Applied Mathematics E-Notes, 8(2008), 76-81 © ISSN 1607-2510
Available free at mirror sites of http://www.math.nthu.edu.tw/~amen/

A Symmetry Result For A Fourth Order
Overdetermined Boundary Value Problem*

Mohammed Barkatou®

Received 22 January 2007

Abstract

This note is concerned with the following fourth order problem.

A%uq =1 in Q, ug = aaiuﬂ =0 on 9N, Aug =c on Of. (1)

It is well-known [1] that if (1) admits a solution then 2 is a ball. The aim here
is to give an alternative proof of this result which does not use the maximum
principle.

To prove symmetry results for overdetermined value problems, three methods have
been used: Serrin’s method [7], Weinberger method [9] and Duality method [6]. In [1],
Bennett used the Weinberger method to show the following result.

THEOREM 1. Let Q be an open, bounded and connected subset of RY. Suppose
Q is of class C?. If (1) admits a solution, then (2 is a ball.

For that purpose, Bennett introduced the auxiliary function

_N-4 N4
TN+2" T a(N+2)

o(x) (Au)? + uiu i — Vu.V(Au).
Then by using the strong maximum principle, he determined that 2 is a ball with
radius [|c|N(N + 2)]'/? and the solution of (1) is given by

-1 (1 5 Nc o 1 4
u(z) = 5N {4(N+2)(Nc) 5t 4(N+2)T }
Later, Dalmasso [5] used Serrin’s method of moving planes to show that € in (1) is a
ball and u is radial.

Our aim at present is to prove Theorem 1 without using the maximum principle
which is the classical ingredient in many proofs of the earlier results. All we need
here is to perform the derivative with respect to domain (also known as the shape
derivative), see e.g. [8]. To get similar symmetry results for other problems, this
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notion has been used for instance in [4], see also [2] where it was combined with the
Steiner symmetrization.
Before starting our proof, let us remark that (1) is equivalent to

ov

A’UJQ = C—vVQ in ﬁ, uqg = Qug =0 on 89, (2)
A'UQ =—11in Q, vQ =0 on 0N

vq is called the torsion function relative to the domain 2.
LEMMA 0. If uq solves (2), then ¢ > 0.
PROOF. Since ugq solves (2), the Green formula gives

8UQ

0= = A’UJQ = CV(Q) —/ vQ
Q

a0 OV Q
which implies

AW:WQ.

Then, by the maximum principle, vg > 0 in €, so

_ Jqva
N VQ(Q) 0.

Throughout the sequel, let w be a bounded open connected domain of class C? in
RN (N > 2) and let v be the outward normal to the boundary of w. Denote by V(w)
the volume of w and let v, be the torsion function relative to the domain w.

Av,=-1in w, v, =0 on dw. (3)

Let B be the class of the open, bounded and connected subsets of RY. Consider
0= {w € B, wis of class C? : / Uy < cV(w)}

and

Iw) =eviw) - [+ [

where v, is the solution of (3) and u,, is the solution of the Dirichlet problem.

Au, =c—v, in w, u, =0 on Jw. 4)

LEMMA 1. J(w) > 0 for any w € O. Furthermore, if 2 is of class C? and ugq solves
(2) then J(©) = 0 and J(2) = min{J(w), w € O}.

PROOF. Let w € O. According to (3) and (4), the Green formula gives

—/uw:/Akuw:c/vw—/vi. (5)
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But [ v, <cV(w), so

—/UWSCQV(w)—/vi.

Thus J(w) > 0. Now in the proof of Lemma 0, we got

/ v = CV(Q) (6)
Q

This together with the fact that Q € B and it is of class C2, implies Q € O.
Now replacing in (5) w by €, we obtain

2
C/’UQ—/’UQ—F/’UJQZO
Q Q Q

J(Q) = C2V(Q) —/ ’0521 +/ uq = 0.
Q Q

It then follows that 2 minimizes J on O.

As it is mentioned above, the use of the shape derivative will allow us to prove
that € is a ball. Before doing this, let us recall the definition of the domain derivative,
see for instance [8]. Consider a deformation field V € C? (RV;RY) and set w;, =
{z +tV(x), x € Q}, t > 0. The application Id 4 ¢tV is a perturbation of the identity
which is a Lipschitz diffeomorphism for ¢ small enough. By definition, the derivative of
J at win the direction V is

and by (6),

dJ(w,V) = lim M
t—0 t
Since the functional J depends on the domain w through the solution of the Dirichlet
problems (3) and (4) we need to define also the domain derivative of u,, (resp. vy). If
u’ (resp. v') denotes the domain derivative of u,, (resp. v,) then

. Up, — Uw
v = lim —* .
t—0
and
. Vw, — Vw
v = lim =&
t—0 t

Furthermore, we can prove ([8], [?]) the following lemma.
LEMMA 2. u/ satisfies

—Au' =0 in w and v = —88&1/4/ on Ow. (7)
v

and v’ satisfies
—Av' =0 in w and v = —%&V ‘v on Ow. (8)
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Now since J(w) = 2V (w) — j1(w) + j2(w) where ji(w) = [ 02 and ja(w) = [ u,, we
need to perform the derivative of a functional in the form F(w) = fw f(wy) where w,
is the solution of some Dirichlet problem on w and w’ satisfies

—Aw' =0 in w and w' = —%ﬂv -v on Ow. (9)

v
dF (w,V) = / I (wy) w'dx + flwe,)V - v do. (10)

w Ow

LEMMA 3. Let w € O then for any direction V:

ov Ouy, Ov
— 2 _ W2 W s,
dJ(w,V) = /&U[c 2¢( % ) % o 1V - vdo.

PROOF. In (10), one can take f =1 and obtain the derivative of the volume, i.e
dV(w, V) = V - vdo. (11)
By replacing in (10), w,, by v, and putting f(¢) = t* we obtain

dj1 (w, V) = 2/

w

v’ dz +/ V2V v do. (12)
Ow

Since v, vanishes on Ow,

djr (w, V) = 2/ v,v da. (13)

By (4)
dj1 (w, V) = 20/ v'dr — 2/ Auv'de. (14)
On one hand using (3) and (8), the Green formula gives

/v/dx:—/Avwv/dx:/ (%)2V~Vda. (15)
w w Ow ov

On the other hand according to (4) and (8), the Green formula gives

; Auv'de = — o Ea—yv -vdo. (16)
Combining (15) with (16), we get
. B Oy o Ov,, Ouy,

Now if we replace in (10), w,, by u, and put f(t) = ¢ we obtain

s V) = |

w

u'dr = —/ Avyu'dr. (18)
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Using (3) and (7), the Green formula gives

Ov,, Ouy,
= &UEWV.VCZU' (19)

The result follows then from (11) combined with (17) and (19).
Now we are ready to state and prove the following proposition.
PROPOSITION 1. If Q is of class C? and ug solves (1), then there exists a Lagrange

multiplier A such that
ova \’ clc+ M)
—_— ) = —— Q.
( v ) 2c+ A on 9

PROOF. Put j(w) = [ v,. Since Q is the minimum of J on O then there exists a
Lagrange multiplier A such that for any direction V'

de (w, V)

dJ(Q, V) = Ndj(Q, V) — cdV (Q, V).

But 6;—1,9 =0 on 99, so according to Lemma 3,

dJ(Q, V) = / i — 26222V - vdo.
o0 v
Then by (15), we obtain: for any direction V'
/ 2+ ex— 204 N2V . vdo = 0.
o0 v

Then using the density of the functions V - v in L?(9Q), we get the result.

Now the previous proposition says that vg is a solution to the Serrin problem that
is to say that Q is a ball with radius N [Céf:—j:\‘)]l/ 2 vq and uq are radially symmetric.

REMARK 1. Suppose ¢ < 0. Let w € B. By the maximum principle, v, > 0 in
w, 50 [ v, > cV(w). Therefore J(w) > 0 for any w € B. Unfortunately, the value 0
cannot be reached by Q the solution of (2), i.e.  cannot minimize J on B.

REMARK 2. Since we want to get the optimality condition, we need to perform
the shape derivative at the minimum Q which requires only the C? regularity of Q. So,
we can consider O = {w e B : [ v, < cV(w)} and suppose w of class C? in Lemma
3.

REMARK 3. One can replace in O, the inequality by its converse and obtain a
maximization problem since the optimal shape (2 leads to an equality. Then using the
same arguments as above, we reach the same conclusion.

REMARK 4. Let v, and u,, be respectively the solution of (3) and (4). Consider the
functional G(w) = ¢ [ vudz — 1 [ v2dz. Denote by Ouq some class of the admissible
domains, for example the class of the domains with the e-cone property [3]. One can
show the existence of a minimum Q of G on Oug4. Then, if Q is of class C2, the shape
derivative of G gives (for any admissible direction V)

3’&(1 8’UQ

222y =0
a0 81/ 81/ v
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It then follows that 6;—1,9 = 0 on 02 since %U_;Z < 0 on 0. This means that € is a
solution of (2).

REMARK 5. Consider the fourth order problem:

Nwg =1 in Q, wg=Awg=0 on 09, % = c% on 0,
ov ov

where vq is the torsion function relative to §2. As above, this problem is equivalent to:

— 0 0
—Awg =vg in Q, wog =0 and e :cﬂ on 0.
ov ov
Now if we put ug = wq — cvg, it is simple to see that ug solves (1) and then Q is a
ball.
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