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Abstract

We show that the eigenfunctions of a modified Durrmeyer operator are or-
thogonal polynomials related to Jacobi polynomials. We give as application a
fast drawing of a degree n Bézier curve approximation for given (r 4+ 1) points,
where n does not depend on r and the rate of approximation being O(n_l/ 2.

1 Introduction

Durrmeyer [6] has introduced a Bernstein type operator of degree n defined by

Mol =43 / F ()b (u (1)

where f(u) is an integrable function on [0,1] and b7 (¢) = (7)t/(1 — )", i = 0,...,n,
are the degree n Bernstein polynomials basis.

Many authors have studied the operator M,,(f,z) [2, 3, 4, 9]. However the operator
M,,(—, x) does not possess the property of endpoint interpolation which is essential for
interpolation problem. For this reason we consider in this paper a modified kind of the
Durrmeyer-Bernstein operator introduced by Goodman and Sharma [7], defined by

Un(f,2) = b5 () f(0) + (n—1) Zazb" ) +05(2)f(1), we[0,1], (2)

where a; = fo b2 () f (u)du.
Similar operators deﬁned by

P.(f,x —ann /f )0 (w)du + (1 — )" f(0)

were recently introduced by Gupta and Maheshwari [10].
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262 Eigenfunctions of a Modified Durrmeyer Operator

The operator U, (f,x) satisfies the endpoint conditions

Un(£,0) = £(0),  Un(f,1) = f(1),

and have interesting properties [7]. In particular, U, (—, ) is a linear positive operator
such that Uy (1,2) = 1, and [Un(f) = fllec = [[flloc, Where || flloc = supse(o 1) [f(£)]-

In section 2 we establish a common property [2] shared by M,, and U, by giving
the expression of U, (t*,x) in terms of the Bernstein basis b7 (z), i = 0,...,p with
p = min(n, k). Then we show that the eigenfunctions of the operator U,, are orthogonal
polynomials.

In section 3 we present a degree n approximation of a set of (r 4+ 1) given points
90, q1, .-, ¢» in R% where n does not depend on r. More precisely we approximate the
polygonal line passing through the given points ¢; by a Bézier curve using the operator
Un(f,t) expressed in term of the eigenfunctions. This method yields a fast drawing
of the Bézier curve U, (f,t) = Y., p;b?(t) with only O(n) multiplications while the
usual de Casteljau algorithm [6] using a repeated linear interpolation of the control
points p;, i = 0,...,n needs O(n?) multiplications.

2 Some Basic Properties
We give below useful basic properties of the operator U,,. In particular,
e If f(¢) is a degree k polynomial with k& < n then U, (f,x) is a degree k polynomial.

e The eigenfunctions of U,, are orthogonal polynomials.

Goodman and Sharma [7] have given the expression of U, (t*,z) in terms of the
monomial basis (1,z,---,2%). We shall show that in fact U, (t*,z) is of degree p =
min(n, k) and it can be given in terms of the Bernstein basis 0% (z). This property is
also shared by M,, and plays an important role in the next section.

PROPOSITION 1. (i). For all integers n > 1, k > 1, let p = min(n, k) and
g = max(n, k). Then

£ (20 = 5070

. k<k+;_1)b?(t) Z n("“_l)bf(t). (4)
1=0

n
i=

w\l

=0

(ii). U,(t*, z) is a polynomial of degree p such that

U (th, ) = (n(;i 1) Zasz (5)

with a; = q(q‘H 1)
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PROOF. (i). If n = k the identity (3) is obvious. Assume that n > k and let

U k(z,y) = %xk(x + y)", then we have

o L 0" (0 ki e N () (B i
wun,k(%y) = ok (Z>$+y :Z<Z>< A >xy
=0 =0
o 10" [k ni, k—i (k) (n+i iy k=i
g U (®Y) = EWZ()J: Y :Z(z')( : )” |
=0 =0
For y = 1 — z, the above equations give
ol N AT
gansen) = 3 ("4, )
om " in+i
— = f
g = 3 (" e )

On the other hand using Liebnitz formula for derivative we obtain

" 1 &a (K o1, o YOk (n) . .

i=0 =0

1) Oxn—t
i=0

am B 1 n n 871—1’ N az X
semusnenn) = 3 (1) e gt + )" ®

The assumption n > k implies that aa;i (x4+yk=0fori=k+1,..,n. Then

) = é WIVECE ©)

Setting y = 1 — z, (8) is equal to (9), therefore (6) is equal to (7) and we get (3). Now
using (3) and the degree elevation identity [6]

kO;H (@) = (i + Db (o) + (k= )0 (),

e -3 (f e

we have

> (e

=0

|
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The proof of part 1 is complete.

For instance we have the following remarkable results:

e fork=1andn>1, 5"  ib!'(z) =nz,

o for k=2and n>2, Y1  i(i + 1)b'(z) = nbi(x) + n(n+ 1)ba(z).
(ii). By the definition (2) of the operator U,,, we have

n—1

Uata) = (0= 1) e / b2 ()t + by (o).
We can write

n—2
tkb?:2<t) = (Tg+k‘ )2) bZizk 12<t)
k+i—1

and using the well known result [6 fo b (t)dt = 1/(n + 1), we obtain

n—1
ey = Lo E ) 'Zk<k“ Do)+

=)k — 1) kti—1\,
T Tt k—1) Zok( k )bi(m)'

From the identity (4), we get

and

qg+i—1
Q; = (q q )

with ¢ = max(n, k) and p = min(n, k). The proof is complete.
We consider the Hilbert space L?[0,1] with the inner product

(.9 ) = /f (Do (D

where w(a,5)(t) = t*(1 — ¢)°. from [7, Theorem 4], the operator U, has eigenvalues

o (n—1)In!

=0,1,..
’ (n—l—l—m)!(n—m)!’m Tl

and for m > 2 corresponding eigenfunctions F),,_o(z) where

dm m m
F,(z) = e (1 — )™t (10)
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Since Ay 0 = Ap1 = 1, we see by (2) and (5) that the corresponding eigenfunctions are
1 and z. Notice that the eigenfunctions F,,,(x) do not depend on n.

PROPOSITION 2. (i) The eigenfunctions F,,(z) are orthogonal polynomials in
L?[0, 1] with respect to the inner product (f, 9)(~1,-1) and we have

1
/0 Jm (@) fi(Ow—1,—1)(t)dt = crnbimy,

where 6,,,; is the Kronecker symbol and ¢,, = (m!)?(m + 1)/(2m + 3)(m + 2).
(ii) The following recursion formula holds:

m+1D(n+3)F41(x) = 2n+3)(n+2)aF,(x) — (n+ 1)(n+2)F,—1(x).  (11)

PROOF. (i). On the interval [0, 1] Jacobi polynomials of equal parameters a = 3
can be defined by the Rodrigues formula [1] (upto a constant factor).

dn

Pia) = (& — )02

(x — )",z e |0,1], (12)

and the polynomials P, (z) are orthogonal in L?[0, 1] with respect to the inner product
(f9) (@) From (12) we obtain

Fo(z) = z(1 — )P} (). (13)
Then, (1 — x)PL(z) P (z) = 271 (1 — 2) "1 F,(2) F,,(x), which gives
(Pa(e)s (@)} 1) = (Fu(@), @)y, 1) =0, m £

For m = n, a repeated integration by parts yields || F}, |3, (0,1] = Cm-
(ii). Jacobi orthogonal polynomials P} satisfy the three-term recursion formula

(n+1)(n+3)Pr (z)=2n+3)(n+2)zPi(z) — (n+ 1)(n+2)PL_,(x).  (14)

From (13) and (14) we obtain the recursion formula (11).

PROPOSITION 3. (i). Let Go = {f € L'[0,1] : f(0) = f(1) =0} . Then for f,g €
Gy, we have

(Un(f), g>(_17_1) = (f, Un(g)>(_17_1) )

i.e. the operator U, is self adjoint in Gy and A, ,, =0, m > n.
(ii). For any f € Gy, the operator U,, can be expressed in term of F,,(x) as

Un(fz) = Z )‘n7m+2an,m(f)Fm(x)v (15)
m=0
where ay, ., (f) are the Fourier coefficients of f given by

an,m(f) <f7 Fm>(—1,—1) :

1
=
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PROOF. (i). Let f,g9 € Go. Then

1 /n—1 1
(Un(F),9) -1,y = (n— 1) / (Z”WW / b?‘f(t)f(t)dt> g(@)w 1,1 (@)da.

On the other hand we have b (z)w_1,_1)(x) = %bfb__f, hence

1 /n—1 1
Un(f),9) (21,21 = (n— 1)/0 (Z b?(l‘)(l‘)/@ b?_12(t)g(t)dt> f@)wr, ) (2)de
i=1
= <fa Un(g)>(_1,_1) .
Furthermore we have A, ,,, = 0 if m > n. Indeed if » < n and m > n we have
<Un(Fm)a Fr> —1.-1) — <F77l) E> —1.-1 /\n,T = 07
(=1,-1) (=1,-1)
now by Proposition 1, U, (F},) is a degree n polynomial orthogonal to all polynomials
of degree < n, then U, (F,;,) =0 and A, ,,, =0, m > n.

(ii). For integrable function f on [0, 1], U,(f,z) is a polynomial of degree n. Thus
there are reals a, ., (f) for 0 < m < n such that

Un(fa x) = Z an,m(f)Fm($)-

For r < n we have, since U, is self adjoint

(Un(f), FT>(71,71) = Z i (f) (Fim, Fr>(7,71) = cram,(f)
m=0

= (f, Un(Fr)>(*1,71) = Atz (f, FT>(*17*1) ’

thus

1
an,r(f) = c_)\n,r+2 <fa F7*>(_17_1) .

T

and the proof is complete.

3 Application

The expression (15) of U, (f, z) is suitable for computation, we shall use this expression
for the approximation of given points qo, ..., ¢, in the affine space R¢ by the Bézier curve
U,(f,z). We can always assume that go = ¢, = 0. Let 0 =to < t1 < -+ < tp_1 <
t, = 1 be a subdivision of the interval [0,1] and f the piecewise affine function such
that f(t;) = ¢;, i =0,...,r, defined on [0, 1] by

Jw) = ((tiv1-e:)qi + (u = ti)qiv1)/(tiva — i), € [t tia].
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PROPOSITION 4. Let d be a distance in R? associated with a norm denoted || - ||.
(i). For any integer n, one has the estimate for i = 1,...,r,

A(Un(f,t:), i) = 2An~ /2 (16)

where A = maxo<p<, [|An]l and Ay, = (gn41 — qn)/(Eht1 — ty)-
(ii). Let Ay = (f,Fi)_y ;- Then Uy (f,z) = Yj_o 2252 Ay F(x) with

C

r—1
-1
Ay=— N R(t)A2, k=0,..,r 17

where AZQ = Az — Ai—1~

PROOF. (i). Inequality (16) is a consequence of the next estimation given by [7,
Theorem 11]

U (f) = fill = 20(f3n712),

where w(f; h) = SUP(z,t)eH |f(x+1) — f(x)|a H = {(i,t), /|t‘ =h,(z +t,$) € [Oa 1]2}7
is the moduli of continuity of f.
(ii). It is known [7] that F,,(z) satisfies the differential equation

(1 = 2)yze + (M +2)(m+1)y =0,

and it follows immediately that

1 r=1 st
Ay = ex | fw)E](uw)du= ekZ/ Fuw)F"k(u)du
t;

with e = m Since g9 = ¢ = 0 and F,,,(1) = F,,,(0) = 0, we obtain (17).

The three-term recursion formula (11) provides an efficient and fast algorithm for
computing the values of U, (f) expressed in term of the polynomials F,(z) with only
O(n) multiplications while the de Casteljau algorithm [6] related to Bernstein basis
polynomials needs O(n?) multiplications.
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