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Abstract

In this paper, we present the Steiner formula for one-parameter open planar
homothetic motions. Using this area formula, the generalization of the Holditch
Theorem given by W. Blaschke and H. R. Müller [4, p.142] is expressed during
one-parameter open planar homothetic motions. Furthermore, we obtain another
formula for the swept surface area.

1 Introduction

Let E and E be moving and fixed Euclidean planes and {O; e1, e2} and {O ; e 1, e 2}
be their orthonormal frames (ONFs), respectively. We suppose that {O ; e 1, e 2} is
fixed, whereas the vectors e1, e2 are functions of a real parameter t. Then we say that
{O; e1, e2} moves with respect to {O ; e 1, e 2}. Let x and x be the position vectors
of a point X ∈ E with respect to the moving and fixed ONFs, respectively. By taking

OO = u = u1(t)e1 + u2(t) e2, u1(t), u2(t) ∈ R, t ∈ I ⊂ R (1)

the motion defined by the transformation

x = hx− u (2)

is called one-parameter planar homothetic motion with the homothetic scale h = h(t)
and will be denoted by H1 = E/E for a planar homothetic motion of E against E
(Fig. 1).Furthermore, at the initial time t = 0 we consider the moving and fixed ONFs
of E and E are coincident. Taking ϕ = ϕ(t) as the rotation angle between e1 and e 1,
the equation

e1 = cosϕ(t) e 1 + sinϕ(t) e 2
e2 = − sinϕ(t) e 1 + cosϕ(t) e 2 , t ∈ I (3)
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can be written.
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During the homothetic motion H1, the homothetic scale h, the rotation angle ϕ
and the vectors x, x and u are continuously differentiable functions of a real time
parameter t.
If there exists a smallest real number T > 0 such that

uj(t+ T ) = uj(t), j = 1, 2, ϕ(t+ T ) = ϕ(t) + 2πν, ν ∈ Z

h(t+ T ) = h(t), h(0) = h(T ) = 1, ∀t ∈ R,

then H1 is called one-parameter closed planar homothetic motion with the period T
and the number of rotations ν. Otherwise, H1 is called one-parameter open planar
homothetic motion. During the homothetic motion H1, to avoid the case of pure
translation we assume that

ϕ̇(t) = dϕ/dt 9= 0.
If we differentiate eqs.(2) and (3) with respect to t, we get the sliding velocity of moving
point X = (x1, x2) ∈ E as

Vf = {−u̇1 + (u2 − hx2)ϕ̇+ ḣx1}e1 + {−u̇2 + (−u1 + hx1)ϕ̇+ ḣx2}e2. (4)

If Vf = 0 (i.e. for the points that are fixed in both E and E ), then we obtain

p1 =
ḣ(u̇1 − u2ϕ̇) + hϕ̇ (u̇2 + u1ϕ̇)

ḣ2 + (hϕ̇)2
, p2 =

ḣ(u̇2 + u1ϕ̇)− hϕ̇ (u̇1 − u2ϕ̇)
ḣ2 + (hϕ̇)2

(5)
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where the point P = (p1, p2) is called the rotation pole or center of the instantaneous
rotation of the homothetic motion H1. Also the set of the pole points on E and E
are called the moving and fixed pole curves and denoted by (P ) and (P ), respectively.
Using the pole point we can rewrite eq.(4) as

Vf = {(x1 − p1)ḣ− (x2 − p2)hϕ̇}e1 + {(x1 − p1)hϕ̇+ (x2 − p2)ḣ}e2.

2 The Steiner Formulas For The Open Planar Ho-
mothetic Motion

2.1 I.

We will study surface area swept out by the segment Q X, which is occurred by a fixed
point X = (x1, x2) ∈ E and the fixed point Q ∈ E , under the open homothetic motion
H1: If H1 is restricted to time interval [t1, t2], then, the segment Q X

t
(t ∈ I = [t1, t2])

sweeps a surface with the orientated area

FQX =
1

2

t2

t1

[x − q , dx ], (6)

where the symbol [α,β] is used instead of the area of parallelogram constituted by
the vectors α and β.From the sliding velocity of a fixed point X = (x1, x2) ∈ E with
respect to E , we have

dx = {(x1 − p1)dh− (x2 − p2)hdϕ}e1 + {(x1 − p1)hdϕ+ (x2 − p2)dh}e2. (7)

If we substitute eqs.(2), (5) and (7) into eq. (6), then we find

2FQX = (x21 + x
2
2)

t2

t1

h2dϕ− x1
t2

t1

(q1 + p1)h
2dϕ− x2

t2

t1

(q2 + p2)h
2dϕ

+

t2

t1

[(q1p1 + q2p2)h
2dϕ+ (q1p2 − q2p1)hdh]

+x1

t2

t1

(q2 − p2)hdh+ x2
t2

t1

(−q1 + p1)hdh (8)

If X = O (x1 = x2 = 0) is taken, then for the swept surface area of the segment
Q O, we get

2FQO =
t2

t1

[(q1p1 + q2p2)h
2dϕ+ (q1p2 − q2p1)hdh]. (9)
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Moreover, since ϕ̇(t) 9= 0 and ϕ̇(t) is a continuous function, we can say that ϕ̇(t) < 0
or ϕ̇(t) > 0, that is, ϕ̇(t) has the same sign in everywhere in the closed interval [t1, t2].
Hence using the mean value theorem of integral-calculus for time interval [t1, t2], there
exists at least one point t0 ∈ [t1, t2] such that

t2

t1

h2dϕ =

t2

t1

h2ϕ̇ dt = h2(t0)δ, (10)

where δ =
t2

t1

dϕ is total rotation angle (Gesamtdrehwinkel) of the motion. The Steiner

point S = (s1, s2),which is the center of gravity of the moving pole curve, is given by

sj =

t2

t1

h2pjdϕ

t2

t1

h2dϕ

, j = 1, 2. (11)

Then from eqs.(8), (9) and (10), we get

FQX = FQO + h2(t0)
δ

2
(x21 + x

2
2 − 2 a1 x1 − 2 a2 x2) + µ1x1 + µ2x2, (12)

such that

2h2(t0)ajδ =

t2

t1

(qj + pj)h
2dϕ, µ1 =

1

2

t2

t1

(q2 − p2)h dh, µ2 = 1

2

t2

t1

(−q1 + p1)hdh.

Eq.(12) is called the Steiner formula for the open planar homothetic motion H1.
So, using eq. (12), we can give the following theorems without proof.

THEOREM 1. During the open homothetic motion H1 , all the fixed points X =

(x1, x2) ∈ E which have equal surface area FQX lie on the same circle with the center

C = (s1 − µ1
h2(t0)δ

, s2 − µ2
h2(t0)δ

)

in the moving plane E.

Special case 1. In the case of homothetic scale h ≡ 1, from eq. (12), we get

FQX = FO +
δ

2
(x21 + x

2
2 − 2s1x1 − 2s2x2)

which was given by Blaschke and Müller [4, p. 117]. If H1 is the closed planar homo-
thetic motion (δ = 2π ν), then from eq. (12), we get

FX = FO + h
2(t0)πν(x

2
1 + x

2
2 − 2s1x1 − 2s2x2) + µ1x1 + µ2x2,

which was given by Tutar and Kuruoğlu [1].
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THEOREM 2. Let A, B and X be three collinear points in E and Q be a fixed

point in E . During the open homothetic motion H1, for orientated areas F
Q
A , FQB

and FQX of surfaces swept out by the segments Q A,Q B and Q X, respectively, we
get

FQX = [aFQB + bFQA ]/(a+ b)− h2(t0)abδ/2. (13)

Special case 2. In the case of homothetic scale h ≡ 1, from eq. (13), we have

FQX = [aFQB + bFQA ]/(a+ b)− abδ/2,
which was given by Pottmann [2]. If H1 is the closed planar homothetic motion (δ =
2π ν), then we obtain

FX = [aFB + bFA]/(a+ b)− h2(t0)π ν ab,
which was given by Kuruoğlu and Yüce [3].
Moreover, if we choose another point instead of the fixed point Q ∈ E on the fixed

plane E , then eq. (13) is also valid.

2.2 II.

Under the open homothetic motion H1, we now calculate the area F
P
X of surface swept

by the pole ray PX. If we divide the area element dfof the swept surface into “partial
triangle” as shown in Fig. 2, then from Fig. 3,

Fig. 2 and Fig. 3

we can write

df =
1

2
[x − p , dx ] + 1

2
[P 1X 1, dp ]

or

df =
1

2
[x − p , dx ] + 1

2
[x + dx − p − dp , dp ].
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Since [dx , dp ] = 0 and [dp , dp ] = 0, we have

df =
1

2
[x − p , dx ] + 1

2
[x − p , dp ]. (14)

If we denote |x− p| = a, then we get
[x − p , dx ] = h2a2dϕ. (15)

Also, since x − p = h(x− p) and dp = hdp, we get

1

2
[x − p , dp ] = 1

2
h2[p− x, dp] = h2(−d∆P ), (16)

where d∆p is the area of “infinitesimal triangle” swept out by the pole ray PX on the
moving plane E.

If we substitute eqs.(15) and (16) into eq. (14), we get

df =
1

2
h2a2dϕ− h2d∆P . (17)

If we integrate the eq.(17) for t ∈ [t1, t2], then we obtain

FPX =
1

2

t2

t1

h2(t)a2(t)dϕ(t)−
t2

t1

h2(t) d∆p(t). (18)

Using the mean value theorem of integral-calculus for the interval [t1, t2], there exists
at least one point t0 ∈ [t1, t2] such that

t2

t1

h2(t)a2(t)dϕ(t) = h2(t0)

t2

t1

a2(t)dϕ(t) (19)

and
t2

t1

h2(t) d∆p(t) = h
2(t0)∆P . (20)

If we substitute eqs. (19) and (20) into eq (18), we get

FPX = h2(t0){1
2

t2

t1

a2(t)dϕ(t)−∆P }, (21)

where ∆P is the area of triangle bounded by the pole rays Pt1X,Pt2X of the moving
plane E and the arc segment between the points Pt1 ,Pt2 of the moving pole curve (P ).

Special case 3. In the case of the homothetic scale h ≡ 1, we get

FPX =
1

2

t2

t1

a2(t)dϕ(t)−∆P

which was given by Blaschke and Müller [4,p. 118].
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[3] N. Kuruoğlu and S. Yüce, The generalized Holditch theorem for the homothetic
motions on the planar kinematics, Czech Math. J., 54(2) (2004), 337-340.

[4] W. Blaschke and H. R. Müller, Ebene Kinematik, Oldenbourg, München, 1956.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee575284e8e9ad88d2891cf76845370524d6253537030028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f0030028fd94e9b8bbe7f6e89816c425d4c51655b574f533002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c9069752865bc9ad854c18cea76845370524d521753703002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f300290194e9b8a2d5b9a89816c425d4c51655b57578b3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


