417j—1] + [Fj+1| def Biet
J - — = ~ ~ - ¥ 9
1 =010 11— [0;4+18j-1]| 11— 184131

- - < def .
Vite = —(Viratir1 +0512) < |viramjr1| + 0512 < [Vja2fijr1] + [0j12] = Djyo,

- < . def . -
v; = —(Vivi—1 + 0ivi—2) < |vivica| + |0ivico| < |Filioa| +0i0i—o| = Ui, v =y =0.
PROOF. According to (8), we have

ey e e/ = U
Tj+1,5 = 1—_o. ) Ljj = Vj+1Lj; -
- J+16‘]71
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Fori=j+3,...,n, we further have
Tij = —YiTi—1,5 — 51‘%?2,;‘ = _("YiVifl + 51'1/1'72)33”' = V;Tjj.
Notice that
[vivie| = [6vi—al] < |Yavie1 + Siviea| < [yiviea| + [6iviza| < [Faliia| + |divial.

Thus, we obtain our result.

THEOREM 2.3. Let A be a diagonally dominant pentadiagonal matrix of the form
(2), and A7 = X = (@i;)nxn. Then

1
7§ |$)|S 75].:1525"')71)
lajl+h; = 77T Jag| — hy

where
C02602671:dnfl:dn:bn:Oa

18j-1l|%j+1] + 175-1] > z
. J T+ |ej—al|Bj—2| + |d;10; 42|

hj = (lej—2||Tj—2| + |ej-1l)

- 16;41[185 1]
(bl + 1y 15y 2Tt ] 5y
1 — 164181l
PROOF. According to AA™! = I, we have
€j—2Tj—2;+ci1Tj_1,;+a;x;; +bjxi;+dixj0;=1,7=1,2,...,n.
Furthermore,
11— ajzj;| = lej—oxj—2; + ¢jm1@j-15 + bjwjt15 + djTj42]

<lej—2llzj—24 + [cj—1llzj—1,4] + [bjllwj41,5] + |djl|zj42,5]

1Bj—1llvj+1| + |71

< (lej—2llTj—2| +1cj-1l) + lej—2||Bj 2]
e ! L — 1641|851l ! !
05111751 + [vj41]
+d; 110542 + (105] + |d;[7j+2]) ;1 g | Jzj 4
_| J+1||6J*1|

< hjlzj 40

Then we obtain the desired bounds.

THEOREM 2.4. Let A be a nonsingular diagonally dominant pentadiagonal matrix
of the form (2), and the comparison matrix p(A) = (m,;) of A is defined as

mi; = |aii|, mij = —lag|, fori# j.

Then the exact inverse of u(A) is given by the upper bounds established in Theorem
2.1, Theorem 2.2 and Theorem 2.3.
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PROOF. Since p(A) is a nonsingular diagonally dominant M-matrix, then

n
mg > 0,my; < 0,my; > _Zmij-

j=1
By (3), we have
b _ld y
—-1l<n= o] =-7<0,-1<B3 = 4] =—-0 <0,
|a] a1l
—|ba| = B1(— ba| — bo| + 3
<y el =BCa) bl = Gilel ol tBel
lag| — 71 (=le1]) lag| + T1|c1] lag| — 71 |c1]
—|da| |da| |da] .
—1< — = — = — — = — SO,
Al P ey o R P ey v R P gy v B
—1<7+6<0, —1<1m+053 <0,
. —1bil = [Bica(=leia]) — mia(=lei2[)Bi-1]
lail = [Ti—1(=|ei-1]) = Ti—aTi—1(—|ei-2]|) + Bi—2(—|ei—2])]
=7 (OSﬁ72|€z‘—2|5~i71 + Bi_s < 1), 1=3,...,n—1,
5 = —|di]
lail = [Ti—1(=|ei-1]) — Ti—aTi—1(—|ei—2]) + Bi—2(—|ei—2])]
=6 (0 < Fiofim1 + Bi2 < 1) i=3,...,n—1.
“1<7=-7<0, —1<Bi=-6<0, —-1<7+0 <0.

Similar to the above proof, we have

—1<6=-6; <0, i=2,...,n,

—1<y=-%<0,-1<6+%<0, i=2,...,n

Furthermore,

Wj—1 = fj—1, fj—2 = flj—2, i = [bi, fo = flo = 0.

Vi4l = Vjy1, Vit2 = Vjyo, v = U, 19 = Vo = 0.

Then we obtain the exact inverse of the comparison matrix u(A) of A.

In [3, Theorem 3.12], R. Nabben obtained the following upper bounds of banded
M-matrices: Let A be a (2p + 1)—banded M-matrix. Let A~ = X = [z4]. Then for
any s,t with s € {(i = 1)p+2,...,ip+1tand t e {Gj—1Dp+2,...,jp+1} i =1if
s=Lj=1ift=1) withi#j

1 i—j 1 i—j
0, x50y < P' J|33tt,95 Tty < P' J|33ss,

where p = p(D~1N) is the spectral radius of D' N with D = diag(A) and N = D— A,
0 ={61,...,0,} denotes the eigenvector corresponding to p.

Since the bounds in [3, Theorem 3.12] are related to the spectral radius p and
the eigenvector corresponding to p of nonnegative matrices D™1N, it is very difficult
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to calculate the spectral radius and the eigenvector. Then, when A is a nonsingular
diagonally dominant pentadiagonal M-matrix, the bounds in Theorem 2.4 are better
than their counterparts in [3, Theorem 3.12].

On the other hand, by the following numerical examples, the obtained upper bounds
are the exact elements of the inverse of A in Theorem 2.4. Moreover, the upper bounds
we obtained are better than the results in [3, Theorem 3.12].

EXAMPLE. We consider the 5 x 5 nonsingular diagonally dominant pentadiagonal
M-matrix with a; =10 (i =1,...,5),b; = -2, d;=-3(i=1,...,4),¢; = -1, ¢; =
—2(i=1,...,3).
 Denote the upper bounds in [3] and the upper bounds in this paper of A~! by
V = (0i,j)5x5 and V = (¥ j)5x5 respectively. Then we get

0.1122 0.0310 0.0454 0.0201 0.0176
0.0192 0.1165 0.0375 0.0445 0.0201
AP = V=1 00278 0.0257 0.1263 0.0375 0.0454
0.0079 0.0274 0.0257 0.1165 0.0310
0.0064 0.0079 0.0278 0.0192 0.1122

0.1122 0.1132 0.1104 0.0812 0.1100
0.1154 0.1165 0.1136 0.0836 0.1132
< V=1 01284 0.1295 0.1263 0.0930 0.1258
0.0485 0.0489 0.0477 0.1165 0.1576
0.0345 0.0348 0.0340 0.0829 0.1122

3 Numerical Examples

In this section, we consider some examples for different matrices A and compare the
entries of A~ with our bounds. Denote the upper bounds in [3] and the upper bounds
in this paper of A™' by V = (4 j)nxn, and V' = (¥; ;j)nxn respectively. Then denote
6= max{¥; ; — |z; ;|}, and 6 = max{|z; ;| — v ;}.

EXAMPLE 3.1. In this case, we consider the bounds for a strictly diagonally

dominant matrix with a; = 10 (i = 1,...,n), b, = -1, d; = -1 (i =1,...,n — 1),
¢i=3,e,=—-4(i=1,...,n—2). The lower and upper bounds are given as follows:
n 5 50 100

4] 2.279 x 1072 3.800 x 1072 | 3.800 x 1072
§ | 2.226.7766 x 10~2 | 2.500 x 1072 | 2.500 x 10~?

EXAMPLE 3.2. In this case, we consider the bounds for a strictly diagonally
dominant matrix with a; = 5( = 1,...,n), b = 1.1,d; = 09(¢ = 1,...,n — 1),
¢i=0.9,¢=11(0=1,...,n—2). The lower and upper bounds are given as follows:

n ) 50 100
§ | 5910 1072 | 8.360 x 1072 | 8.360 x 102
§ | 6.500 x 1072 | 7.460 x 1072 | 7.460 x 102
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EXAMPLE 3.3. In this case, we consider the bounds for a strictly diagonally
dominant matrix with a; = 16 (i = 1,...,n),b; = —=4.5,d; =45 =1,...,n—1),
¢i=3,e,=-3(i=1,...,n—2). The lower and upper bounds are given as follows:

n ) 50 500
§ | 3.990x 1072 | 7.080 x 1072 | 7.080 x 10~2
§| 6.5x1073 1.200 x 1072 | 1.200 x 102
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