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Abstract

In this paper, we study the global stability and periodic character of the
positive solution of the difference equation zn4+1 = (a — bxn—k)/(A + x,), where
a>0,b,A>0andk € {1,2,---}, and initial conditions z_y, - - - , zo are arbitrary
real numbers. We show that the positive equilibrium of the equation is a global
attractor with a basin that depends on certain conditions posed on the coefficients.

1 Introduction
The global asymptotic stability of the rational recursive relation

LTn+1 = (a—ﬂxn)/(’y—l—xn_k), n:Oalv"'v (1)

and

Tpt1 = (@ = Bxn) /(v — Tpn—i), n=0,1,..., (2)

is investigated when «, 3,7 are nonnegative real numbers and k € {1,2,...}, and suf-
ficient conditions for the global attractivity of the positive equilibriums of (1) and (2)
are obtained, see [1, 3, 7]. Also, Yan et al. [8] studied the rational recursive equation

Tnt1 = (@ + Bz,) /(Y — Tp-1), n=0,1,.. (3)

where a > 0, 3,7 > 0 are real numbers, and obtained the global attractivity of positive
equilibrium of (3).
Other related results can be found in [2, 4, 5, 6].
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Our aim in this paper is study the global attarctivity and periodic character of
positive solution of the rational recursive relation

a—bxr,_i

=0,1,.. 4
A_"_xn?n b} ) ()

Tnt+1 =
where a > 0, A, b > 0 are real numbers and the initial values x_y, ..., z¢ are arbitrary
real numbers. We show that the nonnegative equilibrium point of the equation is a
global attractor with a basin that depends on certain conditions of the coefficients.

We first recall some results which will be useful in the sequel.
Let I be some real interval and let F be a continuous function defined on I*+1.
Then, for initial conditions x_g, ..., xg € I, it is easy to see that the difference equation

Tpi1 = F(@py oy k), n=0,1,..., (5)

has a unique solution {x,,}.

A point T is called an equilibrium of (5) if 7 = F(%, ..., T). That is, z, =T forn > 0
is a solution of (5), or equivalently, is fixed point of F'.

An interval J C I is called an invariant interval of (5) if

T py..nxo€J =2, €J, n>0.

That is, every solution of Eq.(5) with initial conditions in J remains in J.

DEFINITION 1.1. The difference equation (5) is said to be permanent, if there
exist numbers P and @ with 0 < P < @ < oo such that for any initial conditions
r_p,...,xo there exists a positive integer N which depends on the initial conditions
such that P < z, < Q for n > N.

The linearized equation associated with (5) about the equilibrium T is

Ynt1 = Zau T)Yn—i, n=0,1,... . (6)

Its characteristic equation is

)\n+1 Z 8u )\n z (7)

THEOREM A [5]. Assume that F is a C! function and let T be an equilibrium of
(5). Then the following statements are true:

(a) If all the roots of the equation (7) lie in the open unit disk | A |< 1, then the
equilibrium T of (5) is asymptotically stable.

(b) If at least one root of (5) has absolute value greater than one, then the equilib-
rium Z of (5) is unstable.

THEOREM B [2, 5]. Assume that p,q € R and k € {1,2,...}. Then

Ip| + gl <1 (8)
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is a sufficient condition for asymptotic stability of the difference equation
Tptl —PTp +qTp—p =0, n=0,1,.... (9)

Suppose in addition that one of the following two cases holds: (a) & is odd and ¢ < 0,
or, (b) k is even and pg < 0. Then (8) is also a necessary condition for asymptotic
stability of (9).

2 The Case a > 0

In this section, we discuss the periodic character and global attractivity of positive
solutions of (4).
Consider the difference equation (4) with

a>0and A,b>0. (10)

The unique positive equilibrium point of (4) is

—(A+b)+/(A+D)? +4a
5 .

E:

The linearized equation associated with (4) about the equilibrium T is

b
+ —Yn—t, =0, n=0,1,....
T

xr
Yn+1 + A_i_fyn A+

Its characteristic equation is

~(A+b) + VAT Hha 2 0
A—b+J(A+b)?2+4a A—b+/(A+b)?+4a

By using Theorem B, we have the following result.

LEMMA 2.1. The following statements are true.

(i) Assume that k is even. Then the positive equilibrium T of (4) is locally asymp-
totically stable if and only if A > b.

(ii) Assume that k is odd. Then the positive equilibrium T of (4) is locally asymp-
totically stable if A > b.

In the following, we always assume that

PUREE

a>0and A>b>0. (11)

Set f(u,v) = (a—bv)/(A+u), then it is easy to see that f(u,v) satisfies the following
properties.

LEMMA 2.2. Assume that (11) holds. Then the following statements are true.

Ho<T< <%

(ii) f(x,x) is a strictly decreasing function in [0, 00).

(iii) If (u,v) € [0,00] x (—00,a/b), then f(u,v) is a strictly decreasing function in
each of its arguments.
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THEOREM 2.1. Assume that (11) holds. Then Eq.(4) has no positive solution
with prime period two for all a € [0, c0).

PROOF. Assume for the sake of contradiction that there exist distinctive positive
real numbers ¢ and 1, such that

"'7¢’ w’ ¢)w) b

forms a period-two solution of Eq.(4). There are two cases to consider.
Case (a) k is odd.
In this case x,41 = T,—k, ¢ and 1) satisfy the system

d(A+ 1) =a—bgp and Y(A + ¢) =a — ).

Subtracting these equations, we get (A + b)(¢ + 1) = 0. Since ¢ # 1), then we have
A+ b =0, this is a contradiction.

Case (b) k is even.

In this case x,, = ©,,_, ¢ and v satisfy the system

(A4 ) =a—by and P(A + @) = a — bo.
Subtracting these equations, we obtain (A —b)(¢—1) = 0, so ¢ = 1, which contradicts

the hypothesis ¢ # 1. The proof is complete.

THEOREM 2.2. Assume that (11) holds, and let initial conditions z_g,...,zo €
[0,a/b]. Then Eq.(4) is permanent, that is, there exist constants P and () with 0 <
P <@ < oo such that P <z, <@, forn > 0.

PROOF. Set Q = £(0,0), P = £(Q,Q). Then we have
0<P<@=f(0,0)=a/A<alb
By part (iii) of Lemma 2.1, we have
0 = fla/ba/b) <x1= f(zoz—k) < f(0,0) =@,
0 = f(Q,a/b) <x2= f(z1,2-k41) < f(0,0) =@Q,

and

0<P=f(QQ)<m= f(itl,l’_k_H) < f(0,0) = Q.

Hence, the result follows by induction. The proof is complete.
By Theorem 2.2, we know that the interval [0, a/b] is an invariant interval of Eq.(4).

THEOREM 2.3. Assume that (11) holds. Then the positive equilibrium T of Eq.(4)
is a global attractor with the basin S = [0, a/b]**1.

PROOF. Let {z,,} be a solution of Eq.(4) with initial condition (z_g,---,zg) € S.
Then, by part (iii) of Lemma 2.1, for any u,v € [0, a/b], we have

a—bv
0< flu,v) = At <

a/b.
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Hence, f € C([0,a/b]?,[0,a/b]) and is strictly decreasing in each of its arguments.
Let A = liminf, o ®,, A =limsup,,_,., ©n, and let € > 0 such that € < min{a/b—
A, A\}. Then there exist ng € N such that A —e <z, < A+¢c. Thus

a—0b(A+e¢) a—b\—¢

)
< Tpyr < , n>mng+ 1.
A+ (A+e) 1 0

A+ (A —¢)

Then we get the following inequality

a—0b(A+¢) a—b\—e)
— <A AL —"7r——,
A+ (A+e) = = ~ A+ (A—¢)
This inequality yields
a— bA a — b
<A<S<AL —
A+ A sAsAs A+ N’

which implies that a — bA — AN < A\ < a— b\ — AA. In view of A > b, A < \. Hence
A=A =7, that is lim, .. @, = T. This completes the proof.

3 The Case a =0

In the section, we study the asymptotic stability for the difference equation

—bx,_
Tn+1 = A—Fl‘k’ n=0,1,.., (12)
where
b,A € (0,00), ke {1,2,..}, (13)

and the initial condition x_y, ..., x¢ are arbitrary real numbers.
By putting x,, = by, Eq.(4) yields

—Yn—k
C+uyn’

Yn+1 = Tl:O,l,..., (14)
where C = A/b > 0. Eq.(14) has two equilibria 7; = 0 and J, = —(C + 1). The
linearized equations of the Eq.(14) about the equilibria 7, and 7, are

y.
7 Zn+
C+7y;

i1 + Znopr=0,i=12 n=01,...

1

For §, = —(C' + 1), by Theorem A we can see that it is unstable. For §; = 0, we have

1
Znir+ GZnk =0, n=0,1,.... (15)

The characteristic equation of Eq.(15) is A**! 4 1/C = 0. Hence, by Theorem A |
we have
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(i) if A > b, then 7, is locally asymptotically stable.

(ii) if A < b, then 7, is unstable.

(iii) if A = b, then linearized stability analysis fails.

In the sequel, we discuss the global attractivity of the zero equilibrium of Eq.(14).
So, we assume that A > b, namely, C' > 1.

LEMMA 3.1. Assume that the initial conditions y_g, ..., yo € [-C +1,C —1]. Then
yn €[-C+1,C —1] for n > —1.

PROOF. Suppose y_, - ,y0 € [-C +1,C — 1]. Then we have

—C+1 _—C+1 _ —yr _C-1 _ _C-1

—C41= - —C-1,
C—C+1-C+Hyo " Chyo " Crmp - C-C+1
and
—C+1 Y C—1 c-1
_ 1= —— = < qy= < =C-1.
CHl=Gee71% 1y SCap 0011 ¢

Our result now follows by induction.
By Lemma 3.1, we know that the interval [-C + 1,C — 1] is an invariant interval
of Eq.(14). Also, Lemma 3.1 implies that the following is true.

THEOREM 3.1. The equilibrium 7; = 0 of Eq.(14) is a global attractor with a
basin S = [-C + 1,C — 1]F+1.
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