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Abstract

In this work, the existence of the global attractor for the non-linear wave
equation will be established using a method introduced by Ma et al. in [1]. The
main advantage of this method is that here, one does not need to obtain estimates
in function spaces of higher regularity.

The dynamical systems that arise from problems in mathematical physics are com-
monly generated by partial differential equations and thus the underlying space is
infinite dimensional. The global attractor which is a compact, invariant set and which
absorbs every bounded set is an important object to understand the limit behavior of
such systems. To show the existence of the global attractor, normally, two things have
to be verified: the existence of an absorbing set and the compactness of the solution
semigroup. In [1], the authors managed to find an alternative and effective method to
prove the existence of the global attractor which is stated below.

THEOREM 1. Let E be a convex Banach space and {S(t)}:>0 be a semigroup
of operators mapping F continuously into itself. Assume that {S(¢)}:>0 possesses a
bounded absorbing set in E and satisfies the following condition: (C) For any bounded

set B of E and for any € > 0, there exists a t, > 0 and a finite dimensional subspace
E, of E, such that {||P(S(t)B)||} is bounded and

(I = P)S@tyl <e VyeB, Vt=>t.

where P is a projection of F into ;. Then there exists a global attractor for {S(t)}+>0
in B.

The main advantage of this method is that one does not need to obtain estimates
in function spaces of higher regularity. In [1], the authors not only provide the method
but also apply it to a semilinear parabolic equation and Navier-Stokes equation in non-
smooth domains. They also mention that the method can be applied to the nonlinear
wave equation as well. We will demonstrate this in the following discussions.

Let © be an open bounded set of R™ with smooth boundary 0. Consider the
following equation with the unknown function v = u(z,t) where z € Q and ¢ € R (or
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180 Global Attractor of a Wave Equation

some interval of R):

up +aug — Au+g(u) = f in QxR (1)
u = 0 on 00 x R (2)

u(z,0) = wo(z) € H(Q) (3)

u(,0) po(z) € L*(2) (4)

with a > 0 and f = f(x) € L*(Q).
Assume that the non-linear function g : R — R satisfies the following growth
condition

g (s) < K(1+1s]") (5)
for some x > 0 where
0<y<oowhenn=1orn=2,

0 <~ <2whenn =3,
v =0 when n >4

Under the above assumption, it is known that ¢ is a bounded operator from H}(Q)
into L?(Q2), see [2].

Let us denote the norm of L?(Q) by |-|, the norm of H}(Q) by [|-|. We define
the inner product on H}(Q) by (u, V) i) = Jo Vu - Vude. By E, we denote the
energy space E = {y = {u,p} : u € H}(Q), p € L*()} endowed with the norm

2 2
Iyl = (lull” + |pl*)*/2.

It is known that (1)-(4) has a unique solution for each given (ug,po) € L*(2) x

H} (), see [2]. This allows us to define the semigroup of operators

St) : E—EFE
S(t){uo,po} = y(t) ={u(t),p(t)}

The following results are well known and may be found in [2].
1. S(t) maps E continuously into itself for each ¢t € R.

2. {5(t)} has an absorbing set under the following assumptions:

G)

5 =

lim inf
|s| =00 S

There exists ¢; > 0 such that

lim inf —sg(s) —aG(s)
|s|]—o00 52

>0

where



M. T. Sengul 181

So to prove the existence of the global attractor, there remains to show that the
family of operators {S(t)}+cr satisfies the Condition (C) in Theorem 1.

Let {e;} C H(£2) be the set of eigenvectors of —A with eigenvalues \;. We recall
that
0<A <A<

and that the eigenvectors {e;} form an orthonormal basis of H = L*(2). Now let H;
be the subspace of H spanned by the first IV vectors where N will be chosen later and
H, be the subspace spanned by the remaining vectors so that H = H; & H,. Let us
denote the projection of H onto Hy by Py. For p € H we define (I — Py)p = pa.

We know that the vectors {)\;1/ 2ej} form an orthonormal basis of V. = H}(Q).
Hence we similarly define the subspaces V; and V5 of V such that V =V, & V5 and we
denote the canonical projection of V onto Vi by Py. For u € V, we define (I — Py)u =
ug. For every uq, we have

|- (6)

2 1
|ug|” < py
Finally, let us define the projection P : E — V4 x Hy. For y € E, we define (I — P)y =
yo = {ua,p2} € Va x Hy. By orthogonality, we have |ly||; = | Py||% + [lv2]5-
We will now show that the Condition (C) in Theorem 1 is satisfied, i.e.
THEOREM 2. Let € > 0. Then for any bounded set B in F, there exists a t, > 0
and an N > 0 such that ||y2(t)|| p < € when t > t, for every y € B.

Let us take an arbitrary bounded set B in E and let the initial condition yo =
{uo,po} be in B. The existence of an absorbing ball guarantees that there exists
to(B) > 0 and p > 0 such that S(¢)B C B(0,p) when t > t5. So without loss of
generality we may assume that to = 0 and y(t) = {u(¢t),p(t)} € B(0,p) for all t > 0.
That is ||u(t)|| < p, [p(t)] < p for all t > 0.

Denoting % = v/, we restate the equation as

u +au — Au+g(u) = f (7)

We set v = ' +eu = o) Bi(t)ei(z) +ed oy ai(t)e;(z) where 0 < ¢ < a/4. We
rewrite (7) in terms of the new variable v and take its scalar product with (I — P)v =
ve = uh + cus in L? to obtain

(v, v2) + (@ — €)(v,v2) — &(a — &) (u, v2) — (Au, v2) + (g(u), v2) = (f,v2).  (8)

Using the orthonormality of the base vectors e;, Green’s formula and the fact that
vg = 0 on the boundary, we end up with the equation

%%(IIWII2 + [vaf*) + ¢ fJuall* + (= &) [va]” = e(a = &) (ua, v2) + (9(u), v2) = (f, v2)-

Using (g(u), v2) = e(g(u), u2) + % (g(u), u2) — (¢'(u)u’, uz), we obtain

d
= {llual® + eal? + 2(9(w), u2) b + < Jual* + (o= &) o

—&(a — &) (uz, v2) + e(g(w), uz) — (¢ (W', ua). 9)

N =

(fan) =
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Let us choose N large enough so that
AN > o2 (10)
Now, using (6),

—e(a—¢)

— =" ||uz|| |vz|.
VAN+1

—e(a — e)(ug,v2) > —e(a — €) |ug| |va| >

Since y/An+1 > « — ¢ by (10), we have
1 1
—e(a—¢g)(uz,v2) > —€(§||U2||2+§|02|2) (11)

Now we will obtain estimates for the term (¢'(u)u/, uz) using the estimates introduced
in [2]. These estimates will depend on n, the dimension of the space.

1. The case n > 4. In this case v = 0 and by (5),
lg'(s)| < 2k Vs € R.

So, we have

2K
(¢' (', ug) < 2/@/ '] Jug| do < ——== v/ [|uz|
Q VANF1
R 2 2 2I£p2
< (P fus?) < L
>\N+1 >\N+1

Hence
Co

VAN+1

2. The case n = 3. We use Holder’s inequality with p; = %,pg = %,pg = 2 to
obtain

(¢’ (uu', ug) < (12)

(¢' (', uz) < lg" ()]l o uall | oo |u']- (13)

Since 0 < v < 2, we have 2 < % < 6. The case 7 = 0 is handled above so we
assume 2 < % < 6. By the interpolation inequality in LP spaces, we know that
there exists 6 € (0,1) such that

0 1-0
luzll oo < Jual” [luz ]l

3—v

By the Sobolev embedding theorem and the fact that |luz| < ||u]] < p, there
exists C' such that

luall e < Cflua| @~ < € = Cu.
Using (6) and the above estimate,

[ L G G
Av40)?2 7 (Avg)?2 (Avga)?/?

[uall | zo < Ca e

3—v
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The condition (5) guarantees that ||g’(u)]| s < Cy whenever [l < p

L

g’ (w)]

&~ 2o

< / [6(1+ [u)])*da < keI + [|ulz6] < me(NQ + p°] < Cs.

6 =
Hence (13) becomes

Cs , Cs

"', ug) < Cp—u— |t/ | = —2——.
(g( ) 2) 4(>\N+1)0/2 | | (>\N+1)0/2

(14)

3. The case n = 1,2. For this case, we again apply Holder’s inequality with expo-
nents py = 4,p =4, p3 = 2,

(¢' (W, uz) < llg"(w)l| pa [luzll o |u']- (15)
Using the interpolation inequality and the embedding as above

3/4 Cs

1/4
||’LL2||L6 S (>\N+—1)1/8 .

l[uzll s < uz|
After similar calculations as in the case n = 3, it can be shown that
9/l < Cr [ (1-+1ul*)dz < G
since Hg(Q) — L*(Q). Using |[v/| < p, (15) becomes

CsCsp Cy

(¢ (wu',uz) < (An41)1/8 - Ans1)1/8 (16)
By the results (12), (14) and (16), there exists Ny > 0 such that whenever
N > Ny (17)
An+1 is large enough to guarantee
&3
(9" (w', uz) < <. (18)

Now let f(z) = Y ;o aiei(z) and fp,(z) = Zf\il a;e;(x) be the partial sums.
Then there exists N7 > 0 such that whenever

N >N, (19)

4

we have |f — fn| < {5 so that,

(F.02) = (f = Fvy2) < If = Il loal < (2 1f = Inl® + 5 [eal?)

That is
3

3 3 2
< — - .
(fo2) < S+ S ool (20)
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Putting the results (11), (18) and (20) in (9), we find that

1d €
5 lul® + feal® + 2(g(w), u2) + (= = 5) e
2
+(a—e=5—35) el +elg(u),u)
g &
< =4+ —.
S 2R

Since € < a/4, we have a — 2¢ > ¢, so that

d g3
E(Hulel2 + [va|* + 2(g(w), u2)) + & [|uz]|* + & [va|* + 22(g(u), uz) < 5
We put ®(t) = |Juz(t)]|* + [v2(£)]* + 2(g(u), uz) to obtain
d g3
—D+ed < —.
i’ T =
By Gronwall’s inequality,
2
€
®(t) < (to) exp(e(to — 1)) + < (1 — exp(e(to — 1)) (21)

Since ¢ is a bounded operator from V into H, there exists R > 0 such that
lg(v)| < R whenever ||Ju|| < p. Hence we can obtain the estimate

2R 2Rp g2
2(g(u), uz) < 2[g(u)| uz| < [Juz|| < <3
VANFL VANFL
by choosing N large enough to guarantee that
8Rp\>

So (21) becomes

ua(®)]F + ()] < = + ®(to) exp(e(to — 1) + = (1~ exp(elto —1))  (23)

and we have

2 2
Juzl® + " < [Juall® + |(ub + euz) — usl
< ual® + 2 [vef? + 26% uaf?
2¢2
< el + 2 vl + hy [[uz|?
N
2 2
< 2(Jluzl]” + |v2[7)

since (10) implies
AN41 > 262
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Hence (23) becomes
g2 g2
I3 =l ' < 5+ 2 (10) exple(t — 1)) + - (1~ exp(eto — 1)) (24)

We want to find a ¢, > 0 such that the right hand side of (24) becomes less than
2. For this we choose,

1 D(ty) — €2
t*—to—l-—ln(%)
€ 2e

And this proves the theorem, that is for any given ¢ if one chooses N so that
(10), (17), (19) and (22) are satisfied then

ly2(t)llp <e Vit > t,.
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