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Abstract

The initial boundary value problem for a class of evolution equations with
nonlinear damping in a bounded domain is considered. By modifying the method
in [8], we prove that any solution, with nonpositive initial energy as well as small
positive initial energy, blows up in finite time under some conditions. The esti-
mates of the lifespan of solutions are also given. We improve an earlier result in
[12].

1 Introduction

In this paper we are concerned with the blow up of solutions of the initial boundary
value problem

N
0
gy — Aug — ; oz [0 (ua;) + Bi(ua,e)] + hue) = f(u), (1)
u(z,0) = uo(z), u(z,0) = ui(z), z € Q, (2)
u(z,t) =0,z € 90, > 0, (3)
where A = Zjvzl 59722 and Q is a bounded domain in R, N > 1, with a smooth
J
boundary 92 so that the divergence theorem can be applied. Here, o;(s) = |s|™ 2 s

and Bi(s) = |s|"?s, i =1,..., N, m,~y > 2, are continuous functions. h(s) = |s|li2 s,
I > 2, is a nonlinear damping term and f(s) = |s|p72 s, p > 2, is a nonlinear source
term.

Equations of type (1) are used to describe longitudinal motion in viscoelasticity
mechanics, and can also be seen as field equations governing the longitudinal motion
of a viscoelastic configuration obeying the nonlinear Voight model [1,2,4,6]. In the case
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where 0; = 0,7 =1,...,N, h =0 and f = 0 and N = 1, there has been a rather
impressive literature concerning the existence and nonexistence of global solutions and
properties of solutions [1,2,5]. When the influence of the nonlinear damping and source
terms are considered, there are also many results [6,11,14]. In addition, Clements [3]
treated the problem (1)-(3) with 3; = 0,7 =1,..., N, h=0and f = f(z,t) and obtained
the global existence of weak solutions by using monotone operator theory. Later, Ang
and Dinh [4] investigated the problem (1)-(3) with 5; =0 for ¢ = 1,...,N, f = 0 and
h = |us|” sgnuy for 0 < o < 1. They established the global existence of solutions under
some conditions. Recently, in [9,10,13], the authors studied the problem (1)-(3) and
obtained global existence results under the growth assumptions on the nonlinear terms
and the initial data. These global existence results have been improved by Liu and
Zhao [7] by using a new method. As for the nonexistence of global solutions, Yang [12]
obtained the blow up properties for the problem (1)-(3) with the following restriction

1/6
on the initial energy E(0) < min {— (%) , —1} , where F(0) is given later in

(4), p > m and ki, ke and § are some positive constants.

In this paper we show that the local solution of the problem (1)-(3) with nonpositive
initial energy as well as small positive initial energy blows up in finite time. We modify
the method in [8] and obtain nonexistence of global solutions under more relaxed
condition on F(0) so that we extend the result of [12].

Let
U= L([0, T Wy ™ (@) N W ([0, T; L2(9))
AW, T L'(€) 0 W ([0, T Wy 7 (92)),
where T > 0 is a real number. Throughout this paper, ||-||, is the norm of LP(Q),

p > 1. We need the following local existence result in [9,10,13].
THEOREM 1. Suppose that 2 < m < p < p* and that ug € Wol’m(Q), uy € L?(Q).

m

Then there exists a unique solution u € U of (1)-(3) satisfying u € U, where p* = 2
if N >m, and p* =00 if N <m.

2 Results
We define the energy function associated with a solution u of (1)-(3) by
1
B(1) =  Jull3 + 7). 10, 0
where
T0) = — Ve = S ) o)
= —Vu®)l, " u(t)|P.
Note that we have
1 1
E(t)> — )l — =lullb, t > 0. 6
) 2 2 IVu®l = Sy, = (6)
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By Sobolev embedding theorem, we get E(t) > G(||Vu(t)|]n) for t > 0, where G(\) =
P

Lym — %)\p, here B is the Sobolev’s constant from W, () to LP(Q). Note that

G(A) has the maximum at

and the maximum value is
Ei=G(\)=(——~)BI™.
1 (A1) (m ) i

Furthermore, by means of the divergence theorem, it is easily seen that the following
holds.

LEMMA 1. E(t) is a nonincreasing function on [0, 7] and
!
E'(t) = — Juell; = Vuells — Ve (7)

Adapting the idea of Vitillaro [8], we have the following Lemma.

LEMMA 2. Assume that £ (0) < E;. (i) If || Vuol,,, < A1, then |[Vu (t)]],, < A1 for
t > 0. (ii) If [[Vuol|,, > A1, then there exists Ap > Ay such that ||[Vu(t)],, > Ao for
t>0.

THEOREM 2. Suppose that the assumptions of Theorem 1 hold and that p >
max{m,{} and m > . If E(0) <0, or, 0 < E(0) < E; and |[Vuo||,, > A1, then the
local solution of the problem (1)-(3) blows up at a finite time 7.

We remark that the life span T is estimated by 0 < T < %, where L(t) and

c13 are given in (20) and (30) respectively, and 6 is some positive constant given in the
following proof.

PROOF. (i) For 0 < E (0) < E4, we set
H{t)=E,—-E(),t>0, (8)
where Fy = M By (7), we see that H' (t) > 0. Thus we obtain
H(t)>H(0)=E;,—FE(0)>0, t>0. 9)
Let
At) = /Quutda: + % Va3 . (10)

By differentiating (10) and then using (1), we obtain

l_
At = ful?— |val” - /Q e~ wpuda

N
a Z/ |U’Iit|’y_2 uwltuwldl‘ + ||UH§ : (11)
=179
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Hence, by (4), we obtain from (11)

At = alHutH;JragHVu(t)Hzf/|ut|l_2utudx
Q
N
_Z/ ‘uﬂ:it|’y_2umtumidl‘+pH<t>_pEQ- (12)
=179

where a; =14 £ and a; = . — 1. We observe that a; > 0 for i = 1,2. Moreover
AG - AT V()]
2 A Pl pE,
g g
c1 [vu(t), + c2, (13)

az |Vu()|n — pEy = az ITu(®)|™ + az A7

Y

where the last inequality is obtained by Lemma 2 (ii), A2 is given in Lemma 2, ¢; =
as AQ}\:{\l and cg = a2 A" — pEs. By Lemma 2 (ii), we have ¢; > 0 and by (9), we see
2

that co > 0. Thus, by (13), we arrive at

A1) > a2+ e [Vu@)m - / |2 wgudz
Q

N
A
i=1"9

On the other hand, by using Hoélder inequality twice, we have

‘/ lug|' % wpuda
Q

where ¢3 = (Vol(Q))pl_;l. Note that, from (8) and (6), we get

72 Ug ;1 Ug; dx + pH(t) (14)

1-2 b -1
< cglull, " llullf luel; (15)

1 mo 1 1.1
H (1) < By — Va7 + 2l < By — o+l

where the last inequality is derived by Lemma 2(ii). Thus, by (9) and Sobolev embed-
ding theorem, we see that

1
0<H()<H()< 5 [ully < ko [[Vully,, t >0, (16)

where ko = Epi. Then, using (16) and Hélder inequality, we have from (15)

_ 2 11 _
/§2|ut|l “wpude| < e ull ] HOT fudly ™
Hence by Young’s inequality, we obtain
[ el = weude| < e (64l + <7 ) ) (1)
Q
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where a; =2 =1 >0,6; >0, = L and ¢4 = e3p~ . Letting 0 < o < oy and by
l P -1

(16), we see that

/ lue) 2 wpuda
Q

Similarly, as in deriving (18), we also have

<cr (SH O ullh + 7" H O HOTH®) . (18)

N

y—2
E /|uxlt\ Ug; t U, AT
i=1 79

< o5 (SH OVl +2,” H(O) ™ HO™H'()). (19)

where 0 < a < ag, ap = ==L > 0,62 > 0,7 = 715 and ¢5 = (vol(Q))% kg 2. In
order to satisfy both (18) and (19), we choose 0 < a < min{ay, s }.
Now, we define

L(t)=H ()" +8A(t), t >0, (20)

where 61 is a positive constant to be specified later. By differentiating (20), and then
by (18), (19) and (15), we see that

L' > [1 a8 (c4s;l’H (0)*~ 4 c5e; " H (0)“—‘*2)} H(t) ™ H'(t)

81 [an el + pH @) + 61 (e = ess3H (0)) [Vult),
—b1cqet H(0)™ o] (21)

Letting a3 = min{a;, =5+, §} and decomposing 6;pH (t) in (21) by 61pH (t) = 2a361 H (t)+

(p — 2a3)61H(t), and by (8) and (4), we obtain
L' > [1 a8 (c4s;l’H (0)*™ 4 c5ey " H (0)“—‘*2)} H(t) @ H'(t)

2a -
01 [ B2 sl B 7l + 81 (01— ) ol

. 2(13

+61(c1 — ese3 H (0)™ M IVu@)lly, + (0 — 2a3)61H (). (22)

m
No;v, we choose £1,2 > 0 small enough such that €] < S22 H (0)™, e < 5%-H (0)*
an

0<61<(

- (casT H () 4 csey ™ H (0)* ")
Then (22) becomes

L/ (t) = eoby (Ilully + lluell3 + H (8) + [ 7ull7) (23)
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here cg = min {%3, a; —az, 3=, p— 2a3} . Thus L(t) is a nondecreasing function for
t > 0. Letting 6; be small enough in (20), then we have L (0) > 0. Hence L (t) > 0
for t > 0. Now set § = +1—. Since a < min{oy, a2} < 1, it is evident that 1 < 6 <
By Young’s inequality and Holder inequality, it follows that

L) <er [H (t) + (/Q umdm)g + (|Vu|§>0] : (24)

where ¢; = 22°=Y max{1, §/}. On the other hand, for p > 2 and using Holder inequality
and Young’s inequality, we obtain

1
1—min{ai,a2}"

0
0, 110 0 v
([ weute) < cs Bl ully < co (Jully? + uels”). (25)
where cg = (VOI(Q))Q(Z’:’;Q), % + 1 =1 and ¢g = cy(cs, p,v) > 0. Now choose a €
0, min(e, as, 3 — %, 1-— %)) and take v = 2 (1 — ) to get uf = % < p. Note
that, from (16), we see that
1 \7 ko \7?
> 1 and > 1. 26
() ey = 1ana (75 ) 9l > (26)
Thus, from (26), we obtain
0 2
lull,” = llull 37 < cio [lull;, (27)
and by Holder inequality, we also get
20 m
IVally” < en [[Vull,, , (28)

1- p(132f1) (m—2)6 k e
where ¢1g = (m and ¢11 = (vol(Q)) ™ ™ ( 9 ) . Consequently by
(25), (27) and (28), we have from (24)

[% m 2
L) < iz [H @)+ ullh + [9ully + Jull3] (29)
here ¢y is some positive constant. From (29) and (23), we get
L'(t) 2 el ®), t20, (30)

here ¢13 = CJC%. An integration of (30) over (0,t) then yields

1
6—1

L) 2 (L) =i (0-1)t)

Since L (0) > 0, (31) shows that L becomes infinite in a finite time 7' < T* =
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(ii) For E(0) < 0, we set H(t) = —E(t), instead of (8). Then, applying the same
arguments as in part (i), we have our result.

REMARK. If 8, =0 for i = 1,..., N, then (1)-(3) becomes

N -
U — Aug — Y a%iai (tg,) + h(ur) = f(u) in Q x [0, 00),
i=1

u(x,0) = uo(l_’),ut(x,O) =u(x),z € Q, (32)

u(z,t) = 0,2 € 9Q,t > 0.

The nonexistence of global solution of (32) can be shown by using arguments similar
to those in the proof of Theorem 2.

THEOREM 3. Suppose that the assumptions of Theorem 1 hold and that p >
max{m,(}. If E(0) <0, or, 0 < E(0) < E; and ||Vuo|,, > A1, then the local solution
of the problem (32) blows up at a finite time 7.

Indeed, we first define the energy function E(t) for problem (32) as in (4) . Repeating
N

the arguments of the proof of Theorem 2, dropping Y [, |t 1|2 U, dz in (11),
i=1

(12) and (14), [V in (7) and letting c5 = 0 in (51), then, we can easily get the
conclusion of Theorem 3.
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