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Abstract

1
L e
In this paper, for the integral operator {B fOZ fﬁfl | (%) “ df} to be
univalent in the open unit disk, conditions on 3, a and f;(z) are determined.
Let A be the class of all analytic functions f(z) defined in the open unit disk
U :={z € C: |z| < 1} and normalized by the conditions f(0) = 0 = f'(0) — 1. Let
S be the subclass of A consisting of univalent functions. Let A,, be the subclass of A
consisting of functions of the form

f&)=z+ > ar® (neNj:=N\{0,1}={2,3,..}). (1)

k=n-+1

Let T be the univalent [7] subclass of A consisting of functions f(z) satisfying

210 ]
T <1 cen

Let T}, be the subclass of T for which f*)(0) = 0 (k = 2,3,...,n). Let T, , be the
subclass of T;, consisting of functions of the form (1) satisfying

22 (2
W—1’<u (zeU) (2)

for some g (0 < p < 1) and let us denote T,,1 = T,,. Let S(p) be a subclass of A
consisting of all functions f(z) which satisfy

()

for some real p with (0 < p < 2). Singh [6] has shown that if f € S(p), then f(z)
satisfies

2 f'(2)
GB)E
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<p (z€0) (3)

- 1’ <plz)* (z€U).
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A subclass S, (p) of A is defined here for which f € A, satisfies (3) and
27(2)
(f(2))?

and let us denotes Sz(p) = S(p). Pascu [3] has proved the following theorem:
THEOREM A. [3,4] Let € C, RG>~ > 0. If f € A satisfies

2f"(z)
f'(z)

—1] <Pt (zeU, neND), (4)

1— |2

gl

<1 (ze€U),

then the integral operator

Fa(z) = [5 I tﬁlf’(t)dt] '

0
isin S.
Pescar [5] has obtained the following theorem.
THEOREM B. [5] Let o, 3 € C and %8 > Ra > I%I If f € A satisfies

2f'(2)
(f(2))?

and |f(z)] <1 (z € U), then the integral operator

H, 5(2) == {5/; -1 (@)é dt}%

Using Theorems A and B, Breaz and Owa [2] obtained the following Theorems C,
D, and E.

THEOREM C. [2] Let M > 1, o, 8 € C and R8 > Ra > EMADE 1ot £ € Ty and

]

—1’<1 (zeU)

isin S.

filz) =2+ alz’ (5)
s=3

foralli=1,2,....,k, ke N*:=N\ {0} = {1,2,...} and if
lfi(z)| <M (€U, i=1,2,...,k),

then the integral operator
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THEOREM D. [2] Let M > 1, @, 3 € C and R3 > Ra > *WEDMED Tt f e T ,
be defined by (5) foralli =1,2,...,k,n e N*. If | fi(2)| <M (2 €U, i=1,2,..k),
then F, g(z) € S.

THEOREM E. [2] Let M > 1, a, # € C and R > R > HEEVYED 1t f; € S(p)
be defined by (5) foralli =1,2,...,k,n e N*. If | fi(2)| <M (2 €U, i=1,2,..k),
then F, g(z) € S.

When M =1, Theorems C — E reduce to main results of Breaz and Breaz [1].

Theorem B is true even if 5 > Ra > 3/|a] is replaced by the condition RS > 3/|«.

Similarly Theorem C is true even if 5 > Ra > w is replaced by the condition

[e3

RG> 7(2]\'4;'1)]“. Theorem D is true even if R > Ra > % is replaced by the

condition RF > % and Theorem E is true even if R3 > Ra > % is
replaced by the condition 5 > %.

In this paper, Theorems C — E are extended to obtain sufficient conditions for
univalence of certain integral operator.

In order to prove the main result of this paper, the following lemma is required.

LEMMA. (Schwarz’s Lemma) If the function w(z) is analytic in the unit disk U,
w(0) =0, and |w(z)| < 1, for all z € U, then

lw(z)| <[z (2€U)

and equality holds only if w(z) = ez, where |¢| = 1.
THEOREM 1. Let f; € T, ., (i = 1,2, ...k, k € N*) be defined by

foralli=1,2,....k, a, 3 € C, RF >~ and

1+ (1+pm)M
V:ZZM (M >1,0<pu; <1, ke N"). (8)

=l

If
lfi()] <M (z€U, i=1,2,..k),
then F, g(z) € S.
PROOF. Define the function h(z) in U by

no = [ Zf[(fif))éds, o)

=1

then h(0) = A'(0) —1 = 0. Also a simple computation yields
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and () zkjé (zf;(z) ~ 1) ' (10)

Equation (10), yields

| s ([2EE] L) e L (2R || fi)
we) S;m( 7. “)‘;M((ﬁ( B2 )

The hypothesis will then yield |f;(2)| <M (M >1, z€U, i=1,2,....k ke N*).
By Schwarz Lemma, one can obtain that
lfi(z)| < M|z| (€U, i=1,2,...k ke&N").

Equations (11) and (12), imply

()| = 1 (| 2A)
B S§|oz|(<fi<z>>2

Since f; € Tp, ,,, in view of (8), using (2), (13) may be written as

Qf/(z))z —1’M+M+1> (13)

) <2m

1=1

h//

On multiplying (14) by (1 — |2]|?7)/~, the following inequality is obtained
1— 2>
Y
Since G > v > 0, it follows from Theorem A that

¢ B—=1p1 %
[5 A h(@ds] es.

zh'"(2)

— 227
W) 1-1z7<1 (z€U).

Since
L
B

= Faﬁ(z)a

[ﬁ/ozgﬁlh/(g)dg]% - l / £h- 1H (ﬂé& )

hence F, g(z) € S.
REMARK 1. By taking n = 2 and p; = p, Theorem 1 is reduced to Theorem D

By taking p; = p =1, and n = 2, Theorem 1 is reduced to Theorem C.
THEOREM 2. Let f; € Su(p) (i = 1,2,..,k, k € N*, n € N}) defined by (7),

a,Bfe€C, RB >~y and

- W (M > 1), (15)
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If
Ifi()| <M (zeU, i=1,2, ..k keN¥),

then F, g(z) € S.

PROOF. Let h(z) be defined by (9). Since of f; € Sp(p), using (4) in (13) and in
view of (15) one may have

. z’“: 1+ (L+ple/YM k1 + (1+p)M)

=1

The proof can now be completed as in the proof of Theorem 1.
REMARK 2. By taking n = 2, Theorem 2 is reduced to Theorem E.
THEOREM 3. Let a, 5 € C, RF > 72 and

k
Y2 :Zﬁ (0<61§1, 121,2,,I€, kGN*) (16)
1=1

If fie A, (i=1,2,..., k € N*) defined by (7) satisfies the conditions

zfi(z) 1’ <B (0<B<1, z€U, i=12 .k keN, (17)
fi(2)

then F, g(z) € S.
PROOF. From (10), it follows that

S Lw

=1 =1

zh'(2)
e

45-1

On making use of (17), (18) and in view of (16), the relation obtained is

k
< Y=
ol ™

The remaining part of the proof is similar to the proof of Theorem 1.
By taking 8; =1 (1 = 1,2,...,k, k € N*) in Theorem 3, the following result is
obtained.

EXAMPLE. Let o, 3 € C, R3 > |’57| If f; € A, defined by (7) satisfies

zh''(2)
h'(z)

zfi(2)
fi(z)

—1’<1 (zeU, i=1,2,..k),

then F, g(z) € S.
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