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Abstract

In this paper, we shall consider higher order nonlinear delay difference equation
of the type
A" 4+ P A" iy 4+ gurS =0, n>0
where m > 2, {p»} and {¢» } are sequences of nonnegative real numbers, 0 < p, <
1 for n > no > 0, k is a positive integer and a € (0,1) is a ratio of odd positive
integers. We obtain sufficient conditions for the oscillation of all solutions of this
equation.

1 Introduction
We consider the following higher order nonlinear delay difference equation:
Az, +pnAm71xn +anzy_, =0, m>2, (1)

where A is the usual forward difference operator defined by Az, = x,41 — xp, k is a
positive integer, {p,} and {g,} are sequences of nonnegative real numbers, 0 < p,, < 1
for n > ng > 0 and « € (0,1) is a ratio of odd positive integers. If 0 < a < 1, then
equation (1) is called sublinear equation, when « > 1, it is called superlinear equation.

Recently, there are many studies concerning the behavior of the oscillatory difference
equations, see [1]-[11] and the reference cited therein. In particular, in [8], Tang and Liu
have investigated the oscillatory behaviour of the first order sublinear and superlinear
delay difference equations of the form

Tnt1 — Tn +pnxsz =0, (2)

where {p,} is a sequence of nonnegative numbers, k is a positive integer and « € (0, c0)
is a quotient of odd positive integers. Tang and Liu have discussed the oscillation for
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64 Oscillation of higher Order Difference Equations

equation (2) in the two cases where a € (0,1) and a € (1, 00). For the former case, it
is shown that every solution of sublinear equation (2) oscillates if and only if

o
an = Q.
n=0

For the latter case, it is shown that, if there exists a A > k! Ina such that
lim inf [p, eXp(—e)‘")] > 0,
n—oo

then every solution of superlinear equation (2) oscillates. When a = 1, (2) reduces to
linear delay difference equation and the oscillatory behavior of this equation has been
investigated in the literature, which we refer to [1, 5, 6, 7].

In [3], Agarwal and Grace investigated that oscillatory properties of equation (1)
in the case a =1 and m is even.

By a solution of (1), we mean a real sequence {x,} which is the defined for all
n > —k and satisfies equation (1) for n > 0. A solution of (1) is said to be oscillatory
of it is neither eventually positive nor eventually negative.

In this paper our aim is to obtain sufficient conditions for all solutions of equation
(1) when m is even or odd.

The following lemmas are needed in the proof of our results, which Lemma 1 and
Lemma 2 are obtained in [1], Lemma 3 is obtained in [11].

LEMMA 1 [Discrete Kneser’s Theorem]. Let z, be defined for n > ng, and 2z, > 0
with A™z,, of constant sign for n > ny and not identically zero. Then, there exists an
integer j, 0 < j < m with (m+ j) odd for A™z, <0, and (m + j) even for A™z, >0
such that

(i) j <m — 1 implies (—1)7*? A%z, > 0, for alln > ng, j <i<m —1,
(ii) 7 > 1 implies A%z, > 0, for all large n > ng, 1 <i < j — 1.

LEMMA 2. Let z, be defined for n > ng, and 2, > 0 with A™z, < 0 for n > ng
and not identically zero. Then, there exists a large integer ni > ng such that

1
(m—1)!

where j is defined in Lemma 1. Further, if 2, is increasing, then

metAm=L i1, N> N,

Zn > (n—mq)

1 n m—1 m—1 m—1

LEMMA 3. Assume that for large n,

(P, Pty - - s Putk—1) # 0.
Then
Tntl — Tn + Py, =0, n=0,1,2/...
has an eventually positive solution if and only if the corresponding inequality
Tntl — Tn +Pn2o_, <0, n=0,1,2,...

has an eventually positive solution.
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2 Oscillation of Equation (1)

THEOREM 1. Let Ap, <0, forn >ng >0, « € (0,1), liminf,, o g, > 0, m is an
even positive integer, k > 1 and

Cp, = min{Q,, R,} > pn—, for alllarge n,

where
0 a n—1 1
o a(m—2) o
On ((m— 2)!> G=h Gl 0= Sy
j=n—~k
and N
n—1 n—1 1
R, = Z 5 Z m(s—l—m—i—k—j—&(mf?’)
j=n—~k s=j—k
If the difference equation
Azy +cenzy ), =0, (3)
where
. 1 1 “ alm—
Cn _mm{Cn—pnk, (WW> (n — k) 1)%} (4)

is oscillatory, then (1) is oscillatory.

PROOF. Let {z,} be a nonoscillatory solution of (1), say x, > 0 for n > ng > 1.
First, we claim that {Amflxn} is eventually of one sign. To this end, we assume that
{A™=1z,} is oscillatory. There exists N > ng+ k such that A™ lzy < 0. Let n = N
in (1) and the multiply the resulting equation by A™ 1z, to obtain

A"y A™ ey = —pn (A" an)? — el A e > —py (AT )P

or
AmilxNJrlAmilxN >(1- pN)(AmilxN)Q >0,

which implies that
AmilxNJrl < 0.

By induction, we obtain A™ 1z, < 0 for n > N, contradicting the assumption that
{A™=1z,} is oscillatory.
Next, suppose there exists N* > ng + k such that A™ lzn- = 0. Let n = N* in
(1) leads to
Ame* = —qN*x%*fk <0

— 3

which implies that
AmilxNurl < AmilxN* =0.

As in the above case, we have seen that this contradicts the assumption that {Amflxn}
is oscillatory.

Now, we consider the following two cases either A™ 1z, < 0 or A™ 1z, > 0
eventually.
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CASE A. Suppose that A™ 1z, < 0 for n > n; > ng. By Lemma 1, there exists
an ng > ny such that for n > no

A™ 22, >0, and either (i) Az, >0 or (ii) Az, < 0.

(i) Suppose that Az, > 0 for n > ng. By applying Lemma 2, there exists nsg >
2™~ 1n, such that

1 n o\m2 . 5
In Z m (W) A Tn, for n Z ns.

There exists ngy > n3 such that

1 1 *
@ I _ 1\a(m—2) m—2 a
Ty p = (( —9 2(m2)2> (n—k) (A" 22 _i)", forn>ng.  (5)

Using (5) in (1) yields

9 «
A%z, + ppAz, + ( 2)|> (n— k)o‘(mfmqnzz‘fk <0, formn > ny, (6)

(m —

where z, = A" 2z,, n >n4 and § = 1/2(’”*2)2 . Summing up both sides of (6) from
n—kton—1, we have

n—1 a n
g . a(m— a
ANzy — ANz + Z ijZj + (m) (] - k) ( 2)quj7k <0 (7)

j=n—k j=n—k
or
n—1
0> Az, + |PnZn — Pn—kZn—k — Z 2 Apj—1
j=n—k+1
0 a [ n-1
+ (m) Z (G = k) g | 2y

j=n—~k

Since Az, < 0, z, > 0, lim, 002, = ¢ € [0,00) exists. We claim that ¢ = 0.
Otherwise, lim, .o 2, = ¢ € (0,00). So, if we take limit on both sides of (7) we get
the contradiction co < 0. Thus, we must have ¢ = 0 and z, < 22 < 1 for sufficiently
large n. And we have

n—1

0 Z Azn + Pnin — pnszsfk - Z ZjApjfl
j=n—k+1

0 a n—1 . o .
+ (m) Z (G — k)2 | 2y
! j=n—~k
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Since Ap,, <0, we have
0 e n—1
v - \(m—2)a, | _ o
Az, + ((m — 2)!> j:nz;k(] k) qj Pn—k | Zn—k <0,
for some ns > n4 and hence by (4), we have

Azp+cpzy_ ), <0, forn > ns.

67

(8)

Therefore, by Lemma 3, (3) has an eventually positive solution, which is a contradiction.

(ii) Suppose that Az, < 0 for n > ny. By applying Lemma 3, we must have j =0

and one can easily see that
(-1)A%z, >0, fori=0,1,...,m—1and n > n3 > no.
By discrete Taylor’s formula [1, p. 26], z, can be expressed as

z—1

m—3 . i
(z4+i—1-g)® i A
Ty = E A (-D'A xz—i-(

9)

1
ey b =8) " AT, (10)

for all g € N(ns,z) = {ns,ns +1, ,z}, where z € N(n3) = {ns,ns +1,...}. Using

(9) in (10) and letting z — 1 = n — k, we have

n—k
Z(s +m—g—3) M NA™ 2 n > ns.

S=g

1
(m —3)!

Ty =

Letting g = j — k, and using the fact that A™~2z,, is decreasing, we have

[e3

« n—=k
29> (ﬁ) S (shmo k39| (Am 2, )"

m—3 -
s=j—k

Summing both sides of (1) from n — k to n — 1, one can easily see that

n—1
Amilxn _pnkamigxnfk + Z ij?fk S Oa
j=n—~k

using (11) in (12), we have

n—1 « n—1
1
Azn—pnszﬁ,k-l- E q; (7) g (5 +m—j+ k — 3)(7”*3)
j=n—~k

(m —3)! S
and
n—1 1 «@ n—1 « 1
A2n+ -quj' (m) Zk(5+m—]+k—3)(m73) — Pn—k
J=n— $=7—

(11)

(12)
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where 2z, = A™ 2z, n > ny > n3. Next, by (4), we see that
Azp+ cnzp_, <0, for n > ny.

Therefore, by Lemma 3, (3) has an eventually positive solution, which is a contradiction.
CASE B. Suppose that A™ !z, > 0 for n > n;. From (1) it follows that

A"z + qurn . <0, for n > n;. (13)

By applying Lemma 2, there exists ny > 2™~ 1n; such that

1 n m—1 m—1
In Z ﬁ (F) A Tn, for n Z na.
m — 1)1 \2™m~

There exists ng > no such that

1 1 m—1
Tn—k 2 m (2m—1> (TL - k)milAmilxn,k for n > ns.

There exists ngy > n3 such that

o 1 1 “ a(m— m— o
Lk > (m W) (TL - k) ( D (A 1$n,k) y for n > ng. (14)
Using (14) in (13), we obtain

1 1

Azn + (mm) (n — k)(mfl)aqnzsik S O, for n Z Ty,

where 2z, = A™ 1z, n > n4. By (4), we see that
Az +cnzp_ <0, forn > ny.

The rest of the proof is similar to that of the above case.

THEOREM 2. Let Ap, <0, for n > ng >0, « € (0,1), liminf, .o gy, > 0, m is
an odd positive integer, kK > 1 and @, > p,—, for all large n, where

0 a n—1 1
_ . a(m—2) . _
@=(a) | X 6-0 ) 0= g

j=n—~k

If the difference equation
Azy +cnzy ), =0, (15)

where

. 1 1\ (e (m —2)t"2I\"
Cn—mln{Qn_pnk; (mm) (n—k)( 1)Qm ( (m — 2)] ) qn}
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is oscillatory, then (1) is oscillatory.

PROOF. Let {z,} be a nonoscillatory solution of (1), say x, > 0 for n > ng > 1.
As in Theorem 1, we see that {Amflxn} is eventually of one sign. To this end, we
consider the two as in Theorem 1.

CASE A. Suppose that A™ 1z, < 0 for n > n; > ng. By Lemma 1, there exists
an ng > ny such that for n > no

A" 2z, >0, and Az, > 0.

Since Az, > 0 for n > ny. By applying Lemma 2, there exists n3 > 2™ !ny such that

1 n m—2 m—2
In Z m (W) A Tn, for n Z ns.

There exists ngy > n3 such that

1 1 «
@ N _ 1\a(m—2) m—2 a
T > <( ) 2(m2)2> (n—k) (A" 2z )", forn > ny. (17)

Using (17) in (1) yields

1 1

2 __
A%z, +pnlAz, + ((m — o) 20m 2

) (n—k)*m=2g, 20 <0, forn>ny, (18)

where z, = A™ 22,, n > n4 and § = 1/2(’”*2)2. Summing up both sides of (18) from
n—kton—1, we have

n—1 a n—1
0 . alm— a
Azy = Azp ik + Y piAz + (m> > Gk <0

j=n—k j=n—k
and using the fact that A™ 2z, is decreasing, we have

n—1

0 Z Azn + Pnin — pnszsfk - Z ZjApjfl
j=n—k+1

0 a n—1 . ol .
+ (m) Z (G — k)2 | 2y
' j=n—~k

Since Ap,, <0, we have

0 \“[ =, o
Aot (m) D G=R) Vg | —pak| 2k <0, (19)
: j:nfk

for some ns > n4 and hence by (16), we have

Az +cnzp_ <0, forn > ns.
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Therefore, by Lemma 3, (15) has an eventually positive solution, which is a contradic-
tion.

CASE B. Suppose that A™ !z, > 0 for n > n;. From (1) it follows that
A"z, + quag_, <0, forn >mng. (20)

By Lemma 1, there exists an ny > nq such that A™ 2z, < 0 for n > n,. Therefore
either Az, > 0 or Ax,, <0 for n > ns. We consider these cases separately as follows:

(i) Suppose that Az, > 0 for n > ng. By applying Lemma 2, there exists nz >
2™~ ln, such that

1 n m—1 m—1
In Z m (2"1—71) A Tn, for n Z ns.

There exists ngy > n3 such that

. 1 1
Tnk =\ (m — 1)1 2(m—1)?

Using (21) in (1) yields

) (n — k)2(m=1 (Amflxn,k)a , for n > ny. (21)

1 1
(m — 1)1 20177

where z, = A™ 1z, n > n4. By (16), we have
Azp+ cnzp_, <0, for n > ns.

Therefore, by Lemma 3, (15) has an eventually positive solution, which is a contradic-
tion.
(ii) Suppose that Az, < 0 for n > ny. By applying Lemma 1, we must have j =0
and one can easily see that
(—l)iAixn >0, fori=0,1,...,m—1and n>ng > no. (23)
By discrete Taylor’s formula [1, p. 26], z, can be expressed as

z—1

S (stm—g-2)mD ATy, (24)
s=g

m—2 . i
. (z+i—1—g)® ind 1
Ty = ; i (-D'A xz-l-m
for all g € N(ns, z) = {ns,n3 +1,...,z}, where z € N(n3) = {ns,ns +1,...}. Using
(23) in (24) and letting z — 1 = n — k, we have

1
(m—2)!

n—k
Tg > Z(s +m—g-— 2)(m72)Am71x5, n > ns.

s=g

Letting g = j — k, and using the fact that A™ 'z, is decreasing, we have

o2 (m)

[e3

n—k
S (s+m+k—j—2) D | (A, x)" . (25)
=j—

s k
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Using (25) in (20), we obtain

(e n—k @
1
Ay + qn (m) ( ) (5+m+k—n—2)(m2)> 2o <0, forn>ny

s=n—~k

and
(m —2)(m=2)

sentan (M5

where z, = A™ 1z, n > n4 > n3. Next, by (16), we see that

) Zp_ <0, formn>mny (26)

Azp + cpzy i < 0,for n > ngy.

Therefore, by Lemma 3, (15) has an eventually positive solution, which is a contradic-
tion.
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