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Abstract

By means of the quadratic decomposition, this research confirms that if v is a
regular symmetric semiclassical form (linear functional), then the form u defined
by the relation (x − a)xu = −λv is also regular and semiclassical form for every
complex λ except for a discrete set of numbers depending on a

2 and the even part
of v. An example related to the Generalized Gegenbauer form is worked out.

1 Introduction

Let v be a regular form. We define a new form u by the relation D(x)u = A(x)v
where A(x) and D(x) are non-zero polynomials. An extensive study of the form u
has been carried out by several authors from different sides [2, 5, 6, 7, 9, 12, 14]. In
particular, in [9] and for A(x) = −λ 6= 0 and D(x) = x2, Maroni found necessary and
sufficient conditions for u to be regular. Also, an explicit expression for the orthogonal
polynomials (O.P.) with respect to u is given. Finally, it was proved that if v is a
semiclassical form (see [1, 3]), then u is also a semiclassical form. The following aims
to study the form u, fulfilling

(x − a)xu = −λv, λ 6= 0, (u)1 = a 6= 0,

where v is a regular symmetric form. We prove that the regularity of the new form
u depends only on a2 and the even part of v . The coefficients of the three-term
recurrence relation satisfied by the corresponding sequence of O.P., are given explicitly.
The stability of the semiclassical families is proved. At last, we apply our results to
Generalized Gegenbauer form.

2 Preliminaries and Notations

Let P be the vector space of polynomials with coefficients in C and let P ′ be its
dual. We denote by 〈u, f〉 the action of u ∈ P ′ on f ∈ P. In particular, we de-
note by (u)n := 〈u, xn〉 , n ≥ 0 , the moments of u. For any form u and any poly-
nomial h let Du = u′, hu, δ0, and (x − c)−1u be the forms defined by: 〈u′, f〉 :=
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−〈u, f ′〉, 〈hu, f〉 := 〈u, hf〉, 〈δc, f〉 := f(c), and
〈

(x − c)−1u, f
〉

:= 〈u, θcf〉 where

(θcf) (x) = f(x)−f(c)
x−c

, c ∈ C , f ∈ P.
Then, it is straightforward to prove that for f ∈ P and u ∈ P ′, we have

(x − c)−1 ((x − c)u) = u − (u)0δc , (1)

(fu)′ = f ′u + fu′ . (2)

The form v will be called regular if we can associate with it a sequence {Sn}n≥0
(

deg(Sn) ≤ n
)

such that

〈v, SnSm〉 = rnδn,m , n, m ≥ 0, rn 6= 0, n ≥ 0.

Then deg(Sn) = n, n ≥ 0, and we can always suppose each Sn monic (i.e. Sn(x) =
xn + · · · ). The sequence {Sn}n≥0 is said to be orthogonal with respect to v. It is a
very well known fact that the sequence {Sn}n≥0 satisfies the recurrence relation

(

see,

for instance, the monograph by Chihara [4]
)

Sn+2(x) = (x − ξn+1)Sn+1(x) − ρn+1Sn(x) , n ≥ 0 ,
S1(x) = x − ξ0 , S0(x) = 1 ,

(3)

with (ξn, ρn+1) ∈ C × C − {0}, n ≥ 0, by convention we set ρ0 = (v)0 = 1.

In this case, let {S
(1)
n }n≥0 be the associated sequence of first kind for the sequence

{Sn}n≥0 satisfying the three-term recurrence relation

S
(1)
n+2(x) = (x − ξn+2)S

(1)
n+1(x) − ρn+2S

(1)
n (x) , n ≥ 0,

S
(1)
1 (x) = x − ξ1, S

(1)
0 (x) = 1 ,

(

S
(1)
−1 (x) = 0

)

.
(4)

Another important representation of S
(1)
n (x) is, (see [4]),

S(1)
n (x) :=

〈

v,
Sn+1(x) − Sn+1(ζ)

x − ζ

〉

, n ≥ 0. (5)

Also, let {Sn(., µ)}n≥0 be the co-recursive polynomials for the sequence {Sn}n≥0 sat-
isfying [4]

Sn(x, µ) = Sn(x) − µS
(1)
n−1(x), n ≥ 0. (6)

A form v is called symmetric if (v)2n+1 = 0, n ≥ 0. The conditions (v)2n+1 = 0, n ≥ 0
are equivalent to the fact that the corresponding monic orthogonal polynomials se-
quence (MOPS) {Sn}n≥0 satisfies the recurrence relation (3) with ξn = 0, n ≥ 0 [4].

3 Algebraic Properties

In this paper, unless stated otherwise, the form v will be supposed to be normalized,
(

i.e: (v)0 = 1
)

, symmetric, and regular and {Sn}n≥0 be the corresponding MOPS. For
fixed a ∈ C and λ ∈ C − {0}, we can define a new normalized form u ∈ P ′ by the
relation

(x − a)xu = −λv , (u)1 = a . (7)
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Equivalently, from (1) we have

u = −λ(x − a)−1x−1v + δa = −λx−1(x − a)−1v + δa. (8)

The case a = 0 is treated in [1, 9, 13], so henceforth, we assume a 6= 0.
When u is regular, let {Zn}n≥0 be its corresponding MOPS. It satisfies

Zn+2(x) = (x − βn+1)Zn+1(x) − γn+1Zn(x), n ≥ 0,
Z1(x) = x − β0, Z0(x) = 1.

(9)

From (7), the sequence {Zn}n≥0, when it exists, satisfies the following finite-type rela-
tion [8, p.301, Proposition 2.1.]

Zn+2(x) = Sn+2(x) + bn+1Sn+1(x) + anSn(x), n ≥ 0,
Z1(x) = S1(x) + b0S0(x),

(10)

with (an, bn) ∈ (C − {0}) × C. In this condition, the sequence {Zn}n≥0 is orthogonal
with respect to u if and only if

〈u, Zn+1〉 = 0, 〈u, xZn+2〉 = 0, n ≥ 0, 〈u, xZ1〉 6= 0.

Consequently 〈u, xZn+2〉 = 0 and 〈u, (x − a)Zn+2〉 = 0, n ≥ 0. So, using (5), (8) and
(10), we obtain respectively

(

aSn+1(a) − λS(1)
n (a)

)

bn+1 +
(

aSn(a) − λS
(1)
n−1(a)

)

an = λS
(1)
n+1(a) − aSn+2(a) (11)

and
S(1)

n (0)bn+1 + S
(1)
n−1(0)an = −S

(1)
n+1(0). (12)

The determinant of the system defined by (11)-(12) is

4n = S
(1)
n−1(0)

(

aSn+1(a) − λS(1)
n (a)

)

− S(1)
n (0)

(

aSn(a) − λS
(1)
n−1(a)

)

, n ≥ 0 . (13)

Let us recall some general features. Consider the quadratic decomposition of {Sn}n≥0

and {S
(1)
n }n≥0 [10]

S2n(x) = Pn(x2), S2n+1(x) = xRn(x2), n ≥ 0, (14)

S
(1)
2n (x) = Rn(x2,−ρ1), S

(1)
2n+1(x) = xP (1)

n (x2), n ≥ 0. (15)

The sequences {Pn}n≥0 and {Rn}n≥0 are respectively orthogonal with respect to σv
and xσv where σv is the even part of v defined by 〈σv, f〉 := 〈v, (σf) (x)〉 = 〈v, f(x2)〉.
We have for instance:

Pn+2(x) = (x − ρ2n+2 − ρ2n+3)Pn+1(x) − ρ2n+1ρ2n+2Pn(x), n ≥ 0,
P1(x) = x− ρ1, P0(x) = 1

(16)

Using (14)-(15), (13) becomes

42n = −aS
(1)
2n (0)Pn(a2, λ), 42n+1 = −aS

(1)
2n (0)Pn+1(a

2, λ), n ≥ 0. (17)
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Taking into account (4), with ξn = 0, we get S
(1)
n+2(0) = −ρn+2S

(1)
n (0). Then,

S
(1)
2n+2(0) = (−1)n+1

n
∏

ν=0

ρ2ν+2 6= 0, n ≥ 0.

Consequently, we easily deduce the following result:

PROPOSITION 1. The form u is regular if and only if Pn(a2, λ) 6= 0, n ≥ 0 , where
Pn is defined by (14).

REMARKS (1.) When v is symmetric and positive definite, λ ∈ R − {0}, then u
is regular for every a such that a2 /∈ R. (2.) u is regular if and only if λ 6= λn, n ≥ 0

where λn = Pn(a2)

P
(1)
n−1(a2)

.

When 4n 6= 0, n ≥ 0, by solving the system (11)-(12), we obtain

a2n = −
Pn+1(a

2, λ)

Pn(a2, λ)
, a2n+1 = ρ2n+2, n ≥ 0, (18)

b2n = −a, b2n+1 = 0, n ≥ 0. (19)

PROPOSITION 2. We may write

γn+2 =
an

an−1
ρn, n ≥ 1, (20)

βn+1 = bn − bn+1, n ≥ 0, (21)

γn+2 = ρn+2 − bn+1βn+2 + an − an+1, n ≥ 0, (22)

bnγn+2 = bn+1ρn+1 − anβn+2, n ≥ 0. (23)

PROOF. After multiplication of (10) by x, we apply the recurrence relations (3)
and (9) we get

Zn+3 + βn+2Zn+2 + γn+2Zn+1 = Sn+3 + ρn+2Sn+1

+bn+1Sn+2 + bn+1ρn+1Sn + anSn+1 + anρnSn−1.

Substituting Zk+2 in the above equation by Sk+2+bk+1Sk+1+akSk with k = n+1, n, n−
1, we obtain (20)-(23), after comparing the coefficients of Sk with n − 1 ≤ k ≤ n + 2.

COROLLARY 1. We have
{

βn = (−1)na,
γ1 = −λ , γ2n+2 = a2n , γ2n+3 = ρ2n+1ρ2n+2

a2n

, n ≥ 0 .
(24)

PROOF. Using (20)-(22) and taking (18)-(19) into account, it’s quite straightfor-
ward to get the expressions of βn and γn+1 for n ≥ 1. From 〈u, Zk〉 = 0, 1 ≤ k ≤ 2,
we obtain β0 = a and γ1 = −λ, by virtue of (7). Hence (24).

REMARK. Since a 6= 0, on account of (24) the form u is not symmetric.
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4 The Semiclassical Case

Let us recall that a form v is called semiclassical when it is regular and there exist two
polynomials Φ and Ψ such that:

(Φv)
′
+ Ψv = 0 , deg(Ψ) ≥ 1 , Φ monic. (25)

The class of the semiclassical form v is s = max(deg Ψ − 1, deg Φ − 2) if and only if
the following condition is satisfied

∏

c

(

|Φ′(c) + Ψ(c)| +
∣

∣

〈

u, θcΨ + θ2
cΦ

〉
∣

∣

)

> 0 , (26)

where c goes over the roots set of Φ [11].
In the sequel the form v will be supposed symmetric and semiclassical of class s

satisfying (25). From (7), and (25), it is clear that the form u, when it is regular, it is
also semiclassical and satisfies

(

Φ̃u
)′

+ Ψ̃u = 0 (27)

with
Φ̃(x) = x(x − a)Φ(x) , Ψ̃(x) = x(x− a)Ψ(x) . (28)

The class s̃ of u is at most s + 2.

PROPOSITION 3. The class of u depends only on the zeros x = 0 and x = a.

PROOF. Let c be a root of Φ̃ such that c ∈ C − {0, a}, then Φ(c) = 0 . If Φ′(c) +
Ψ(c) 6= 0, using (28) we have Φ̃′(c) + Ψ̃(c) = c(c − a) (Φ′(c) + Ψ(c)) 6= 0. If Φ′(c) +
Ψ(c) = 0, we have c(c − a) (Φ′(c) + Ψ(c)) = x(x − a) (Φ′(c) + Ψ(c)) = 0, which leads
to θ2

c Φ̃ + θcΨ̃ = x(x − a)
(

θ2
c Φ + θcΨ

)

. Then, using (7) and the above result, we get
〈

u, θ2
cΦ̃ + θcΨ̃

〉

= −λ
〈

v, θ2
cΦ + θcΨ

〉

6= 0 according to (26). In any case, we cannot

simplify by x − c.

THEOREM 1. Let v be a semiclassical form of class s, satisfying (25), c ∈ {0, a},
X1(c) =| Φ(c) | +

∣

∣−λ
〈

v, θcΨ + θ2
cΦ

〉

+ Φ(c) + c(Φ′(c) + Ψ(c))
∣

∣ , and

X2(c) =| 2Φ′(c) + Ψ(c) | +
∣

∣−λ
〈

v, θ2
cΨ + θ3

cΦ
〉

+ 2Φ′(c) + Ψ(c) + c (2Φ′′(c) + Ψ′(c))
∣

∣ .

For every a, λ ∈ C − {0} such that Pn(a2, λ) 6= 0, n ≥ 0, the form u defined by (7) is
regular and semiclassical of class s̃ satisfying (27)-(28). Moreover,

1) If X1(a)X1(0) 6= 0 then s̃ = s + 2,
2) If X1(0) 6= 0, X1(a) = 0 and X2(a) 6= 0 or X1(a) 6= 0, X1(0) = 0 and X2(0) 6= 0

then s̃ = s + 1,
3) If X1(a)X1(0) = 0 and X2(a)X2(0) 6= 0 then s̃ = s.

PROOF. From (28), we have Φ̃′(a) + Ψ̃(a) = aΦ(a) and Φ̃′(0) + Ψ̃(0) = −aΦ(0).

Using (8), we get
〈

u, θaΨ̃ + θ2
aΦ̃

〉

= −λ
〈

v, θaΨ + θ2
aΦ

〉

+ Φ(a) + a(Φ̃′(a) + Ψ(a)) and
〈

u, θ0Ψ̃ + θ2
0Φ̃

〉

= −λ
〈

v, θ0Ψ + θ2
0Φ

〉

+ Φ(0). Hence X1(c), c ∈ {a, 0}.

1) If X1(a)X1(0) 6= 0, then it is not possible to simplify according to the standard
criterion (26), which means that the class of u is s̃ = s + 2.
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2) If X1(0) 6= 0 and X1(a) = 0, then it is only possible to simplify by x − a. Then,
u fulfils (27) with

Φ̃(x) = xΦ(x) , Ψ̃(x) = x (θaΦ(x) + Ψ(x)) . (29)

Here, we have Φ̃′(a) + Ψ̃(a) = a (2Φ′(a) + Ψ(a)). Using (8) and the definition of the
operator θa, we obtain

〈

u, θaΨ̃ + θ2
aΦ̃

〉

= −λ
〈

v, θ2
aΨ + θ3

aΦ
〉

+ 2Φ′(a) + Ψ(a) + a (2Φ′(a) + Ψ′(a)) .

Since a 6= 0, if X2(a)) 6= 0, then it is not possible to simplify, which means that the
class of u is s̃ = s + 1. Using the same proceeding, we easily prove that, if X1(a) 6= 0,
X1(0) = 0 and X2(0)) 6= 0, then u fulfils (27) with

Φ̃(x) = (x − a)Φ(x) , Ψ̃(x) = (x − a) (θ0Φ(x) + Ψ(x)) . (30)

and, s̃ = s + 1.
3) If X1(a)X1(0) = 0, we can simplify (27)-(28) by x(x − a).We obtain

Φ̃(x) = Φ(x) , Ψ̃(x) = θ0Φ(x) + θaΦ(x) + Ψ(x) . (31)

Then, s̃ = s if X2(a)X2(0) 6= 0.

Finally, if we suppose that the form v has the following integral representation:

〈v, f〉 =

∫ +∞

−∞

V (x)f(x)dx , f ∈ P, with (v)0 =

∫ +∞

−∞

V (x)dx = 1

where V is a locally integrable function with rapid decay and continuous at the origin
and the point x = a. Then, from (8) and after some straightforward computations, we
prove that, the form u is represented by

〈u, f〉 = f(a)

{

1 +
λ

a
P

∫ +∞

−∞

V (x)

x − a
dx

}

−

−
λ

a
P

∫ +∞

−∞

V (x)

x − a
f(x)dx +

λ

a
P

∫ +∞

−∞

V (x)

x
f(x)dx , (32)

where for c ∈ {0, a}

P

∫ +∞

−∞

V (x)

x − c
f(x)dx = lim

ε−→0

{
∫ c−ε

−∞

V (x)

x − c
f(x)dx +

∫ +∞

c+ε

V (x)

x − c
f(x)dx

}

.

5 Application

Theorem 1 shows that we can generate new semiclassical sequences from well known
ones. We apply our results to v := GG, where GG is the Generalized Gegenbauer form.
In this case, the form v is symmetric semiclassical of class s = 1. Thus, we have [4]

{

ρ2n+1 = (n+β+1)(n+α+β+1)
(2n+α+β+1)(2n+α+β+2)

,

ρ2n+2 = (n+1)(n+α+1)
(2n+α+β+2)(2n+α+β+3) , n ≥ 0.

(33)
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The regularity conditions are α 6= −n, β 6= −n, α + β 6= −n, n ≥ 1. We also have

Φ(x) = x(x2 − 1), Ψ(x) = −2(α + β + 2)x2 + 2(β + 1). (34)

For greater convenience we take a = 1, and α 6= 0. From (16) and (33), we can easily
obtain by induction

Pn(1) = S2n(1) =
Γ(n + α + 1)Γ(n + α + β + 1)

Γ(α + 1)Γ(2n + α + β + 1)
, n ≥ 0 . (35)

From (16) and (4), we get the recurrence relation satisfied by {P
(1)
n }n≥0. Using this

relation and (33), we deduce by induction

P
(1)
n (1) = −(α+β+1)

αΓ(2n+α+β+3)

(

Γ(α+β+1)Γ(n+2)Γ(n+β+2)
Γ(β+1) −

−Γ(n+α+2)Γ(n+α+β+2)
Γ(α+1)

)

, n ≥ 0 .
(36)

From (6) and (35)-(36), we get

Pn(1, λ) =
(α + β + 1)Γ(n + α + 1)Γ(n + α + β + 1)

αΓ(α + 1)Γ(2n + α + β + 1)
dn , n ≥ 0 , (37)

with

dn = λ
Γ(α + 1)Γ(α + β + 1)Γ(n + 1)Γ(n + β + 1)

Γ(β + 1)Γ(n + α + 1)Γ(n + α + β + 1)
+

α

α + β + 1
− λ . (38)

Then, u is regular for every λ 6= 0 such that

λ−1 −
α + β + 1

α
6=

Γ(α + 1)Γ(α + β + 2)Γ(n + 1)Γ(n + β + 1)

αΓ(β + 1)Γ(n + α + 1)Γ(n + α + β + 1)
, n ≥ 0 .

Now, we give the coefficients of the recurrence relation satisfied by {Zn}n≥0. For this,
first we calculate the coefficients an and bn, n ≥ 0 given by (18)-(19).

{

a2n = − (n+1)(n+α+1)dn+1

(2n+α+β+1)(2n+α+β+2)dn

, a2n+1 = ρ2n+2 ,

b2n = −1, b2n+1 = 0, n ≥ 0.
(39)

Using the above results and (24), we obtain

{

γ2n+2 = a2n , γ2n+3 = − (n+1)(n+β+1)dn

(2n+α+β+2)(2n+α+β+3)dn+1
,

βn = (−1)n, γ1 = −λ, n ≥ 0.
(40)

Since v is semiclassical, then according to Theorem 1. the form u is also semiclassical.
It satisfies (27) with

Φ̃(x) = x(x− 1)2(x + 1) , Ψ̃(x) = x(x − 1)
(

−2(α + β + 2)x2 + 2(β + 1)
)

. (41)
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After some calculations and taking account of (34), we obtain X1(0) = 0, X1(1) = 2 |
λ(α + β + 1) − α |, X2(0) = 2 | β | +2 | −λ(α + β + 1) + β | and X2(1) = 2 | α | +4 |
α + β − 1 | (we take λ = α

α+β+1 in calculation of X2(1)). Now, it is enough to use
Theorem 1. in order to obtain the following results:

? If λ 6= α
α+β+1

, then the class of u is s̃ = 2.
? If λ = α

α+β+1 , then the class of u is s̃ = 1.

The form v has the following integral representation [4 p.156], for <α > −1, <β >
−1, f ∈ P,

〈v, f〉 =
Γ(α + β + 2)

Γ(α + 1)Γ(β + 1)

∫ 1

−1

|x|2β+1(1 − x2)αf(x)dx. (42)

Therefore, for <β > −1
2 , <α > 0, f ∈ P, (32) becomes

〈u, f〉 =

(

1 −
λ(α + β + 1)

α

)

f(1)

+
λΓ(α + β + 2)

Γ(α + 1)Γ(β + 1)

∫ 1

−1

sgn(x)|x|2β(1 + x)α(1 − x)α−1f(x)dx.
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