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Abstract

The homogenous balance method in [1,2] is improved and applied to the Ku-
pershmidt equation. As a result, some families of exact analytical solutions are
derived.

1 Introduction

Wang in [1,2] proposed a homogenous balance method (HBM) for constructing soliton
solutions. The purpose of the HBM is to search for exact solution of nonlinear evolution
equations or nonlinear partial differential equation. Zhang in [3,4] generalized Wang’s
result and obtained multi-soliton solutions for some equations.

The HBM has two main step: the first one is to set the order of the highest linear
item in the equation in concern equal to the order of the highest nonlinear item. The
second one is to set up nonlinear transformations.

For a given nonlinear partial differential equations, say, in two variables x, ¢

P(uuutuua:uura:uu:rta"'):07 (1)

where P is a polynomial function and the subscripts denote partial derivatives. Wang
obtained the following relation from the first step of the homogenous balance method

u(xat):f(¢7¢t7¢wv¢mta¢a:wa"')+u05 (2)
E(¢17 ¢)t7 (rb.’ln (rb.’lrta (ZSJJQH o ) = Oa i = 1a 2a R (3)
where ¢ = ¢(z,t), f is a known function and F}, - - -, F;, are homogenous functions with

respect to various derivatives of ¢. In order to search for the function ¢, Wang assumed
that ¢(z,t) = 1 + e*®TF+7. Then solitary wave solutions were derived. However, in
view of the homogenous property of (3), we can make more formal assumptions, so that
additional exact solutions for (1) can be found. These solutions contain the results of
Wang and Zhang.
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2 Exact Solutions for Kupershmidt equation
As illustrative examples, we consider the following Kupershmidt equation [4,5]
U + utty + Hy + Oy = 0, (4)

Hy + (Hu)y — 6Hyy = 0. (5)

In order to ‘balance’ the orders of u,, and wu,, H,, and (Hu),, suppose equations (4)
and (5) have the following transformations

H:f/l¢§+f/¢mx+Hl($vt)a (6)

u:f/¢x+ul(xvt)a (7)

where H; and w; are the solutions of equations (4) and (5). By taking H; =0, u; =d
where d is a constant, it is clear that (0,d) is also a solution of equations (4) and (5).
Therefore equations (6) and (7) are transformed into the following form

H= f//¢i + f/(bwwv (8)

u= f'¢, +d. (9)

After substituting (8) and (9) into equations (4) and (5), with the help of Maple,
we may obtain

"+ (1 +8) N3 + (detr + dd2 + 30utne + 36Gstns)
= 0, (10)

(f'fS — 6@ + f72)8% + (926 + doS — 4602 boaw) f &)

- 0. (11)

Setting coefficients of ¢3 in (10) and ¢2 in (11) to zero respectively, we get
f+@1+8)f" =0, (12)

f/f/// + f//2 _ 6f(4) = 0. (13)
From (12) and (13), we arrive at the special solution
f=-26In¢. (14)

Therefore equations (4) and (5) have the following Auto-Bécklund transformation:

H = =205 ng = —26555 428 (?) : (15)
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_ 969 o= _25%
u= 268xln¢_ 25¢+d. (16)

From (14), we also have

f/f// _ 6f(3) — O,
(fl)2 _ Zé'fll =0.

Then after substituting (14) and above relations into (10) and (11), and setting the
coefficients of f”, f' in (10) and f", f”, f’ in (11) to zero, we see that ¢ satisfies the
relation

((bt + d¢z - 6¢:L’:L’):L’Z = 07

19
20

(
(
(
(21

)
)
)
)

provided that

From (22), we can guess at the form of solutions: (i) exponent function; (ii) product
of trignometric function and exponent function; (iii) polynomial function; (iv) product
of hyperbolic function and exponent function; (v) linear combination of the above four
types of functions.

To find more solutions of (22), we need to discuss the following cases:

Case 1. First suppose (22) has the following formal solution
¢1 (.’L‘, t) = lo + Z?:llie(aix-‘rﬂit-‘r%), (23)

where a; and j3; are to be determined later; [; and +; are arbitrary constants and I; # 0
for j =0,1,2,---,n. Substituting (23) into (22) yields

Bi +da; —62=0,i=0,1,2,---,n. (24)

Finally from (23) and the Béacklund transformation (15)-(16), we can obtain multi-
soliton solutions for equations (4) and (5)

E?—l ailie[a?1+(6af —da; )tJr’Yi]

s t) = 2 e e et T (25)
i=1Yi
E?Zla?lie[“ix'*‘(&a?_dai)“‘%] izla%lie[@ix"!‘(&a?_d(’éi)t+7i]
H(z,t) = —26 lo + Z;L:llie[aiac+(6af—dai)t-&-’n] * 1+ Z?zle[aia:—l—(éaf—dai)t-i-'y]

(26)
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which are the solutions obtained by Zhang [5] under the conditions lp = 1l; = -+ =
l, = 1. When n = 1, two sets of solitary wave solutions of equations (4) and (5) can
be written as follows:

1 l 1
up(x,t) = —aq6 tanh 3 {alx + (60[% —day)t+v1 +1In —1] - 5041 +d, Il >0, (27)

lo
1 2 21 2 ll
Hy(z,t) = —ialésech 5 |+ (ba] —dai)t+v1 +1n NE l1lp > 0), (28)
0
which are solitary wave solutions obtained by Wang [2], and
1 l 1
ug(x,t) = fal6coth§ {alx + (60[% —day)t+v1 +1In <l—1>} — 5015 +d, 11y > 0,
0
(29)
1 2 2 1 2 ll
Hy(z,t) = —§a15csch 5 | + (6a7 —dag)t +v1 +In ) lilo <0 (30)
0

which are singular solitary wave solutions missing in [2]. They may be called blow-up
solutions.

Case 2. We can also find the following formal solutions of (22):

= [ d ¢ d
= i ()2 1 2 = o .
¢o(x,t) = ap + ;:1 sin (26) + 7L eXp (26:5 cit + az) , (31)
o3(x,t) = ap + En cosy/—(i)Q—i—ﬁxexp ix—cit—i—ai ) (32)
’ — 26 d 26

Substituting (31) and (32) into Bécklund transformation (15) and (16) respectively, we
have two kinds of new exact solution for equations (4) and (5)

and

S [\IJZ cos U,z + 2% sin \IIZ] exp (2%:5 —cit + ai)

u(z,t) = =26 - -
ap + X}, sin U;x exp (%x —ct+ ai)

+d,

Hiot) = —2622:1 [(2(£)% — %) sin Uz + LU, cos Uz exp (Lx — ¢it + a;)

ap + X7, sin U,z exp (%az —cit+ ai)

[E?:lllli cos U,z + % sin U,z exp(% —cit + ai)] 2

+26 )
(ap + X, sin ¥,z exp(%x —cit+a;))?
1 L cos W, — U, sin U, exp(Lx — ¢; + a;
u(z,t) = —26 Sk — ] pr(% eha) d,
ag + X7, cos Wiwexp(550 — ¢it + a;)
Hixt) = -2 S 12(£)2 — %) cos Wy — 20, sin W] exp(x — it + dy)
’ ag+ X, cos Uz exp(%x —cit+a;)
495 (20 [ cos Wz — U, sin U;z] exp(a — ¢it + a;)] 2

(ap + X1, cos ¥,z exp(%x —cit +a;))?
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where

C; d 2
v oo (LY

Case 3. Suppose that ¢ in (22) has the following formal rational analytical solutions

n

alw.t) = > ki(t)a, (33)

i=1

where k;(t), 1 =0,1,2,---,n, are functions to be determined later.

With the aid of Mathematica or Maple, substituting (33) into (22) and then setting
the coefficients of x? for i = 0,1,2,---,n to zero, we obtain a system of differential
equations with respect to kg, k1, ..., k,. Then k;, i = 0,1,2,---,n, can be determined.
For convenience, we only consider the case where n = 3. Then

1
ko(t) = c3 — (26¢; + dea)t + §(d201 +96de)t? — dPet?,

ki (t) = 3d2ct® — (dey + 36¢)t + co,
kg(t) = —3dc + C1,
k3(t) =

where ¢, 1, c2, c3 are arbitrary constants. Thus we get a new rational function solution
for equations (4) and (5):

N 3.2 . B )
u(z, t) = _ggPux _ _gg3d°ct” — (dey + 38¢)t + ca + (201 — Gdet)x + 3ex |
P4 b2
_ 2 42 B )
H(z, 1) = _252c1 6dct + 6cx+26 [3d?ct? — (dey 4 36c)t + c; + (2¢1 — 6det)x + 3ex ]’
on )
where
1 a e
¢4 = [c3—(20c1 +dea)t + §(d2¢:1 + 98dce)t? — dPct?)]

+[(38d%ct? — (dey + 36¢)t + c)x + (—3det + ¢1)a? + cx).

Case 4. Suppose equation (22) has the following formal solutions

- d 2 C; d
o5 = Yo + ;cosh <2—5) + (—)xexp (2—696 + ¢t + %) , (34)

1=

- . d 2 C; d
6 =0 + ;blnh <%> + (E)xexp <%$ + ¢t + %’) . (35)
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Then after substituting (34) and (35) into Bécklund transformation (15) and (16), we
have another kind of new exact solution for (4) and (5):

DS (QZ sinh Q;x + 2% cosh Ql) exp (2—(15:5 + ¢t + %)

u(z,y) = —26
(z,y) Yo + X cosh Qizexp (& + it + ;)

+d,

25 DI [(%Z—; + %) cosh Q;x + %QZ} exp (& + it + ;)

H X, =
(z,y) Yo + X7 cosh Qizexp (& + it + ;)
i 2
Y (2, (Qsinh iz + £ cosh Q;) exp (&z + ¢t ;_ )]
[70 + X7, cosh Q;x exp (%1’ + et + %)]
d o d
ula, ) = 262222 (% COS}; U + 55 sinh %) P (g tcit+7) d
Yo + X1 sinh Qi exp ($kx + cit + ;)
Y, [(%‘g—i + %) sinh Q;z + %Qj, cosh Ql} exp (Q%g; +cit + 71)
H(l‘,y) = =26 y

Yo + X7, sinh Q;x exp (%x + cit + %)
[Eg”zl(ﬂi cosh Q;x + 2% sinh ©Q;) exp (Q%x + ¢t + %)] 2
[fyo + X7, sinh Q;zexp (2%33 +c;it + ’yi)] 2

d\’> ¢
Q; = — —=.
! (25) T3
Case 5. Since (22) is a linear equation, it is easy to show that the following combined

form of the above six solutions ¢;, i = 1,2,---,6, is also a solution of equation (22),
namely,

+26

)

where

5
$(a,t) = co+ Y _ cidi(x, )

i=1

where c1,- -, cg are arbitrary constants. By using the Bécklund transformation (15)
and (16), we get solutions of equations (4) and (5) of the form

9 cidi

= 72
u(z,t) 560 + 39 cidi(x,t)

+d,

and
E?:lcid)iwz 28 (E?:10i¢iz)2
co+ X2 cidi(w, 1) (co+X0_qcigi(w,t))?’

where ¢;(i = 1,2, --,6) satisfy (23), (31)-(35).

H(x,t)=—-26
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3 Concluding Remarks

In summary, based on the improved homogenous balance method, by using Bachlund
transformation, serval types of exact solutions for Kupershmidt equation are obtained.
These solutions contain previously found solitary wave solutions and new rational func-
tion solution and periodic solution, etc.
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