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Abstract

In this paper, we investigate the following system of nonlinear second-order
three-point boundary value problem

—u” = f(t,v), t € (0,1),
—v" = g(t,u), t € (0,1),
u(0) = au(n), u(l) = Bu(n),
v(0) = av(n), v(1) = Bv(n),

where n € (0,1) and 0 < 8 < a < 1. Green’s function for the associated lin-
ear boundary value problem is constructed, and several useful properties of the
Green’s function are obtained. Existence and multiplicity criteria of positive
solutions are established by using the well-known fixed point theorems of cone
expansion and compression.

1 Introduction

Multi-point boundary value problems (BVPs for short) of differential equations arise in
a variety of applied mathematics and physics. For instance, the vibrations of a wire of
uniform cross-section and composed of N parts of different densities can be set up as a
multi-point BVP [8]. The study of three-point BVPs for nonlinear ordinary differential
equations was initiated by Gupta [3]. Since then, nonlinear multi-point BVPs have
been studied by may authors, see [1, 2, 5, 6, 7, 9, 10, 11] and the references therein. In
particular, by using the Guo-Krasnosel’skii fixed point theorem in cone, Ma [6] proved
the existence of at least one positive solution to the following BVP

{ @)+ h(@t)f(u) =0, 0<t <1,
u(0) =0, u(l) = au(n),

where n € (0,1), 0 < a < %, h € C([0,1], RT) and there exists to € [0,1] such that
h(tg) > 0, and f € C(R™,R") is either superlinear or sublinear. Recently, Zhou and
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56 Systems of Three-Point BVP

Xu [10] employed fixed point index theorems to consider the existence and multiplicity
of positive solutions to the system

—u" = f(t,v), t € (0,1),
" = g(t,u), t € (0,1)
u(0) =0, u(l) = au(n),
v(0) =0, v(1) = av(n),

where € (0,1),0 < a < L and f, g € C([0,1] x R, RT).
Motivated by the exceﬁent results mentioned above, in this paper we consider the
existence and multiplicity of positive solutions to the following system

—u'" = f(t,v), t € (0,1),

" = g(t,u), t € (0,1), (1)
u(0) = au(n), u(l) = Pu(n),
v(0) = av(n), v(1) = Bo(n),

where f, g € C([0,1] x R*, RT), g(t,0) =0, n € (0,1) and 0 < 8 < a < 1. First,
Green’s function for associated linear boundary value problem is constructed, and then,
several useful properties of the Green’s function are obtained. Finally, some existence
and multiplicity criteria of positive solutions to the system (1) are established. Our
main tools are the well-known fixed point theorems of cone expansion and compression
[4], which we state here for convenience of the reader.

THEOREM 1. Let E be a Banach space and P be a cone in E. Assume that €
and Qy are open subsets of F such that 0 € Q;, Q) C Qy, and let T : PN (Q\Qy) — P
be a completely continuous operator such that either

1) || Tu|| < ||lu]] for w € PNOQy and ||Tu| > ||lu]| for u € PN Oy, or

2) |Tul| > JJu|| for w € PN oDy and ||Tu|| < ||u]| for u € PN INs.

Then T has a fixed point in PN (Q \ Q1).

THEOREM 2. Let E be a Banach space and P be a cone in E. Assume that
Qq, Qo and €23 are open subsets of F such that 0 € €y, Q C Qo, Q, C Q3, and let
T : PN (Q:\Q) — P be a completely continuous operator such that the following
conditions are satisfied:

D) ||ITul] > ||u|]| for u € PN oQ;

2) [|[Tu| < JJu|| and Tu # u for uw € P N 0No;

3) | Tul| > |ju|| for u € PN oNs.

Then T has at least two fixed points u; and us in P N (Q3\Q;). Furthermore, u; €
PN (52\91) and us € PN (53\92)

THEOREM 3. Let E be a Banach space and P be a cone in E. Assume that
Q1, Q2 and Q3 are open subsets of E such that 0 € Q1, Q1 C Qo, Qo C Q3, and let
T : PN (Q3\Q) — P be a completely continuous operator such that the following
conditions are satisfied:

D) ||Tul| < ||u|]| for u € PN oQy;

2) [|[Tu|| > |Ju|| and Tu # u for uw € P N 0No;

3) | Tul| < Jju|| for u € PN oNs.

Then T has at least two fixed points u; and uy in P N (Q3\Q4). Furthermore, u; €
PN (52\91) and us € PN (53\92)
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2 Some Lemmas

Throughout this paper, we denote

§

and”y—min{ﬁ(l_n) B }

T 1-a+(a-p)y 1-p8n " 1—a+an

LEMMA 1. For y € C[0,1], the BVP

has a unique solution

where

Clts) — ¢ ] =00+ (5= 1)sl + all = n)(s —1), t<s<n,
’ (L= s)(t—at+an) +(s— [l —a+(a— B, n<s<t
(1—38)(t —at+ an), s > max{t,n}
which will be called the Green’s function for the linear problem (2).

Indeed, since the unique solution of the BVP (2) can be expressed as

u(t) = —/0 (t — s)y(s)ds + £[(1 — a)t + an] /0 (1 —s)y(s)ds
+él(a= 0t —al [0 = shu(s)ds,
it is easy to verify that (3) is satisfied.

LEMMA 2. The Green’s function G(t, s) has the following properties:
1) G(t,s) >0 for 0 <t,s<1

2) G(t,s) < G(s,s) for 0 <t,s <1,
3) G(t,s) <& for 0<t,s<1;
4) G(t,s) > yG(s,s) forn <t <land 0<s <1

Let E = C[0, 1] be equipped with the norm |Ju|| = maxo<:<1 |u(t)| and

P={ue€ Elu(t) >0forte[0,1] and min u(t) > v | ul}.
n<t<1

Then it is obvious that F is a Banach space and P is a cone in E. We define an
operator T': P — E by

Tu(t) = /01 G(t,s)f (s, /01 G(s,r)g(r,u(r))dr) ds, t €10,1]. (4)
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It is easy to see that if T has a fixed point u € P, then the system (1) has one solution

(u, /01 G(S,T)g(T,U(T))dT) .

LEMMA 3. T': P — P is completely continuous.
PROOF. Suppose that u € P. Then it follows from Lemma 2 that

/01 G(t,s)f <S, /01 G(S,T)g(r,u(r))dr> s
/01 G(s,9)f (s, /01 G(s,r)g(r,u(r))dr) ds, t €10,1],

0 < Tu(t)

IN

which implies that ||Tu| < fol G(s,s)f (s, fol G(s,m)g(r, u(r))dr) ds. So,

Jmin Tu(t) = ngltigl{ /0 1 G(t,s)f (s /0 1 G(s,r)g(r,u(r))dr) ds}
7/01 G(s,s)f (s /01 G(s,r)g(r,u(r))dr) ds >y ||Tuf .

Y

Therefore, T' : P — P. Furthermore, we can prove by standard arguments that
T : P — P is completely continuous.

3 Main Results

For a continuous function & : [0,1] x Rt — R™, we denote

h(t h(t

ho= tim inf PG e B
u—0*t€l0,1] U u—ootel0,1] U
h(t h(t

R’ = lim sup (’u),hoo: lim sup (,u)
u—0t¢el0,1] U u—0¢e(n1] U

To derive the existence and multiplicity results of positive solutions to the system
(1), we make the following assumptions:

0 0 _ 1 .
1) f? <a and ¢’ <a, wherea—folc(w)dr,

3) fo > b and gg > b, where b =

(A1)

(A2) foo =00 and goo = 00;
1 .

(43) v [ G(LEE,s)ds”

(Aq)

4) f =0 and g = 0;

(As) f(t,u) and g(t,u) are all nondecreasing with respect to u and there exists a
constant N > 0 such that

! N
f (t,/o {g(s,N)ds) < z, t e [0,1];
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(Ag) f(t,u) is nonincreasing and ¢(t, u) is nondecreasing with respect to u and there
exists a constant M > 0 such that

(/GM (r 0y ) > P e[ 51

(A7) f(t,u) is nondecreasing and g(¢, u) is nonincreasing with respect to u and there
exists a constant W > 0 such that

1
aw 1417
(o [ i) ]
0 &n(1—mn)* 2
THEOREM 4. Assume that (A;) and (Az) hold. Then the system (1) has at least

one positive solution.

PROOF. By (A1), we may choose Hy € (0,1) such that for any (t,u) € [0, 1] x
[0, Hy), f(t,u) < au and g(¢,u) < au. Thus, if u € P and |ju|| = %, then

H
/Gsr ryu(r dT<CL/GTT r)dr < |ul = 71<H1,S€[0,1],

/01 G(s,s)f (s, /01 G(s,r)g(r,u(r))dr) ds

1 1
aHuH/O G(s,s)a/o G(r,r)drds = |Jul|, t € [0,1].

and so

Tu(t)

IN

IN

If we let Q1 = {u € E: ||u|| < £}, then we have shown that
(|Tul|| < [Ju|| for uw e PN osY. (5)

On the other hand, in view of (As3), there exist two positive numbers Cq and Co
such that for any (¢,u) € [0,1] x RT, f(t,u) > ou — Cy and g(t,u) > u — Ca, where
p > 0and ¢ > 0 satisfy ¢ [ G (%*,5) ds > 2 and 992 [ G(s,s)ds > 1. Then for

u € P, we have
' G ! f 1 G dr | d
/0 ( 5 ,s) (s,/o (s,r)g(r,u(r)) 7") S

Tu (%)
/01 ¢ (%1 ) [w / Gl rglru(r)r - cl] s

2 Jull = Cs,

Y

Y

where C5 = ¢Cs fol (s )fo (r,r)drds+C4 fo (Z£E, 5) ds. Consequently, [|Tu|| >

Tu(%) > ||ul| as |Ju|| — oco. Thus, for Hy > 0 large enough, if we let Qo = {u € E :
|lu|| < Hz}, then we have

|Tu|| > [Ju|| for uw e PN oSk. (6)
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Therefore, it follows from (5), (6) and Theorem 1 that T has a fixed point in P N
(22\Q1), which implies that the system (1) has at least one positive solution.

THEOREM 5. Assume that (Ag) and (A4) hold. Then the system (1) has at least
one positive solution.

PROOF. By (As), there exists Hy € (0,1) such that for any (¢,u) € [0,1] x [0, H],
f(t,u) > bu and g(t,u) > bu. In view of g(¢,0) = 0 and the continuity of g(t,u), we
can choose Hs € (0, Hy) sufficiently small such that

-~

g(t,u) < L, (t,u) € [0,1] x [0, H3).

= fol G(r,r)dr

Thus, if v € P and ||u|| = Hs, then

/0 G(s,r)g(r,u(r))dr <

n+1
T LA
()

m/GSTdT<H1,S€[01]
0 TT T

/OIG (n+1, )f (S/l G(S,T)g(r,u(r))dr> ds

and so

1
> b2/ ( )/ G(s,r)u(r)drds
n
> b272|\u|\/ G(r,r)d / G(n—gl,s)ds
n
2l

If we let Q3 = {u € E: ||u|| < Hs}, then we have shown that
|Tu|| > [Ju|| for uw e PN oSs. (7)

On the other hand, in view of (A4), there exist two positive numbers Cy and Cj
such that for any (t u) [0,1] x BT, f(t,u) < A+ C4 and g(t,u) < M+ Cs, where

A > 0 satisfies A [ G(r,7)dr < 1. Then for u € P, we have

Tu(t) = / G(t,s)f (s / G(s,r)g(r,u(r))dr) ds
/ G(s, 3) [ / Gr,r)g(r, ulr ))dr+04]ds

< )\/ (s 5/0 Glr.r) [)\u(r)+C5]dr+C4/Ol (s, 5)ds

IN

< Z HuH + Cg, t €[0,1],

where Cg = ()\05 fo (r,r)dr + 04) fo (s, 8)ds. Consequently, | Tu|| < |Ju|| as |Ju]| —
oo. Thus, for Hy > 0 large enough, if we let Q4 = {u € E : ||u|| < Hy}, then we have

|Tul|| < [Ju|| for uw e PN oSy. (8)
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Therefore, it follows from (7), (8) and Theorem 1 that T has a fixed point in P N
(24\Q3), which implies that the system (1) has at least one positive solution.

THEOREM 6. Assume that (Az), (Az) and (As) hold. Then the system (1) has at
least two positive solutions.

PROOF. Let By = {u € FE : |lu]| < N}. Then by Lemma 2 and (As), for any
u € PN OBy, we have

1 1
ut)§§/0 f(s,/o {g(r,N)dr>d5<§%—N, t € [0,1],

which shows that
[ Tul|| < |Ju|| forue PNOBy. (9)

In view of (Asz), (As) and the proof of Theorem 4 and Theorem 5, we can choose
Hs < N < Hs such that

| Tul| > fJu]| for u € PN aQ, (10)

and
|[Tu|| > ||u|| for uw € PN oQs. (11)

Therefore, it follows from (9)-(11) and Theorem 2 that T has a fixed point in P N
(Q2\Bx) and a fixed point in P N (Bx\Q3), which implies that the system (1) has at
least two positive solutions.

THEOREM 7. Assume that (A1), (A4) and (Ag) hold. Then the system (1) has at
least two positive solutions.

PROOF. Let By = {u € E : ||u| < M}. Then by Lemma 2 and (Ag), for any
u € PN OBy, we have

1
i) = [ 6l ( | cts.natratryr ) a
1+n
> / G(n,s) ( / TM)dT)ds
> &7 1 =7 / ( )g(r, M)dr)d
77
> / 2ds =M,
n
which shows that
(I Twu|| > |Ju|| for u € PN OBy. (12)

In view of (A1), (A4) and the proof of Theorem 4 and Theorem 5, we can choose
H, < M < Hj4 such that

| Tul| < |Ju|| for u e P oy (13)
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and
|[Tu|| < ||u|| for uw € PN oQy. (14)

Therefore, it follows from (12)-(14) and Theorem 3 that T" has a fixed point in P N
(Q4\Bar) and a fixed point in P N (Br\1), which implies that the system (1) has at
least two positive solutions.

THEOREM 8. Assume that (A1), (A4) and (A7) hold. Then the system (1) has at
least two positive solutions.

Since the proof of this theorem is similar to that of Theorem 7, we have omitted it.
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