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Abstract

In this paper, by using the Mountain Pass Theorem, the existence of solutions
for a nonlinear system is established. As an application, we obtain the existence
of solutions for the boundary value problem involving a second order difference
equation.

1 Introduction

Nonlinear systems of equations arise in many applications [7, 10]. Here we consider the
following nonlinear system

Au−∇uF (u) = 0 (1)

where A is a given m × m positive definite matrix (m is a positive integer), u =
(u1, u2, ..., um)

T is a column vector in the m-dimensional Euclidean Space Rm, F ∈
C1(Rm,R) and ∇uF (u) denotes the gradient of F (u) in u.
As a special case of (1), we consider the boundary value problem of the second order

difference equation

72un−1 + fn(un) = 0, n = 1, 2, ...,m,
u0 = 0 = um+1,

(2)

which has been studied by many scholars, see for examples, [1, 2, 3, 4, 9, 10]. (2) can
be rewritten as a system of the form (1) where

F (u) =
m[
k=1

] uk

1

fk(s)ds (3)

∗Mathematics Subject Classifications: 39A10
†Department of Applied Mathematics, Guangzhou University, Guangzhou, Guangdong 510006, P.

R. China

153



154 Existence of Solutions for Nonlinear Systems

and

A =

⎛⎜⎜⎜⎜⎜⎝
2 −1 0 · · · 0
−1 2 −1 · · · 0
...

...
...

...
...

0 0 0 · · · −1
0 0 0 · · · 2

⎞⎟⎟⎟⎟⎟⎠
m×m

(4)

is a positive definite matrix.
In recent years, critical point theory has been used successfully to study the pe-

riodic solutions and boundary value problems of difference equations[3, 5, 6, 11, 12].
Motivated by these works, in this paper, we make use of the Mountain Pass Theorem
to obtain the existence of solutions of the system (1). For this purpose, we define a
functional I : Rm → R by

I(u) =
1

2
uTAu− F (u). (5)

It is easy to see that

I 3(u) = Au−∇uF (u). (6)

Therefore, u ∈ Rm is a solution of (1) if and only if u is a critical point of I(u). To
seek the solutions of the system (1), we only need to find the critical points of I(u).
Let n · n denote the Euclidean norm in Rm, that is,

nun =
#

m[
i=1

u2i

$ 1
2

for u = (u1, u2, ..., um)
T ∈ Rm. (7)

THEOREM 1. Assume that F (u) ≥ 0 for u ∈ Rm and satisfies the following
conditions
(F1) limnun→0

F (u)
nun2 = 0,

(F2) limnun→+∞
F (u)
nun2 = +∞.

Then system (1) has at least one nontrivial solution.

THEOREM 2. Assume that F (u) ≥ 0 for u ∈ Rm and satisfies the following
conditions
(F3) limnun→0

F (u)
nun2 = +∞,

(F4) limnun→+∞
F (u)
nun2 = 0.

Then system (1) has at least one nontrivial solution.

Consider the boundary value problem (2), we can easily get the following corollaries.

COROLLARY 1. Assume that fk ∈ C(R,R) and
U z
0
fk(s)ds ≥ 0 for k = 1, 2, ...,m,

z ∈ R. And fk for k = 1, 2, ...,m satisfy also the following conditions

(H1) limz→0
R z
0
fk(s)ds

z2 = 0,

(H2) limz→∞
R z
0
fk(s)ds

z2 = +∞.
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Then the boundary value problem (2) has at least one nontrivial solution.

COROLLARY 2. Assume that fk ∈ C(R,R) and
U z
0
fk(s)ds ≥ 0 for k = 1, 2, ...,m,

z ∈ R. And fk for k = 1, 2, ...,m satisfy also the following conditions

(H3) limz→0
R z
0
fk(s)ds

z2 = +∞,
(H4) limz→∞

R z
0
fk(s)ds

z2 = 0.
Then the boundary value problem (2) has at least one nontrivial solution.

We note that, for the boundary value problem (2), if there exist positive constants
a1, a2,M and µ > 2 such that] z

0

fk(s)ds ≥ a1|z|µ − a2 for |z| ≥M, k = 1, 2, ...,m. (8)

Then, fk satisfies (H2). And if there exist positive constants a3, a4,M1 and 1 < µ1 < 2
such that

0 ≤
] z

0

fk(s)ds ≤ a3|z|µ1 + a4 for |z| ≥M1, k = 1, 2, ...,m. (9)

Then, fk satisfies (H4). Therefore, Corollary 1 and Corollary 2 improve the results of
Theorem 1 and Theorem 2 in [10], respectively.
Now, we provide two examples to show that F (u) may have many other complicated

forms beside the form (3).

EXAMPLE 1. Let

F (u) =
m[
i=1

bi|ui|αi + α0(u
4
1 + u

2
1u
2
2 + u

4
4)

where bi > 0,αi > 2 for i = 1, 2, ...,m and α0 ≥ 0. Then F (u) ≥ 0 and satisfies the
conditions (F1) and (F2).

EXAMPLE 2. Let

F (u) =
m[
i=1

ci|ui|βi + β0|u1| 53 (sinu2 + 1)

where ci > 0,βi ∈ (1, 2) for i = 1, 2, ...,m and β0 ≥ 0. Then F (u) ≥ 0 and satisfies the
conditions (F3) and (F4).

2 Proofs of Main Results

In this section, we will prove Theorems 1 and 2. To this end, we first state the Mountain
pass theorem which can be found in [8]. Suppose E is a real Banach space. Let
C1(E,R) denote the set of functionals that are Fréchet differentiable and whose Fréchet
derivatives are continuous on E. For I ∈ C1(E,R), we say I satisfies the Palais-Smale
condition (henceforth denoted by P. S. condition) if any sequence (um) ⊂ E for which
I(um) is bounded and I

3(um)→ 0 as m→∞ possesses a convergent subsequence.
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LEMMA 1 (Mountain Pass Theorem). Let E be a real Banach space and assume
that I ∈ C1(E,R) satisfies the P.S. condition. Suppose I(0) = 0 and
(I1) there are constants ρ,α > 0 such that I∂Bρ ≥ α, and
(I2) there is an e ∈ E\Bρ such that I(e) ≤ 0.
Then I possesses a critical value c ≥ α. Moreover, c can be characterized as

c = inf
g∈Γ

max
u∈g([0,1])

I(u),

where

Γ = {g ∈ C([0, 1], E)| g(0) = 0, g(1) = e}.

Since the matrix A is positive definite, the eigenvalues λ1,λ2, ...,λm of A are posi-
tive. Let

λmin = min{λ1,λ2, · · · ,λm}, λmax = max{λ1,λ2, · · · ,λm}.
Then

λminnun2 ≤ uTAu ≤ λmaxnun2.

PROOF OF THEOREM 1. We will use Mountain Pass Theorem to prove the
results. In fact, let E = Rm. Clearly, the functional I(u) defined in (5) satisfies that
I ∈ C1(E,R) and I(0) = 0. We now show that I satisfies P. S. condition. Let {I(u(k))}
be a bounded sequence. Then there exists a positive constant C such that

|I(u(k))| ≤ C for k = 1, 2, · · · ,m.
According to (F2), there exist constants α >

1
2λmax and R > 0 such that

F (u) ≥ αnun2 for nun ≥ R.
So,

−C ≤ I(u) = 1

2
uTAu− F (u) ≤ (1

2
λmax − α)nun2, nun ≥ R.

Thus, {u(k)} is bounded and has a convergent subsequence. I satisfies P. S. condition.
Next, we show that I satisfies (I1) in Lemma 1. By (F1), there exist positive

constants �1 <
1
2λmin and ρ1 such that

F (u) ≤ �1nun2 for nun ≤ ρ1.

Thus,

I(u) =
1

2
uTAu− F (u) ≥ (1

2
λmin − �1)nun2 = (1

2
λmin − �1)ρ

2
1 > 0

for nun = ρ1. So, (I1) holds.
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Last, we show that (I2) holds. According to (F2) again, there exist constants
α1 >

1
2λmax and R1 > ρ1 such that

F (u) ≥ α1nun2 for nun ≥ R1.
Thus,

I(u) =
1

2
uTAu− F (u) ≤ (1

2
λmax − α1)nun2 = (1

2
λmax − α1)R

2
1 < 0

for nun = R1 and (I2) follows.
According to the Mountain Pass Theorem, I(u) possesses a critical value c > 0

which implies that I(u) has a nonzero critical points. The proof of Theorem 1 is
complete.

PROOF OF THEOREM 2. We will show that the functional −I(u) satisfies all
conditions of the Mountain Pass Theorem. In fact, let E = Rm, then −I ∈ C1(E,R)
and −I(0) = 0. We will show that −I satisfies P. S. condition first. Let {−I(u(k))} be
a bounded sequence. Then there exists a positive constant C∗ such that

|I(u(k))| ≤ C∗ for k = 1, 2, · · · ,m.
According to (F4), there exist constants 0 < �2 <

1
2λmin and R2 > 0 such that

F (u) ≤ �2nun2 for nun ≥ R2.
So,

−C∗ ≤ −I(u) = −1
2
uTAu+ F (u) ≤ (−1

2
λmin + �2)nun2, nun ≥ R2.

Thus, {u(k)} is bounded and has a convergent subsequence. And −I satisfies P. S.
condition.
Next, we show that −I satisfies (I1) in Lemma 1. By (F3), there exist positive

constants M2 >
1
2λmax and ρ2 such that

F (u) ≥M2nun2 for nun ≤ ρ2.

Thus,

I(u) = −1
2
uTAu+ F (u) ≥ (−1

2
λmax +M2)nun2 = (−1

2
λmax +M2)ρ

2
2 > 0

for nun = ρ2. So, (I1) holds.
Last, we show that (I2) holds. According to (F4) again, there exist constants

0 < �3 <
1
2λmin and R3 > ρ2 such that

F (u) ≤ �3nun2 for nun ≥ R3.
Thus,

−I(u) = −1
2
uTAu+ F (u) ≤ (−1

2
λmin + �3)nun2 = (−1

2
λmin + �3)R

2
3 < 0
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for nun = R3 and (I2) follows.
According to the Mountain Pass Theorem, −I(u) possesses a critical value c > 0

which implies that I(u) has a nonzero critical points. The proof of Theorem 2 is
complete.
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