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Abstract
In this paper, we estimate the relative asymptotic position and shape of the
limit cycle in a rheodynamic model of cardiac pressure pulsations and prove that
when the bifurcation parameters are sufficiently large, the limit cycle will be
asymptotically close to a rectangle.

1 Introduction

In [2], based on rheodynamic principles, Petrov and Nikolov presented a mathematical
model for cardiac pressure pulsations in the form of a two-dimensional autonomous
system. In [1], Feng and Liu proved the existence, uniqueness of the limit cycle in this
system and determined its stability, and also obtained the global parameter bifurcation
diagram (see also [3] and [4]). In this paper, we estimate the relative asymptotic
position and shape of the limit cycle in the system presented in [2], and prove that when
the bifurcation parameters are sufficiently large, the limit cycle will be asymptotically
close to a rectangle. The parameters in the system have biological interpretations.
Although the system may lose its biological meaning for large parameters, the limit
cycle represents its asymptotic behavior, and hence our discussion is meaningful in
certain extreme circumstances.
The model proposed in [2] can be expressed in the form

{ ? = f — €
Lo be—c— e o) o
where a, b, c, e, g are positive parameters, ( is the dimensionless blood volume mo-
mentum, £ is the dimensionless left ventricular pressure, and t is the time. Let
r=C—-C( y=£&—& and X = a — 3bc? where (; = ¢(bc® — a)/g and & = e.
Then we have
=y = P(z,y), ( (1)
Y= —gx + Ay + 3bcy? — by = Q(x,y).
By [1], we know that if A > 0, then system (1) has a unique limit cycle I" which is
asymptotically stable; and if A < 0, then system (1) does not have any limit cycles.
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2 Limit Cycle In A Rheodynamic Model

2 A Parallelogram With Vertices On The Horizontal
Isocline

Let A and B be functions of A in a neighborhood of +00. We write A ~ Bif A/B — 1
as A — +o00. The horizontal isocline of system (1) is

Ay + 3bey? — by?

H:z=h(y) ;

(2)

H has two knee points L(z_,y_) and R(x,y) (i.e. the curve H has vertical tangents
at these two points), where x4 = h(ys) and y4 defined by

_ 6bc £ V36b2¢2 4+ 120\ n i
B 6b V 36

(3)

Y+

are the negative and positive roots respectively of the equation

), = 3by* — 6bcy — A = 0. (4)
Since
2 2 A 3 2 A
3byy — 6bcyr — A =0, yi =2cys + A byt = 2bey; + Zs (5)
we have
2 3 1 2 2
Ay+ + 3beyy — byy = §C>\ +2bcy+ + g)\yi, (6)
so that
1,1 2 227\
Ty = —(=cA 4 2bc%ys + =\ ~f— 7

Draw a straight line through L parallel to the y-axis, intersecting the curve H at
L(z_,7). Through R draw a straight line parallel to the y-axis, intersecting H at
another point R(z,y) (see Figure 1). Now, we compute 7 and . Since L and L are
all on the curve H, we see that h(y) = h(y_) or B

by® — 3bey® — Ay — (by* — 3bey® — \y_) =0, (8)

furthermore, y_ also satisfies the equation h/(y) = 0. Thus y_ is the double root of
h(y) — h(y—) = 0. We may compute

hy) — h(y=) = by — y-)*(y + 2y — 3c).

Then the other root of the above equation is y = 3¢ — 2y_ and therefore

[ A
Uy = — Y~ 2 —_ .
y=3c—2y 3b>3c (9)
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Similarly, we may obtain

y=3c—2y; ~ =24/ . (10)

\ R
N
2
Figure 1.

LEMMA 1. The quadrilateral LRRL is a parallelogram.
PROOF. By the definition of L and R , LL and RR are parallel to the y-axis, so
Y+ +y— = 2¢c. In view of (9), we have

LL=jy—y =3c—2y —y =3c—3y_=3y; —3c=yy — (3c—2y;) =y, —y = RR,

which shows that the quadrilateral LRRL is a parallelogram.
LEMMA 2. Let k denote the slope of LR. Then k < 0 and k — 0 as A\ — oo.
PROOF. Since

po Yr—Y 3=y —yy
Ty — T Ty —x_
by (7),
2(A +3bc?) (y+ —y-)
e 11
Ty x 3g ) ( )
and
39 3c—2y- —y4 39
- _ . =— 0 12
2(X\ + 3bc?) Yr —Y_ 4(X\ + 3bc?) = (12)

where we have used (3) in obtaining the second equality. Therefore k — 0 as A — +o0.

LEMMA 3. LE ~ 4“*;73“ as A — 4o0.
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PROOF. By (11) and (12), we know v, —2_ = 5i—(y4 —y_), and by (3) and (10),

I
Yem¥e — 2 Thyg
Y+—Y 3
7 S e () Y o ) l Co )
L Yy —y B yi —y
_ VI+E (e, —2_) B VI+E2 yp—y_ 2 V1+k2
a Y+ — Yy T2k yr-y 3 20k
. VITRE T 3027 1957 40\ + 3be2)
3| k| 9g 9g '

3 Internal And External Boundary Lines

We will find the internal and external boundary lines for system (1).

LEMMA 4. When )\ is sufficiently large, the orbits of system (1) pass through the
line segment y = \/X(:r — ), where y* <y <0, from its left-top to its right-bottom,
and pass through y = v A(z — z_), where 0 < y < 7*, from its right-bottom to its
left-top. Here

* g$+g —% _gx—g —

¥y = >Y Y = <Y,
o (A T e (VAT

and, y* — y, ¥ — Y as A — +o0.

PROOF. The normal vector of the line y = v A(z — ) from its left-top to right-
bottom is n = (v/A, —1). The inner product of (P, Q) and n is

F=(P,Q)en=Vy+gr— Ay —3bey® + by® = gy + (VA + \%)+by3—3bcy2—>\y-

It is easy to show that the function by® — 3bcy? is monotone increasing and convex in
[g, 0], so the line segment (ng — 3bcy)y is under the curve by3 — 3bcy?. Therefore we
have

by — 3bey® > (by* — 3bey)y, y <y <0,

and,
F > (by? — 3bey + VA + = — Ny + gy
> (by y 7 )y + g4
When
y > - 9%+ - _ 9r+Y
B bg273bcg+\/x+%f)\ bg373bcg27)\g+(\/x+%)g

_ gr+y —
9$+—(\/X+%)Q =
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F > 0. Obvious y* >y and y* — y as A — +oc. This proves the first part of Lemma
4. Similarly ,we can prove the other part of Lemma 4.

Now we construct a closed curve ¥ : A; A, A3 LA, A Ay R as demonstrated in Figure
2. Draw a straight line through R parallel to the y-axis intersecting the positive z-
axis at point A;(x4,0), and through A; to the left-bottom draw a straight line y =
V9(x—x) intersecting the line y = y* at Ay(w2,y*), where 2o = y*/\/g+2x, through
Ay to left draw a straight line y = y* intersecting the horizontal isocline H at the point
As(z3,y*). Along H from As to L draw a curve, and though L draw a straight line
parallel to the y-axis intersecting the z-axis at Ay(x_,0), through A4 to the right-top
draw a straight line y = ,/g(x — x_) intersecting the line y = 7* at As(xs,7"), where
x5 =7"/\/g+x_, through A5 to the right draw a straight line y = 7" intersecting the
horizontal isocline H at the point Ag(x,7"). Along H from Ag to R draw a curve.

H_ ]

2]

As

IS

Figure 2.

LEMMA 5. If )\ is sufficiently large, then the orbits of system (1) will cross over
the closed curve ¥ from its interior to the exterior, so the closed curve X forms the
internal boundary line of system (1).

PROOF. Since the point Ay on the line segment A A, is above R, so y <y < 0.
By Lemma 3, we know that on A; Ay the orbits of system (1) pass through X from
its interior to the exterior. On the line segment AsAs, the outward normal vector of
X isn = (0, -1), and y < 0 (because the line segment AsA; is above the horizontal
isocline), so the inner product between (P,Q) and n is F' = (P,Q) en = —y > 0. This
means that the orbits of (1) pass through X from its interior to its exterior on the
line segment A3 A3. The curved segment AsL is a horizontal isocline, in other words,
the vector field defined by system (1) points from the right to the left horizontally, so
the trajectories of system (1) pass through X from its interior to its exterior. On the
line segment LAy, the outward normal vector of ¥ is n = (—1,0), and y < 0, so the
inner product between (P,@) and n is F = (P,Q) e n = —y > 0. This means that the
orbits of (1) pass through ¥ from its interior to its exterior on the line segment LAj.
Similarly, on 4,4, AsAg,AqR, and RA,, the trajectories of system (1) pass through
> from its interior to its exterior. This completes the proof.
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Let € > 0. Consider two curves parallel to the horizontal isocline H : x = h(y) as
follows: HT(€) : @ = h(y) + e and H™ () : x = h(y) — e. Let

L Ghed b, /(6be+ )2 + 1260
v = = | (13)

Note that yT(€) > y; and y~ (e) < y—.

LEMMA 6. When y > y*(¢), the orbits of system (1) pass through H*(¢) from
its left-top to its right-bottom; when y < y~(e), the orbits of system (1) pass through
H~ (e) from its right-bottom to its left-top.

PROOF. The curves H™ (¢), H, H*(¢) have the same slope k at the point (z,y—¢),
(z,y) and (x,y + €) respectively, where (x,y) belongs to H, and

—_

L g
P'(y) A+ 6bcy — 3by?’

=yl =— = (14)

x x:/g
The normal vector of HT(¢) from the left-top to right-bottom is nt = (k,—1). The

inner product between the vector field defined by system (1) and n/} is

gy
A + 6bcy — 3by? +

. _ )
B g(e 3by2—6bcy—/\)'

If € > y/(3by? — 6bcy — N), that is, 3by? — (6bc + 1/€)y — A > 0, then F." > 0. Since
y >y (e€) is a solution of the above inequality, the first part of our lemma is true. The
other part is similarly proved.

Ff = (P,Q)enf =kP-Q = gz — \y — 3bey? + by?

€

LEMMA 7. Let zy and z_ be respectively the positive and negative roots of the
equation

3by® — 6bcy — (A +2,/g) =0
and let

M, = % C(A%W + 2bc?zy + %()\ +2v9)z+] -
If M > M, the orbits of system (1) will pass through the semi-straight line = 4+ % =
M, where y > 0, from its left-top to its right-bottom. If M > M _, the orbits of system
(1) will pass through the semi-straight line x + % = —M, where y < 0, from its
right-bottom to its left-top.
PROOF. The normal vector from the left top to right bottom of = +y/,/g = M is
n = (—/g, —1). The inner product of (P, Q) and n is

(P,Q) e (—/g,—1) = —\/gy + gz — Ay — 3bcy® + by*

-9y + g(M — %) — Ay — 3bey® + by = by — 3bey® — (A + 2\/9)y + gM,

F
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and
F, = 3by* — 6bcy — (A + 2,/7).

Thus the minimal value of F'(y > 0) is obtained at y = z. By the definition of z, we
know

A+2 A+2
3bz% — 6bczy. — (A +2/9) =0, 25 = 2cz; + —Sb\/g’ bz = 2bcz? + — \/§Z+,

Thus

F > b2% —3bczi — (A +2/9)24 + gM,

A+2 2
70( +3 V9) —2b022+*§()\+2\/§)z++9M+20'

This proves the first part of our lemma. The other part is similarly proved.

ure 3. From A (M, 0) draw to the left-top a straight line 2 +y/,/g = M intersecting
the line y = y* (M) (the value of yT(¢) at € = M, see (13) and Lemma 7) at the
point Ay(Ta,yT(My)); from A, draw to the left a straight line y = y* (M) intersect-
ing the curve H+ (M, ) (the curve H*(¢) when e = M, ) at the point A3(T3,y"(M));
from Az draw to the left-top the curve H* (M, ) intersecting the line z = —M_ at the
point A4(Z4,7,); from Ay draw to the bottom a straight line # = —M_ intersecting
the z-axis at the point As(—M_,0); from A5 draw to the right-bottom a straight line
r+y/\/g = —M_ intersecting the straight line y = y~(M_) (the value of y~(¢) at
€ = M_ see (13) and Lemma7) at the point Ag(Tg,y~ (M_)); from Ag draw to the
right a straight line y = y~(M_) intersecting the curve H~ (M_) (the curve H™ (¢g)
when e = M_) at the point A7(Z7,y~ (M™)); from A7 draw down the curve H—(M_)
intersecting the straight line x = M at the point ZS(MJF,%); finally from Ag draw a
straight line x = M, to the starting point A;.

— y
A, _H*M,)

i

>

o8

H (M)

Figure 3.

LEMMA 8. The trajectories of system (1) pass through Y from its exterior to its
interior, so X forms the external boundary line of system (1).
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PROOF. On A, A,, by Lemma 7, the orbits of system (1) pass though Y. from the
left-top to the right-bottom, equivalently, from its exterior to its interior. On AyAs,
the inward normal vector of ¥ is n = (0, —1); the inner product of (P,Q) and n is
F = (P,Q) en = —Q. Since the line segment A;Aj3 is above the horizontal isocline,
so on AyAs we have Q < 0, and therefore F' > 0. This means that on A;As, the
trajectories of system (1) pass through ¥ from its exterior to its interior. On AzAy,
y > yT(M,). By Lemma 6, the trajectories pass through X from its exterior to its
interior. On A4A5, the inward normal vector of ¥ is n = (1,0). The inner product of
(P,Q)and nis F = (P,Q)en = y; and on A4 A5, y > 0, so F > 0. This shows that the
trajectories of system (1) pass through ¥ from its exterior to its interior. Similarly, we
can prove that on AsAg, AgA7, A7 Ag and AgAjy, the orbits of system (1) pass through
Y from its exterior to its interior. So % forms the internal boundary line of system (1).

4 Asymptotic Behavior Of The Limit Cycle

We are now ready for our main results.

THEOREM 1. As A — +oo, the limit cycle I' of system (1) asymptotically ap-
proaches a parallelogram LRRL, and the relative error between I' and LRRL is of

order 1/v/X.

PROOF. We first define the distance from ¥ to I' as follows: For a fixed My € T,
d(X, My) = inf{ M7 M5|M; € ¥} and d = sup{d(X, Mz)| M2 € T'}. By the construction
of the internal boundary line X, the slopes of the line segments 4; A, and A;A, tend
to +00, s0o A, — R and A, — L. Therefore d — 0. Now consider the error d between by
and I'. Clearly d is not greater than the error d between ¥ and X. It is easy to prove
that d is attained on 4121 or Z5A3. From the coordinates of A; and A5, we know
Z5A3 < Alzl. Through direct computation, we have

A+2 2 1 2
w +2bc% 2, + 5()‘ +2\/9)24 — gc)\ — 2bcyy — g)\y+
8bc?
2¢\/g +
Vo \/36b202 +120(\ +2/g) + V36022 + 12b)
24,/g\* + 48(bc®\/g + g) A + 48bc®g + 329,/
3(A+2,/9) /36022 + 120\ + 2,/7) + AV/3662C2 + 126X

g(My —y)

2
o
|

Thus d = A A = M| — 2y ~ 2,/% which implies % ~ ﬁ — 0 as A — oo. This
completes the proof.

We will prove that the order of the relative error of approximation in Theorem 1 is
the best possible.

THEOREM 2. The order of relative error of approximation between I' and the
parallelogram LRRL cannot be higher than 1/ V.
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PROOF. Let A;(0,w) be the intersecting point of the horizontal isocline x = h(y)
and the positive y-axis. Then w satisfies the equation by? — 3bcy — A = 0. Thus

o 3be+ V97T + 4bA \F
- 2b "V

Consider the straight line segment 414 1 y —w = —\/gz, 0 <z < w/(2\/9). Its
normal vector from left bottom to right top is n = (,/g, 1); the inner product of (P, Q)
and n is

F=(P,Q)en=/gy — g+ \y+ 3bcy* — by®.

It is easy to verify that when 0 < y < w, Ay + 3bcy? — by® > 0. Therefore, on the line
segment, we have

F>.\/gy— gz > \/g(w —+/9x) — gz > \/gw — 2gz > 0.

This means that the orbits of system (1) pass through from the underside of the line
segment A1 As to its upside. Through As construct a straight line parallel to the y-axis
intersecting the z-axis at Ag. It is clear that the orbits cross the line segment A Ag
from its left to its right. So the orbit 7 of system (1) starting from A; must intersect the
broken line A;A;As above the x-axis in the first quadrant; however, = is in the inner
part of the limit cycle I' (because A;L is in the inner part of the internal boundary
line). Therefore, the greatest distance between v and the parallelogram LRRL, d, is
not less than the greatest distance between v and X (since a part of ¥ belongs to the
parallelogram LRRL); furthermore, it is not less than the greatest distance between -y
and X. So

w A d_d_ OA; 1
=d= 04 2.7 \/;an ATAT N Vo

This completes the proof of Theorem 2.

Acknowledgments. This research is supported by the National Natural Science
Foundation of China (N0.10171099). The author is grateful to the reviewers who correct
some of our mistakes, and to Professor Sui Sun Cheng for his editorial help.

References

[1] Z. C. Liu and B. Y. Feng, Qualitative analysis for rheodynamic model of cardiac
pressure pulsations, Acta Math. Appl. Sinica, English Series, 20(4)(2004), 573-578.

[2] V. G. Petrov and S. G. Nikolov, Rheodynamic model of cardiac pressure pulsations,
Mathematical Biosciences 157(1999), 237-252.

[3] Z. F. Zhang, T. R. Ding, W. Z. Huang and Z. X. Dong, Qualitative Theory of
Differential Equations, Science Press, Beijing 1997 (in Chinese)

[4] J. Y. Zhang and B. Y. Feng, Geometric Theory of Ordinary Differential Equations
and Bifurcation Problem, Peking University Press, Beijing 2000 (in Chinese).




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee575284e8e9ad88d2891cf76845370524d6253537030028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f0030028fd94e9b8bbe7f6e89816c425d4c51655b574f533002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c9069752865bc9ad854c18cea76845370524d521753703002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f300290194e9b8a2d5b9a89816c425d4c51655b57578b3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


