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Abstract

In this paper, we derive sufficient conditions for the oscillation of all / bounded
solutions of a class of second order nonlinear difference equations with a nonlin-
ear neutral term. Existence criterion is also derived for the eventually positive
and asymptotically stable solution of this equation. Examples are provided to
illustrate the results.

1 Introduction
Consider the second order nonlinear neutral difference equations of the form

A (anA (yn — pys 1)) + @nf (Yn+1-¢) = 0,n = ng >0, (1)

where p is a real number, £ > 0,¢ > 0 are integers, a is a ratio of odd positive
integers, A is the forward difference operator defined by Ay, = ynt1 — yn , {an} is a
o0
positive sequence with > a% = 00, {g,} is a nonnegative real sequence with a positive
n=no
subsequence and f : R — R is continuous and nondecreasing with uf(u) > 0 for u # 0.
When a =1 and f(u) = u®, then equation (1) reduces to the equation

A (anA (Y = PYn—r)) + Gty 1o = 0,1 > no. (2)
Furthermore, if a,, = 1 and 8 = 1, then equation (2) becomes

A? (Y — PYn—k) + Gn¥Ynt1— = 0.

Such equations have been studied by a number of authors, and some of the related
results can be found in [1, 5, 6, 8, 9, 10, 11, 12].
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60 Deifference Equations With Neitral Terms

Since equation (1) can be written in the recurrence form

Yn+2 = F(n, Yns Yn+1, Yn—k, ynJrle)a

it is clear that given y; and y; 1 for — max{k, £} < i < 1, one can successively calculate
Y3, Y4, - in a unique manner. Such a sequence {y, } will be called a solution of equation
(1). A solution of equation (1) is called oscillatory if its terms are neither eventually
positive nor eventually negative, otherwise it is nonoscillatory. In this paper, we are
concerned with sufficient conditions for oscillation of all/bounded solutions of equation
(1) and for existence of asymptotically stable solutions of equation (1). For related
results one may see, for example [4, 7, 13]. Examples are inserted in the text of the
paper to illustrate our results.

2 Main Results

In this section, we derive sufficient conditions for oscillation as well as existence of
asymptotically stable solution of equation (1). We begin with the following lemma.

LEMMA 1. Let {y,} be a real sequence such that y, > 0, Ay, > 0 and A%y, <0
for n > ng and {0,} is a sequence of positive integers such that o, < n and o, — o
as n — oo. Then for each A € (0,1) there is an integer N > ng such that y,, > 222y,
for all n > N.

PROOF. 1t is sufficient to consider only those n for which o, < n. Then, we have

for n > o, = N0, Yn — Yo, < AYo,, (n — 0,,) where we used the monotone property of
{Ayn}. Hence = <1+ Ayz# (n—oy),n>0 2 ng. AlSo Yo, = Yny + AYs, (05 —no)
so that for any 0 < A < 1, there is an integer N > ng with Ay; > Aop,n > N. Hence

g % < 52,1 = N. The proof is now complete.

THEOREM 1. With respect to the difference equation (1) assume that (i) p >
0,0 > k,Aay, > 0forn > ng and « € (0,1]; and (ii) there exists 3 (ratio of odd positive
integers) € (0, 1] such that

f(u)

u—Z>M>0foru;£0. (3)
If
n—1 1 n—1
lim sup Z G—th>0for6<a, (4)
T s=n—tt+k S t=s
or
n—1 1 n—1 D
lirrisotip Z G—th>Mfor 8= q, (5)

s=n—l+k ° t=s

where p € (0,1) for a« = 1,p € (0,00) for a € (0,1); and there exists 0 < u < M such
that every solution of the difference equation

n+1-—1/ A
A (anAzy) + pgn (TL—H> $§+1 =0, (6)
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is oscillatory. Then every solution of equation (1) is oscillatory.

PROOF. Assume to the contrary that {y,} is an eventually positive solution of
equation (1), say y, > 0 for n > Ny > ng. Set

Zn = Yn — DYo_p- (7)

From equation (1), we have A (a,Az,) <0 for n > Ny + 6,0 = max{k, (}. If Az, <0
eventually, then lim,_,~ 2, = —o00. Consequently, limsup,,_,.. yn = oo. Thus, there
exists a sequence {n]} such that lim; ..on; = co and y,; = Maxy,<ngn;Yn — OO a8
j — o0. Then

Zn; = Yn; — DYn,—k 2 Yn; — PYn, = Yn; (1 - py;‘jl) — 00 asn — oo,

which is a contradiction. Therefore Az, > 0 for n > Ny + 6.
If z, < 0 eventually, then 2z, > —pys_,. Hence

Yo > (;) i (8)

From equation (1), (3) and (8), we have

Mg, 2
A(anAzn) — —5= 251 o1 <O (9)

o

Summing (9) from s to n — 1 for n > s + 1, we obtain

n—1

M 8
anAzy, —asAzs — — Z G2 _oyr < 0. (10)
P =5

Let 8 < a. If lim 2z, = ¢ = 0, summing (10) from n — £+ k to n — 1 for s, we have

n—oo
n—1 1 n—1
l+k Z as Z qt, OT
s=n—~0{+k t=s

B

M &

Zn—t+k — Zn S B P
poc

n—1 n—1
%ﬂzﬁa Z ith. (11)

@ S

ZnilJrk b« s=n—Il+k

B B B
: « _ 1-£ B : o _
Since zn—14%/27_ 11 = |2n—11k|' " and 1 — = > 0, we have nlgr;o Zn—t4k/ 2514 = 0,

and therefore from (11), we obtain

n—1 n—1
1
lim sup E - E g <0, (12)

T s=n—l4k P t=s

which contradicts (4).
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If lim 2z, =c¢ <0, from (4), we claim that

n—1 n—1
nh~>nc10 Z ai th = 00. (13)
s=N; ° t=s

In fact, from (4), there exists a subsequence {n;} and n;y; — n; > | — k such that

ni—l ’I’Li—l
lim > ai > gt > b > 0, where b is some positive number. Hence
N=00 g, —I4+k © t=s
n;—1 n;—1 n;—1
>
Jim Z Z% Jlim Z > th Jlim Z > Y-
s= Nl t=s i=1 s= nz—l-‘rk t=s i=1 s=n; —l+k t=s
where n; = max{n;|n; < n}.
From (10), we have
M
Azs + — z,? Z qt > 0. (14)
@ S t=s

Summing (14) from N; to n — 1, we obtain

n—

ZQt,

1
Zlezn_
s=N1 St s

or

(YZN > Z Z%&

Zn lests

In view of ¢ < 0, hence pg ZN, /Mz,% has an upper bound. So nh_)rrgo i ai i qr < 00,
which contradicts (13). e

Now let 8 = a. Then , (11) implies that nil %nil q: < 47, which contradicts
(5). Therefore, 2z, > 0 for all n > Ny + 6. SE?HEQZQJ?O for n > Ny + 6 and from
A(anAz,) <0, we have A%z, <0 for all n > Ny + 6. Hence from Lemma 1, for each

A € (0,1) and such that g < MM’ there is an integer N > Ny + 6 such that

(n—-10)

n

Zn—t = A Zn, (15)

for n > N. Substituting (15) into equation (1), we have

n+1€>ﬁ 8

(anAz,) + MNq < e
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B
or A(anAzy) + 1qn (”:{i}e) Zf-&-l < 0, for n > N, which implies that (6) has an

eventually positive solution. This contradiction completes the proof of the theorem.
REMARK 1. The oscillatory criteria for equation (6) when 3 € (0, 1] are given in
[1] and [3].
REMARK 2. Let a,, = 1 for all n > ng in equation (1). Then conditions (4) and
(5) given in Theorem 1 reduce to

n—1
lim sup Z (s—=n+Ll—Fk+1)gs >0 for 8 < «,
n—oeo s=n—_{+k

or

n—1
lim sup Z (s—n—|—€—k+1)qs>%forﬂ:a.

N0 smn—ttk

The linear equation

A2 (yn - pynfk) + nYnt+1—¢ = 0, (16)
is a special case of equation (1). From the above result, we have the following conclu-

sion.

COROLLARY 1. Let p € (0,1) and ¢ > k holds . If every solution of

n+1-—1¢
Azxn + uqn (717“) Tpt1 =0,

is oscillatory, then every solution of equation (16) is oscillatory.
EXAMPLE 1. Consider the difference equation

1 1
A? (yn - 61/,?{,1) +28y2_,=0,n > 2. (17)

It is easy to see that condition (5) of Theorem 1 is satisfied. Further, it is known that
[3], every solution of

1
n—1\3 1
Aan + 281 <—n n 1) ,’L‘fl+1 =0,
is oscillatory. Therefore by Theorem 1, every solution of equation (17) is oscillatory.
In fact {y,} = {(—1)"} is one such solution of equation (17).

EXAMPLE 2. Consider the difference equation

1 1 14 1
A? <yn — 61/73—1) + gyﬁ—l =0,n2>2. (18)

It is easy to verify that all conditions of Theorem 1 hold. Hence every solution of
equation (18) is oscillatory. In fact {y,} = {(—1)"} is one such solution of equation
(18).
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Next we consider the equation (1) with ¢, < 0 for all n > ng. For the sake of
convenience, we write equation (1) in the form

A (and (Yn — pyn—x)) = Quf (Ynt1-¢) ,n = 1o, (19)

where Q,, = —¢,, > 0 for all n > ny.
THEOREM 2. In addition to condition (3), assume that p > 0 and

lim sup Z Z Q:+ > (20)

n—oo
s=n— Z

Then every bounded solution of equation (19) oscillates.

PROOF. Without loss of generality, we may assume that {y,} is a bounded and
eventually positive solution of equation (19). Then from equation (19), we have
A(anAz,) > 0for all n > ng. By the boundedness of {2, }, we have Az, < 0 eventually.
If z, > 0 eventually, summing equation (19) twice, then we have

—2nF e > MZP_, Z ZQt (21)

snésts

Let lim,, .02, = ¢, then ¢ > 0, we claim that lim,,_,2, = 0. In fact, if ¢ > 0, from

—1 n—1
(21), we have limsup,,_, ., Z Z @+ <0, which is a contradiction. Hence there
s=n— l t=s

exists an integer N > ng + 6 such that z,_, < 1 for all n > N. Then from (21), w
have

Zn + Zn— E[M Z ZQtil

snl

which is a contradiction. Hence z, < 0 eventually. Then, z, < —d for some d > 0.
Thus, —pys_, < —dor y&_ . > % > 0. From equation (19), we obtain

amaz > (9 e 2

We note from (20) that Z Z Qs = co. Hence (22) implies that hm Zn = 00
n= N = n—
, which is a contrary to the boundedness of {z,}. This completes the proof of our

theorem.
EXAMPLE 3. Consider the difference equation

A(na (o gta)) =@ nul 2 (23)

It is easy to see that all conditions of Theorem 2 are satisfied and hence every bounded
solution of equation (23) oscillates. In fact {y,} = {(—1)"} is one such solution of
equation (23).
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Finally we consider a special case of equation (19) in the form

A% (yn — pyS_i) = Quyl 1o = no, (24)

and study the asymptotic behavior of positive solution of equation (24).

THEOREM 3. With respect to the difference equation (24) assume that p > 0, >
1,8 > 0 and there exists a constant A > 0 such that

pa2)\ak‘+)\n(170¢) g L < 1, (25)
and
oo
p2 kA=) L N " (5 — 1) Q2N Pl 1, (26)

holds eventually. Then equation (24) has a positive solution {y,} which tends to zero
as n — oo.

PROOF. If the equality holds in (26) eventually, then {y,} = {27*"} is a positive
solution of equation (24) which tends to zero as n — oo. Therefore, we may assume
that there exists an integer N > ng such that n— k> N andn+1—¢> N forn > N.

2)\ak+)\n (1—) + Z s—n4+1 QSQA (s—0+1)) <1
s=N

and (26) holds for all n > N.
Consider the Banach space B,, of all bounded real sequences {z,} with norm
lZnll = sup,,>p, 70| Let S be the subset of B, defined by

S={rebB,,:0<z, <l,n=no}.

It is easy to see that S is a closed, bounded and convex subset of B,,,. Define a map
T:8— B,, by

(Tz), = (Tix), + (Ta7),

where
(T ) _ 2Ao¢k+)\n(1 a) g_ , TL}N,
n =\ D)y 4 e @V -m) — 1, mg<n <N,
o0
(T ) Z s—n—i—l)Q 2)\(n B(s— e+1)) B o n>N
2T), =4 =
(T2x) no <n <N
log 2
and € = %.
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It is easy to see that for every pair x, z € S, T1x+73z € S. Further 77 is a contraction
and 73 is completely continuous. Hence by Krasnoselskii’s fixed point theorem [2], T
has a fixed point x € S§. That is,

p2)\ak+z\n(1—a)xz_k + Z (S —n+ 1)@3 2)\(n—[3(s—€+1))x§+174, n> N,

xy +exp(e(N —n))—1, no <n < N.

Ty =

Since x, > 0 for ng < n < N, it follows that x, > 0 for all n > ng. Set y, = 33%.
Then,

o0
Un =PYa_p+ O (s—n+1)Quyl 4 1,n > no,

which implies that {y,} is a positive solution of equation (24). It is clear that y,, — 0
as n — 00. This completes the proof.

We conclude this paper with the following example.

EXAMPLE 4. Consider the difference equation

1. 1 49
A? <yn _ gy;i_l) _ <Z _ W) ynim > 1. (27)

It is easy to see that all conditions of Theorem 3 are satisfied. Therefore, equation (27)
has a positive solution {y, } which tends to zero as n — oc. In fact {y,} = {55} is such
a solution of equation (27).
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