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Abstract

In this paper we prove the existence of generalized solution, the so-called
entropy solution, for a class of elliptic problems. We point out that the equations
considered here have both quasilinear diffusion term growing quadratically in the
gradient, and super linear absorption terms. The main novelty here is that the

data belongs to L™ () with 1\2,—12 <m < % and the nonlinearities have critical

growth with respect to the gradient. Moreover, we show here a summability result
of the solutions.

1 Introduction

We will be concerned with a class of elliptic equations containing critical growth with
respect to the gradient and super linear absorption terms. The equation that we
consider is the following

~div(A(z, Vu)) + a(z)ulu]"" = B(u)|Vul* + f(z). (1)
Alternatively, we study the limit of approximating equations of the form
—div(A(z, V) + an(z, un)|tun]" ™ = Bn(tn)|Vun|? + fo, (2)

in a bounded open set Q € RY, N > 3, coupled with a Dirichlet boundary condition.
If a solution of (2) exists, we prove the convergence of u,, towards a solution u of (1).

There is a wide literature for this kind of problem (see e.g. [1, 4, 5, 7, 8, 9, 13]
and the references therein). Let us now point out that if the nonlinearities depend on
the gradient with a = 0, 8 = ¢, problem (1) is semi-linear, the existence of solutions
have been obtained by the change of variable v = e* — 1 provided f € L (see e.g. [7]
and [9]). Existence and uniqueness results for L'-data are studied in [12]. We recall
that for f that belongs to some suitable Lebesgue spaces, existence results have been
proved for the elliptic case by many authors, see for instance [1] and [3].
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2 Generalized Solutions for Nonlinear Elliptic Equations

In this work we consider parameters r, m and N withr > 1, N > 2, J\?—JJYQ <m< %
and prove the existence of generalized solutions: the so-called entropy solution. We will
use the techniques of a priori estimates and compactness of approximating solutions,
to investigate the existence of solutions. We suppose that f is a measurable function
such that f € L™(Q) with 1\2,—12 <m< %, 8 : R — R a continuous, nonincreasing
integrable function satisfying without loss of generality 5(0) =0, a : R — R is a real
function satisfying a € L>° (). Moreover, we shall show some summability results of

the solutions.

2 Assumptions and Main Results
Let us consider the following problem

—div(A(z, Vu)) + a(z)ulu|"~! = B(u)|Vu|? + f(z) in Q,
(P) { ulaq = 0,

where (2 is a bounded open set of RN, N > 3. A(x;¢) : RN x RV — RN is measurable
in z € RN for any fixed ¢ € RY and continuous in ¢ € RY for a.e. € RN. There
exists a constant ¢ > 0 such that for all £ and a.e. z

A(z,€)-6 > clé]”. (3)
There exist functions b(z) € L*(Q), and d(z) € L>(£2), such that for all £ and a.e.

[ Az, §)| < b(x) + d(x)[¢]. (4)

a(.) € L=(Q), a(z) > ag > 0 a.e in Q. (5)

(3 is continuous nonincreasing with 3 € L' (R). (6)
e L™Q), with <m<® N>3 (7)

N+27 2
Let us note that without loss of generality we can assume that §(0) = 0. We now

introduce some notations and results which will be useful in the sequel. For & > 0, we
will denote by Ty (s) the truncature at level £k as

For k > 0,we will denote by Gj(s) the function
Gr(s) = s — Ti(s) = (Is| — k) T sign(s). 9)
The gradient of u, denoted by y = Vu is such that

V(Tk(u)) =y X 1{|u|§k} a.e. in ). (10)
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We introduce Ty**(2) as the set of all measurable functions u : Q@ — R such that
Ti(u) € Wy(Q) for all k> 0 (see e.g. [2]). We note that T, %(Q) N L®(Q) =
Wy2(2) N L2 ().

In the following we denote by ~ the function v : R — R defined by

= /S B(r)dr. (11)
0

By a weak solution of (P) we mean a function u € W, *(Q) satisfying a(.)u|u|"",

B(u)|Vu|? € L1 (Q) such that the following equality

Az, Vu)Vp + /
Q

alz)ulul" o = /Qﬂ(u)IWIQWr /chw, (12)

Q

holds for any ¢ € Hg(2) N L ().
An entropy solution of (P) is a function u € T, % (2) satisfying a(.)u|u|"~, B(u)|Vu|? €
L'(Q) and

Az, Vu)VTi(u — )—l—/a( Yulu| " Ty (u — @)
Q

/5 V[ Vul* Ty (u — @) /f VT (u — )

holds for any ¢ € Hg(2) N L>(£2) and for all k > 0.

THEOREM 1. Suppose that f € L™ () with 325 < m < % and r > 1. Then

there exists an entropy solution of the problem (P).

REMARK 2. This theorem is still valid when r = 1. That is the problem (P) turns
to the following

{ a(z)u — div(A(z, Vu)) = B(u)|Vul? + f(x) in Q,
ulan = 0.

We shall also prove the following summability result of the solution

THEOREM 3. If N +2 <m< 5 and r > 1 then, the entropy solution satisfies

u € L"(Q), and |Vu| € LI(Q), forany ¢: 1 < g <

N-—-1
3 Estimates on General Problems
Let us consider the following regular problem
—div(A(z, Vu)) + a(x)u|u|’ul = 5(u)|Vu|2 + f(x) in £, (13)

ulan = 0. (14)
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If u is a weak solution of (13)-(14), then for all ¢ € H} () N L>®(Q), we have the
following equality

Az, Vu)Vep + /
Q

a(@yulul o = [ ) Vule + /f<x><p. (15)
Q Q

Q

Let us consider v = Gy (T, (u)) with k& > 0 and h > 0. By taking ve?7+(*) as a test
function in (13), we obtain

| VG < ¢ (1Allme: lallia. 190)- (16)

On the other hand, by taking ¢ = T} (u) in the weak formulation we obtain

%
([IvmR) < cllifllme) (17)
Let us also substitute ¢ by +7%(u) in (15) and for k tending to zero, we obtain
/Q ul"da < ¢ (|| £l Lm0y, llall @), [9) - (18)
Finally we see that

/Q 1B()|[Vul® < (|| fllzmy, llallze(): |16l 21r), 12)- (19)

We consider
Gr(s)
pul) =2(Gulo) = [ ployi
and
Vi,n(s) = or(Th(s)) = 1(Gr(Th(s)).
Let up, = T}, (u) . By taking e?(“n))y, 1, (up,) as a test function in (13), we obtain

5(uh)67(“h)1/)k7h(u)A(3:, Vu)Vuyp, + / 67(“’1)/1(33, Vu)Viy n(u)

Q Q

-|-/ a(z)ulu|""te Wy 5 (u)
Q
= | B@)|VuPer ) + [ f@)e? gy (w). (20)
Q Q
We note that by the monotone convergence theorem and the hypothesis on A, we have

hhin 6(uh)67(“h)1/)k7h(u)A(x, Vu)Vuy > c/ 6(u)|Vu|2e'Y(“)<pk(u).
—+0 Jo Q

Letting h tends to infinity in (20) and applying the Lebesgue dominated convergence
theorem, we then get

Az, Vu)Vr(u)e”™ < e + [ f(2)e"™ gy (u).
Q Q
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Hence, it follows that
Vul?gl(u) < / £ on(w).
Q Q
It yields that
/Q 18|Vt < /Qfmw.

/ 18(w)|[Vul? < ellfl] ey + / B(u) [ Vul?
Q ¢

2N[|u|<k]

Hence (19) follows.

4 Proof of Main Results

From standard results (see e.g. [11]), for all n € N, there exist u, € H}(Q2) which
solves the following problems

(Pn) —div(A(z, Vuy) + an(z, un)|un|’°*1 = ﬂn(un)|Vun|2 + fn in Q, (21)

up, = 0 on 09, (22)

where
Bn(s) = Tn(B(5)), fn=Tu(f), and an(x,s) = a(z)Tn(s).

From (17) the sequence u,, is bounded in T, *(Q) independently of n. Indeed, Taking
¢ = Ti(uy,) as test function in (P,) we obtain

) VT (un)|?) % < (|| f]] Lo (23)

Then, there exists u € TO1 2(Q) and we can extract a subsequence, still denoted by
(up), such that
Tr(un) — Ti(u) weakly in H (). Yk > 0. (24)

Up — U a.e. in Q. (25)

LEMMA 1. For every h > 0, we have

lim |VGr(t, — Th(u))]? =0, (26)
k—+o00 Q

uniformly on n.
PROOQOF. Let us note that

VGt — Th(u))]? = / ¥ (n — T ()
Q [lun—Th(uw)|>k]
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<[ 9 (un — Taw)) 2
[lun|>k—h]

<2 l/ |V, |? +/ |Vul?
[|wn|>k—h] [|wn|>k—h]

Now, we deduce that

N
VGt — T (w)? < ¢ / ) a2 / IVl
Q (tn|>k—h] ([t | >k —h]

There then follows (26).
LEMMA 2. For any k& > 0, we have

. . - 2 _
hEIJPoo nEIJIrloo ; VT (un, — Th(w))] = 0. (27)

PROOF. Taking 9y, 4 (u) = "D Ty (u,, — T}, (u)) as a test function in (21), we
obtain

671 (E (un))e’Y(Tl (un))wl,k,h(un>A(xa Vun)vun
Q

+ / V) Az, Vun ) VT (un — Th(u)) + / (@)t [tn " 1 pep ()
Q Q
- / B ()| Vet 1) + / Futon ().
Q Q

From Lebesgue’s dominated theorem and monotone convergence theorem we have, for
[ tending to infinity

B ()€Y ) T (g — Th (w))|Vun | + / )V, VT (wy — Th(u))
Q Q
+ / a2 )| un | eI Ty (uy — Th (u))
Q

< B ()| V2" Ty (u, — T (w) + [ €@ Th(up — Th(u)).  (28)
Q Q
Let us consider A = sup el’l. We remark that

A VT (wn, — Th(u))]?
[un—Th (u)|>0]

+A |V Tk (un — T (w))|?,
(s — T ()| <0]

/ |V T, — Th(u))]?
Q

)\ |VTk(’U,n —Th(u))|2
Q

IN
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We get

1
VTk(un = Th())* < / 1V, VT, — Th(u)
Q

Q

IN

_i /Q V)T, (u) VT (wn, — Th(w)).
We deduce that there exists a constant ¢ > 0 such that
A [VTi(un = Th(u)]* < C/Q [l Tk (un — Th(w))]
+c ; VT (u)||[VTi(un — Th(w))|

_/ a(x)un|un|rile’Y(un)Tk (u" - Th(u))
Q

IN

[ |f||un—Th<u>|] + [ 9TV T~ i)
Q Q

+ / ot ot — Th ()]
Q

Since
lim lim / [tn|" |t — Th(u)| =0,
h—+ocon—+00 Jq
and on the other hand, we have f € L% (©) and
U, — u weakly in H(Q),

from (24) and Sobolev’s embedding theorem, we deduce that

U, — u weakly in L% (Q).

Now, by (25), it yields that

2N
2

|tn — Th(uw)| — |u—T(u)| weakly in L~-2 ().

lim / [ Fllttn — Th(u)| = / [l — Th(w)]

n—-4oo

h—+o00 n—+00

On the other hand, since

lim lim /|f||un—Th(u)|:O.
Q

/ VT ()| [V Tk (un — T(u)] < / VT () [V Tk (1, — T ()]
Q [lun—Th(u)|<k]

IN

/ VT (w) [V Tt — T ()],
[|un|<k+h]
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then from (24), it yields that

lim / VT ()| | VT (tuy — Th(w))| = 0.
Q

n—-4oo

Hence (27) is proved.
We remark that

V(up —u) = VI (un — Th(w)) + VGi(un — Th(w)) — V(u — Th(w)).

From (17), we have

||Vu — VT (u)||3 = / |Vul? < ec.
[lul>h]

Then
i [V (= Tu@)]§ = 0.

Moreover, since

lim [|VGg(un — Th(u))||3 = . 113100 |VGr(un — Ty (w))|* =0,

k—+o00
and
we obtain

||V, — Vul|3 = 0.

lim
n—-—4oo
As a consequence, we have
Vu, — Vu in L2(Q)V. (29)

It follows that
Vu,, — Vu in measure in ).

So that, up to a subsequence
Vu, — Vu a.e. in Q. (30)

From (29) and the inequality |VTk(un)|? < |Vu,|? we deduce that the sequence
(|VTk(un)|?)n is equi-integrable. Then, from (30) and Vitali’s theorem we deduce
that

Ti(un) — Ti(u) strongly in Hg (), VE > 0. (31)

As Ti(u) is in HL(Q), for all & > 0, we deduce that u is in Ty *(2).
Finally, using (18) and (25) we deduce by Vitali’s theorem that

a(2)up |un|" "t = a(x)ulul"" in L1 ().
Having in mind (25) and (30), we obtain

B ()| Vun|* — B(u)|Vu|? a.e. in Q.
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Now, we prove the equi-integrability of the sequence 3, (uy,)|Vu,|?. Taking ok (u,) =
eV Tn(wn)) (G (T (uy))) as test function in (P,) we obtain

B (un)| Vunl® < c(||f1]m) (1 +/ |V T (un) .
Q Q

Using (17) we obtain the equi-integrability of the sequence 3y, ()| Vu,|?.
So we have
B ()| Vun|* — B(uw)|Vul|? in LY(Q).

We consider v € H}(£2) N L>°(Q) and take ¢ = Ty (u, —v) as a test function in the
weak formulation of (P,). We obtain, for all n € N, the following equality

Az, Vu, ) VT (u, —v) + / an(x)un|un|T71Tk (up, — v)
Q

= On (un)|Vun|2Tk (up, —v) + | fuTk(un —v).
Q Q

Q

Let us consider h = k + [|v]|oo. Then

A(z, Vun) VT (un — v) = A(z, VT (un))VTi(Th (un) — v).

Since
Ti(un) — Tk (u) strongly in Hy () for all k > 0,
we obtain
VT (T (un) —v) — VT (Th(u) —v) in L2(Q)V.
VTh(un) — VT (u) in L2(Q)N.
Hence

A2, VT (un)) VT (Th (un) —v) — A(x, VT3 (w)) VT (Th(u) —v) in LY(Q).

and the proof of the results is complete.
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