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Abstract

Two inequalities involving Vandermonde-type determinants are established.

1 Introduction

The determinant of the Vandermonde matrix of order n is well-known:
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Obviously, if 1 <z < -+ < xy,, then V() > 0.
In [1], Xiao and Zhang gave a general form of the Vandermonde determinant of
order n:
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where 0 < z; for 1 <7 < n and r € R. And they proved an integral identity relating
Vo (z; ) with V,,(2):

n—1
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where 1 # —1,-2,..., —(n — 1), t, =1 — 7' t; and
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The main purpose of this paper is to define a new type of Vandermonde determinant
and investigate the corresponding inequalities.
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2 Main Results

We first begin with some definitions.
DEFINITION 1. If ; > 0 and «; € R for 1 < i < n, then
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is called a generalized Vandermonde determinant of order n.

DEFINITION 2 ([2]). Let A = (aij)nxn be a matrix of order n , where a;; € C for
1<i<n,1<j<n. Then the permanent of order n of A, written perA, is defined
by

peTA = Z Aj11QA352 * * * Qjm = Z A15, Q255 ** - Ang, -
11827+ ip Jijz2 -+ dn

In this paper we shall also use other symbols: the permanent of A is denoted by
| ag; |3 or

+
ail a2 o QAin
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T Aiy1ip2 " Qi = 15,0255 " Angp,»
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where each sum is taken over all the permutations of {1,2,--- ,n}.

THEOREM 1. Let 0 < 1 < 9 < -+ < &p, and a1 < ag < --- < . Then we
have

Vi(z,a) > 0. (5)
THEOREM 2. Let 2; >0 and o; > 0 for 1 <7 <n. Then
I o2 -
I (z, @) = ~ .1. .2. n < H ~ ij , (6)
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where h,(z,a) = o] Z H xZ’ is called a Hardy function with respect to z and a.
drigeein j=1
PROOF of Theorem 1. We shall prove it by mathematical induction. For n = 1,
inequality (5) is obvious. For n = 2, using Lagrange’s mean value theorem, we have
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where 21 < £ < x9. Hence (5) holds. Suppose inequality (5) is true for n — 1 with

n> 2, ie.,
g g
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Viea(a) = | 720 7% >0 (7)
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where 0 < & <é3<--- <&, and as < ag < -+ < ay,. Let
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By Lagrange’s mean value theorem, we get
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where x,,_1 < &, < x,. By similar considerations, it is easy to see that
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where 0 < 21 < & <o < - < Tpo1 <&,

< T, and ag < ag < --- < ay. For general
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n, from (7), (8) and the result above, we obtain
Va(z, a) = ¢(zn) H x?I
j=1

=Vho1(&, ) va?l H [(aj — o) (25 — xjfl)gj_al_l} >0, 9)
j=1 0 =2

where 0 < 1 < & <o < - < Tpo1 <& <xpand o < ag < ag < -+ < ay. The
proof of Theorem 1 is completed.

From Theorem 1, it is easy to obtain an interesting result:

COROLLARY 1. If 0 <z < 9 < -+ - < Tp, 1 < g < -+ < ay, and ¢ > 0, then
the following polynomial of one variable which pass n points (x;,u;) for 1 < i < n is
unique:

u(t) = i byt (10)

COROLLARY 2. Let 0 < z1 <22 < -+ < Zp < Tppr and 0 < a3 < ag < « -+ < Q.
Then
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PROOF of Theorem 2. We will obtain its general form:
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where all numbers of n — m rows equal 1. For m, it will be verified by mathematical
induction also. Without loss of generality, we may assume that 0 < 1 < 22 <+ -+ < Ty,
Then, from a; > 0 for 1 <i < n,

0<al <y’ <--- <y (12)

n

Obviously, for m = 1, the equality of (11) holds. For m > 1, we delete the element at
i-th row and j-th column from the | a;; |}, then we obtain a permanent of order (n—1).
And it is called cofactor of a;; denoted by M;;. For m = 2, by x7? < 25> < --- < 252,
it is easy to get the following:
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From Chebysef’s inequality, we observe that
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It follows that inequality (11) is true for m = 2. Assume that (11) holds for m — 1.
Then

hm—1n(z, ) < H —ZCL’;}‘ (16)
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where 27" = 1 form+1 <i<n1<j<nand Mjj = M3 > 0for2 <i<n.
Therefore My — My = Y i, (25" — x{*)M7; > 0. That is
1 1
— M1 > —= M.
-1 "7 ="
By similar arguments, we see that (14) is true.
Now by the properties of a permanent, we get
zf* agr o ape |
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Combining (12) and (14) with the proved result above, by Chebysef’s inequality and
inductive hypothesis, we have
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Hence, inequality (11) is true for m. Setting m = n, we obtain the conclusion of
Theorem 2. The proof is completed.

COROLLARY 3. Let f:[0,1] — Ry, Inf : [0,1] — R such that f and In f are
integrable. If a € R, and lim,, 4o M n (f; @) exists, where

G R e @) |

n(fs0) = | 17 ) I G G

3

Z?gl a; m
[exp (/01 lnf(a:)dx)] < hm B (f5 0 H/ x)|“dx.

PROOF. Let A(a) = 237 | a;,G(a) = {/[],_; a;. From inequality (11) and the
arithmetic-geometric Inean inequality, we have

then

(G < hn(a,0) < ] AU
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where [ = (f (), (3)s-+- [ () and fu? = (f% (), [ (), [ () for
1 < j < n. Itis easy to see that the integral analogues of the above inequalities are
just our desired (17). The proof of Corollary 3 is completed.

COROLLARY 4. Let 0 < aa; < 1lfor1 <j<nand

GCQn::{ le n xER”}

/ hp(z, a)dzdey - - - day, < n_'
G n.

Then

PROOF. From inequality (6) and the well known power mean inequality ([9], [10]),
for 0 < a; <1 with 1 < j < n, we have

n 1 n n 1 n aj
— < - )
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From the above and = € G C €, it follows that

/hn(a:,a)d:cld:rg---d:cn</dmldatg--~dxn</ dridzy -+ -dx, = —.
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Thus, Corollary 4 is true.
For more information of the Hardy function, please refer to ([3]-[8]). It would also

be of interest to show that
n n
n ] 1 0“
18
<]l ( o ) : (18)
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where by = by = -+ 2 by, > 0, a1/by = az/ba = -+ = an/b, > 0, which is true for
n =1 and 2.
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