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Abstract

In this paper, by using operations, some characterizations and some properties
of fuzzy continuous functions and its weaker and stronger forms including fuzzy
weakly continuous, fuzzy θ-continuous, fuzzy strongly θ-continuous, fuzzy almost
strongly θ-continuous, fuzzy weakly θ-continuous, fuzzy almost continuous, fuzzy
super continuous, fuzzy δ-continuous, are presented.

1 Introduction

Several types of fuzzy continuous functions and its weaker and stronger forms occur
in the literature. The aim of this paper is to give some characterizations and some
properties of fuzzy continuous functions and its weaker and stronger forms including
fuzzy weakly continuous, fuzzy θ-continuous, fuzzy strongly θ-continuous, fuzzy almost
strongly θ-continuous, fuzzy weakly θ-continuous, fuzzy almost continuous, fuzzy super
continuous, fuzzy δ-continuous.

The class of fuzzy sets on a universe X will be denoted by IX and fuzzy sets on
X will be denoted by Greek letters as µ, ρ, η, etc. A family τ of fuzzy sets in X is
called a fuzzy topology for X iff (1) ∅, X ∈ τ , (2) µ∧ ρ ∈ τ whenever µ, ρ ∈ τ and (3)
{µα : α ∈ I} ∈ τ whenever each µα ∈ τ (α ∈ I). Moreover, the pair (X, τ) is called

a fuzzy topological space. Every member of τ is called an open fuzzy set [8].

A fuzzy set in X is called a fuzzy point iff it takes the value 0 for all y ∈ X except
one, say, x ∈ X. If its value at x is α (0 < α ≤ 1) we denote this fuzzy point by xα,
where the point x is called its support [8]. For any fuzzy point xε and any fuzzy set µ,
we write xε ∈ µ iff ε ≤ µ(x).
Let f : X → Y be a fuzzy function from a fuzzy topological space (X, τ) to a fuzzy

topological space (Y,υ). The function f is called fuzzy continuous iff for each xε ∈ X
and each fuzzy open set ρ containing f(xε), there exists a fuzzy open set µ containing
xε such that f(µ) ≤ ρ [9].

By int(µ) and cl(µ), we mean the interior of µ and the closure of µ.

Let f : X → Y be a fuzzy function from a fuzzy topological space X to a fuzzy
topological space Y . Then the function g : X → X × Y defined by g(xε) = (xε, f(xε))
is called the graph function of f and it will be denoted by grf [1].
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2 Some Types of Continuous Fuzzy Functions

There are some useful definitions.

DEFINITION 1. Let (X, τ) be a fuzzy topological space. A mapping α : IX → IX

is called an operation on IX if for each µ ∈ IX\{∅}, int(µ) ≤ µα and ∅α = ∅ where µα
denotes the value of α in µ [5].

DEFINITION 2. Let (X, τ) be a fuzzy topological space and let α be an operation
on IX . α is called a monotonous operation if for each µ, ρ ∈ IX and µ ≤ ρ, then
µα ≤ ρα [5].

DEFINITION 3. Let (X, τ) and (Y, υ) be fuzzy topological spaces and let ϕ, ψ be
operations on IX , IY respectively. A function f from (X, τ) into (Y, υ) is called fuzzy
ϕψ-continuous if for each xε ∈ X and each fuzzy open set ρ containing f(xε), there
exists a fuzzy open set µ containing xε such that f(µ

ϕ) ≤ ρψ.

The following table provides us a list of fuzzy ϕψ-continuous function with opera-
tions ϕ and ψ.

Operations Fuzzy ϕψ-continuity
1. ϕ = ψ = i f. continuity [9]
2. ϕ = i, ψ = cl f. weakly continuity [1]
3. ϕ = ψ = cl f. θ-continuity [3, 7]
4. ϕ = cl, ψ = i f. strongly θ-continuity [4, 6]
5. ϕ = cl, ψ = int ◦ cl f. almost strongly θ-continuity [7]
6. ϕ = int ◦ cl, ψ = cl f. weakly θ-continuity [7]
7. ϕ = i, ψ = int ◦ cl f. almost continuity [1]
8. ϕ = int ◦ cl, ψ = i f. super continuity [6]
9. ϕ = ψ = int ◦ cl f. δ-continuity [2, 10]

DEFINITION 4. Let (X, τ) be a fuzzy topological space and let (xαεα) be a net in
X. (xαεα) is called ϕ-converges to xε if for each open set µ containing xε, there exists

an index α0 ∈ J such that xαεα ∈ µϕ for all α ≥ α0. We will denote by x
α
εα

ϕ→ xε.

DEFINITION 5. Suppose that (X, τ) is a fuzzy topological space and ϕ is an
operation on IX . Let (X, τ) be a fuzzy topological space and let (xαεα) be a net in X.
Then (xαεα) is called ϕ-eventually in the fuzzy set µ ≤ X if there exists an index α0 ∈ J
such that xαεα ∈ µϕ for all α ≥ α0.

The following theorem gives us the characterizations of fuzzy ϕψ-continuous func-
tion.

THEOREM 1. Suppose that (X, τ) and (Y, υ) are fuzzy topological spaces and ϕ, ψ
are operations on IX , IY respectively. For a function f : (X, τ)→ (Y, υ), the following
statements are equivalent.

i-) f is fuzzy ϕψ-continuous.

ii-) For each xε ∈ X and for each net (xαεα) in X, if x
α
εα

ϕ→ xε, then f(x
α
εα)

ψ→ f(xε).

iii-) For each xε ∈ X and for each net (xαεα) in X, if x
α
εα

ϕ→ xε, then the net f(x
α
εα)

is ψ-eventually in ρ for all fuzzy open set ρ containing f(xε).
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PROOF. (i)⇒(ii). Let f(xε) ∈ ρ ∈ υ. Since f is fuzzy ϕψ-continuous, there exists

an open set µ containing xε such that f(µ
ϕ) ≤ ρψ. Since xαεα

ϕ→ xε, there exists an
index α0 ∈ J such that xαεα ∈ µϕ for all α ≥ α0. Thus f(x

α
εα) ∈ f(µϕ) ≤ ρψ and

f(xαεα) ∈ ρψ for all α ≥ α0. We obtain that f(x
α
εα)

ψ→ f(xε).

(ii)⇒(iii). Obvious.
(iii)⇒(i). Suppose that (i) is not true. There would then exist a point xε and an

open set ρ containing f(xε) such that µ
ϕ f−1(ρψ) for each µ ∈ τ where xε ∈ µ. Let

xεµ ∈ µϕ and xεµ /∈ f−1(ρψ) for each µ ∈ τ where xε ∈ µ. Then for the neighborhood
net (xεµ), xεµ

ϕ→ xε, but (f(xεµ)) is not ψ-eventually in ρ. This is a contradiction.

EXAMPLE 1. Suppose that (X, τ) and (Y, υ) are fuzzy topological spaces. For a
function f : (X, τ) → (Y,υ), the following statements are equivalent with operations
ϕ = i, ψ = cl.

i-) f is fuzzy weakly continuous.

ii-) For each xε ∈ X and for each net xαεα in X, if x
α
εα → xε, then for each open

set µ containing f(xε), there exists an index α0 ∈ J such that f(xαεα) ∈ cl(µ) for all
α ≥ α0.

iii-) For each xε ∈ X and for each net xαεα in X, if x
α
εα → xε, then the net f(x

α
εα)

is eventually in cl(ρ) for all fuzzy open set ρ containing f(xε).

THEOREM 2. Let f : X → Y be a fuzzy function from fuzzy topological space
(X, τ) to fuzzy topological space (Y, υ) and let ϕ, ψ be operations on IX , IY , respec-
tively. If f is fuzzy ϕψ-continuous and ϕ is a monotonous operation on IX , then the
restriction function f |µ: µ→ Y for any fuzzy set µ ≤ X is a fuzzy ϕψ-continuous.

PROOF. Let xε ∈ µ and f |µ (xε) ∈ ρ ∈ υ. Since f is fuzzy ϕψ-continuous, it follows
that there exists a fuzzy open set η containing xε such that f(η

ϕ) ≤ ρψ. From here we
obtain that f(ηϕ)∧ µ ≤ ρψ ∧ µ. Since f |µ (µϕ) = f(µϕ)∧µ, f |µ (µϕ) ≤ ρψ ∧µ ≤ ρψ.
Since ϕ is a monotonous operation on IX , it follows that f |µ ((η ∧ µ)ϕ) ≤ f |µ (ηϕ) ≤
ρψ. Thus, we obtain that the restriction function f |µ is fuzzy ϕψ-continuous.
THEOREM 3. Suppose that (X, τ) and (Y, υ) are fuzzy topological spaces and ϕ,

ψ are operations on IX , IY respectively. Let f : X → Y be any fuzzy function. If
{µα : α ∈ J} is an open cover of X and fα = f |µα is fuzzy ϕψ-continuous for each
α ∈ J , then f is fuzzy ϕψ-continuous.
PROOF. Let xε ∈ X, f(xε) ∈ ρ ∈ υ. Since {µα : α ∈ J} is an open cover of X,

there exists an index α such that xε ∈ µα and fα(xε) ∈ ρ ∈ υ. Since each fα is fuzzy
ϕψ-continuous, there exists an open set xε ∈ η such that (η ∧ µα)ϕ ≤ f−1α (ρψ) and
hence (η ∧µα)ϕ ≤ f−1α (ρψ) = f−1(ρψ)∧µα. Since {µα : α ∈ J} is an open cover of X,
(η ∧ µα)ϕ ≤ f−1(ρψ) and xε ∈ η ∧ µα ∈ τ . Thus, f is fuzzy ϕψ-continuous.

DEFINITION 6. Let ( α∈J Xα, τ) be a product space and let ψ be an operation on

I
Q
α∈J Xα and on IXα for all α ∈ J . ψ is called a productive operation if ( α∈J µα)

ψ ≤
α∈J µ

ψ
α for all α∈J µα ≤ α∈J Xα, µα ≤ Xα.

DEFINITION 7. Let (Y, υ) be a fuzzy topological space and let ψ be an operation
on IY . (Y, υ) is called fuzzy ψ-hyperconnected space if µψ = Y for all fuzzy open set
µ = ∅.
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EXAMPLE 2. Let ( α∈J Xα, τ) be a product space. Take ψ = cl. It is known
that the operation ψ = cl is productive, since cl( α∈J µα) ≤ α∈J cl(µα) for all

α∈J µα ≤ α∈J Xα, µα ≤ Xα.

Let the fuzzy topological space (Y, υ) be ψ-hyperconnected. It means that cl(µ) = Y
for all fuzzy open set µ = ∅.
THEOREM 4. Suppose that (X, τ) and (Y, υ) are fuzzy topological spaces and ϕ,

ψ are operations on IX , IY , respectively. Let f : X → Y be any fuzzy function and
let grf : (X, τ)→ (X × Y, τ p) be graph function of f and ψ be a productive operation
on IX×Y . If grf is ϕψ-continuous, then f is ϕψ-continuous.

PROOF. Let xε ∈ X and f(xε) ∈ ρ ∈ υ. Then grf(xε) = (xε, f(xε)) ∈ X × ρ ∈ τ p.
Since grf is ϕψ-continuous and ψ is a productive operation, there exists an open set
fuzzy set η containing xε such that grf(η

ϕ) = ηϕ × f(ηϕ) ≤ (X × ρ)ψ ≤ X × ρψ and
hence f(ηϕ) ≤ ρψ. Thus, f is ϕψ-continuous.

THEOREM 5. Suppose that f : X → Y is a fuzzy function from fuzzy topological
space (X, τ) to fuzzy topological space (Y,υ) and ϕ, ψ are operations on IX , IY ,
respectively. Let grf : (X, τ) → (X × Y, τ p) be graph function of f and ψ be a
productive operation on IX×Y and let X × Y be fuzzy ψ-hyperconnected space. grf
is fuzzy ϕψ-continuous function if and only if f is fuzzy ϕψ-continuous function.

PROOF. ⇒: Obvious from the above theorem.
⇐: Let xε ∈ X and let j∈J(µj × ηj) ≤ X × Y be a fuzzy open set such that

xε ∈ (grf)−1( j∈J(µj × ηj)). Since X ×Y is fuzzy ψ-hyperconnected space, it follows
that ( j∈J(µj × ηj))

ψ = X × Y . Hence for all open fuzzy set ρ containing xε, ρϕ ≤
(grf)−1(( j∈J(µj × ηj))

ψ) = (grf)−1(X×Y ) = X. Thus, grf is fuzzy ϕψ-continuous
function.

THEOREM 6. Suppose that (Xα, τα) is fuzzy topological space and ψ is an opera-
tion on IXα for all α. Let ( α∈J Xα, τ

p) be a product space and let ψ be a productive

operation on I
Q
α∈J Xα . Let (X, τ) be a fuzzy topological space, let ϕ be an operation

on IX and let f : (X, τ) → ( α∈J Xα, τ
p) be any fuzzy function. If f ϕψ-continuous,

then pα ◦ f is fuzzy ϕψ-continuous where pα is projection function for each α ∈ J .
PROOF. Let xε ∈ X and (pα ◦ f)(xε) ∈ ρα ∈ τα. Then f(xε) ∈ p−1α (ρα) =

ρα × ( β=αXβ) ∈ τ p. Since f is ϕψ-continuous, there exists an open set µ containing

xε such that f(µ
ϕ) ≤ (ρα × β=αXβ)

ψ. Since ψ is a productive operation, f(µϕ) ≤
ρψα × ( β=αXβ)

ψ = ρψα × β=αXβ
ψ = ρψα × β=αXβ = p−1α (ρψα) and hence µ

ϕ ≤
(pα ◦ f)−1(ρψα) and we obtain that pα ◦ f is fuzzy ϕψ-continuous for each α ∈ J .
THEOREM 7. Suppose that (X, τ) and (Y, υ) are fuzzy topological spaces and ϕ, ψ

are operations on IX , IY respectively. Let f : X → Y be any fuzzy function and let ß
be a base of υ and let ψ be a monotonous operation on IY . f is fuzzy ϕψ-continuous iff
for each xε ∈ X and each ρ ∈ ß containing f(xε), there exists an open set µ containing
xε such that f(µ

ϕ) ≤ ρψ.

PROOF. (⇒:) Obvious.
(⇐:) Let xε ∈ X and f(xε) ∈ η ∈ υ. Since ß is a base of υ, there exists an open set

ξ ∈ ß containing f(xε) such that ξ ≤ η. Now from hypothesis, there exists an open set
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γ containing xε such that f(γ
ϕ) ≤ ξψ. Since ψ is a monotonous operation on IY and

ξ ≤ η, f(γϕ) ≤ ξψ ≤ ηψ. Hence, f is ϕψ-continuous.
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