Applied Mathematics E-Notes, 2(2002), 51-58 © ISSN 1607-2510
Available free at mirror sites of http://www.math.nthu.edu.tw/~amen/

Global Attractivity in a Higher Order Nonlinear
Difference Equation *

Xing-Xue Yan', Wan-Tong Li and Hong-Rui Sun?

Received 24 November 2001

Abstract
Our aim in this paper is to investigate the global attractivity of the recursive
sequence
a— Bz
Tnil = ¢, n=01,..,
Y — Tn—k

where a > 0, v > 8 > 0 are real numbers and k > 1 is an integer. We show that
one positive equilibrium of the equation is a global attractor with a basin that
depends on certain conditions imposed on the coefficients.

1 Introduction

The asymptotic stability of the rational recursive sequence

Tn41 = n , N = 0,1,..., (1)
k
Y + E :if() YiTn—i

was investigated when the coefficients «, 3, and ~y; are nonnegative, see Kocic et al.
[7], and Kocic and Ladas [6, 8]. Studying the asymptotic behavior of the rational
sequence (1) when some of the coefficients are negative was suggested by Kocic and
Ladas in [8]. Recently, Aboutaleb et al. [1] studied the rational recursive sequence
Tn41 = Lﬂxna n= Oa 1.
7 + Tp—1
where «, 8 and y are nonnegative real numbers and obtained sufficient conditions for
the global attractivity of the positive equilibria. Other related results can be found in
2,3, 4, 5,9, 10].
Our aim in this paper is to study the global attractivity of the rational recursive
sequence
a— Pz,
(2)

Tpt1 = ————, = Oa 1.
Y~ Tn—k

*Mathematics Subject Classifications: 39A10
TDepartment of Mathematics, Hexi University, Zhangye, Gansu, P. R. China
fDepartment of Mathematics, Lanzhou University, Lanzhou, Gansu 730000, P. R. China

o1



52 Global Attractivity

where o > 0, v > [ > 0 are real numbers and k > 1 is an integer number, and the
initial conditions x_j ,_g41, -+, —1 and xg are arbitrary. We prove that the positive
equilibrium T of Eq.(2) is a global attractor with a basin that depends on certain
conditions of the coefficients. The case where k = 1 was investigated in [11].

2 Local Stability and Permanence

We start this section with the following known result which will be used in our proofs.
LEMMA 2.1 [8]. Assume that p,q € R and k € {0,1,---}. Then

Ipl+1q <1
is a sufficient condition for the asymptotic stability of the difference equation
Tn+1 +9p2n +qTn—r =0, n=0,1,..

Now, let us consider the rational recursive sequence

a— Bz,
= =0,1,... 3
Tn+1 '7_:7)717]@’, n y Ly ) ( )
where
a>0,v>0>0, ke{l,2,3,..}. (4)

If (4) holds, and o = (B + v)?/4, then Eq.(3) has a unique positive equilibrium
To = (B+7)/2. If (4) holds and o < (8+7)?/4, then Eq.(3) has two positive equilibria

BT T
2 |

s

The linearized equation of Eq.(3) about the equilibrium T; is

yn+1+ ﬁ_ Yn — xi_ Yn—k :07 i:O71727 nzovlv'“ . (5)
R YT

The characteristic equation associated with Eq.(5) about T is

=6 -8
Since (v + 8)/(y — B) > 1, the equilibrium Ty of Eq.(3) is unstable.
The characteristic equation associated with Eq.(5) about 7 is

AL 26 /\k7’7+6+\/(ﬁ+’7)2_40‘:0.
v=8—=(B+7)? - da v=8—=(B+7)? - da

(v+8+VB+77—1a)
(r-5-VEr—)

0.

In view of

> 1,
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the equilibrium Z; of Eq.(3) is also unstable.
For the positive equilibrium T, in view of condition (4) and a < (8 + 7)?/4, we

have
@:5+7—\/W<ﬁ;7<%
Hence, if
0<a<pBly-—3), (6)
then
(B+7)?2—4a = /(B+7)?—46(y—B)
> V(B+7)? - (v+38)(y - B)
= V(B+7)?2—(B+7)2+462 =28,
and so
B+F| _ B+T _38+7—/(BF1)’—4a
Y — T2 YT=22 =0+ /(B+7v)?—-4da

3B0+7-28 G+ _,
y=B8+28 y+p8
which, by Lemma 2.1, implies that Ty ( in the sequel, we will denote To as T ) is locally
asymptotically stable.

Before stating our result related to permanence, we list a lemma which is useful in
proving our main result.

LEMMA 2.2. Let f(u,v) = (o — Bu)/(y — v) and assume that (4) and (6) hold.
Then the following statements are true:

(a) 0 <T < a/f,and a/f <T1 < o0,

(b) f(x,x) is a strictly decreasing function in (—o0, «/f], and

(c) let u,v € (—oo,a/f], then f(u,v) is a strictly decreasing function in u, and a
strictly increasing function in v.

PROOF. We only prove (a). The proofs of (b) and (c) are simple and will be
omitted. In view of (4) and (6), we have

ﬁ+7—\/(ﬁ+7)2—4a<ﬂ+7 -
2

2

<

T = .

By Eq.(3), we have
a— [T
Y-
and so T < a/B. Also, in view of (4) and (6) we have

_ 3T 7 _
0 < 9Zfm_ o Byt V(E+7)?—da
Y- 2

By +V(B+1)2 =480 -8) _ BH+r+/ (7~ B +45

2 2

S+ =02 _
2

T = >0,

7
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and so o — 0T < 0, which implies that Z; > «/8. The proof is complete.

THEOREM 2.1. Assume that (4) and (6) hold and let {z,} be any solution of
Eq.(3). If z; € (—o0, /0] for i = —k,—(k—1),...,—1 and z € [0, /0], then 0 < z,, <
a/Bforn=1,2,...

PROOF. By part (c) of Lemma 2.2, we have

a—0-2 _ —3.
O:ﬁgxlza ﬂxoga ﬁ(y0<g7
V= Tk YTk~ Y5 B
and s
a—3-2 _ _3.
0= 2P o a— B Sa 600<g'
Y= Tk Y=—T k1 Y—j5 B

The result now follows by induction. The proof is complete.

3 Global Attractivity

In this section, we will study the global attractivity of positive solutions of Eq.(3). We
show that the positive equilibrium T of Eq.(3) is a global attractor with a basin that
depends on certain conditions imposed on the coeflicients.

LEMMA 3.1 [3]. Consider the difference equation

Tpy1 = [(TnyTp—p), n=0,1,.. (7)

where k > 1. Let I = [a,b] be some interval of real numbers, and assume that f :
[a,b] x [a,b] — [a,]] is a continuous function satisfying the following properties:
(a) f(u,v) is a nonincreasing function in u, and a nondecreasing function in v, and
(b) if (m, M) € [a,b] X [a,b] is a solution of the system

m= f(M,m), and M = f(m, M), (8)

then m = M.
Then Eq.(7) has a unique positive equilibrium point Z and every solution of Eq.(7)

converges to T.
THEOREM 3.1. Assume that the conditions (4) and (6) hold. Then the positive
equilibrium 7 of Eq.(3) is a global attractor with a basin S = [0, a/8]" " .

PROOF. For u,v € [0, /0], set

a— Pu
y-v

f(uvv) =

We claim that f : [0,a/0] x [0,a/8] — [0,a/0]. In fact, set a =0 and b = o/, then

a—pb a—a

f(b’a):,y_a ~y

:O:a7
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and in view of 0 < o < B(y — ), we have

a—fa  « a_
fla,b) = po— _7—%<ﬁ b.

Since f(u,v) is decreasing in u and increasing in v, it follows that
a < f(u,v) <b, for u,v € [(I,b],

which implies that our assertion is true. On the other hand, the conditions (a) and (b)
of Lemma 3.1 are clearly true. Let {z,} be a solution of Eq.(3) with initial conditions
(x_g, -y x_1,20) € S. By Lemma 3.1, we have lim,,_,, x,, = T. the proof is complete.

By Theorems 2.1 and 3.1, we have the following more general result.

THEOREM 3.2. Assume that the conditions (4) and (6) hold, then the positive
equilibrium Z of Eq.(3) is a global attractor with a basin S = (—oc,a/4]" x [0,a/8].

PROOF. Let {x,} be a solution of Eq.(3) with initial conditions (x_g, -+, x_1,20) €
S. Then by Theorem 2.1, we have

xn € 0,a/0], n=1,2,. . kkE+1,...

By Theorem 3.1, we have lim,, .o, 11 = T, and so lim,_,. £, = T. The proof is
complete.

In the above discussion, we always assume that 0 < a < (v — ). In fact, the
following example shows that the upper bound §(y — §) may be the best.

EXAMPLE 3.1. Consider the difference equation

11—z,
Tnt1 = ma n=0,1,..,
n—

where k > 1. Obviously, o = G(y — 3). When k is odd, however, it is easy to see that
the solution of this equation with initial conditions x_p = 0,241 = 1,...,2_1 = 0
and xy = 1 is periodic with period 2.

Motivated by the above example, we shall prove that the following general result is
also true if

Bly—=B) Sa<(y—=0F)(v+36)/4 9)

THEOREM 3.3. Assume that (4) holds. Then Eq.(3) has prime period two non-
negative solutions if and only if %k is odd and (9) holds.

PROOF. By direct computation, it is easy to see that there exist no period two
solutions when k is even and if k£ is odd the period two solution must be of the form

v=B+V(y+338)(y—B) —4da v—B—/(v+38)(y— B) — 4o
. , ;

from which our result follows. The proof is complete.
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4 The Case a =0

In this section we study the asymptotic stability of the difference equation

—fBr,
= — =0,1,... 10
Tn+1 I , n y Ly ) ( )

where 5,7 > 0, and k£ > 1.
By putting x,, = By, Eq.(10) yields

—Yn
] = —2 o =0,1,... 11
Yntl =4y (11)

where A = v/3. Eq.(11) has two equilibrium points
71=0,7,=1+A

The linearized equation associated with Eq.(11) about g, is

1 _
Zn+1+ryzn+yizn_k =0,n=0,1,.... (12)

K3

The characteristic equation of (12) about g, is
AN A p1+4=0.

Since 1+ A > 1, then the equilibrium 7, of Eq.(11) is unstable.
The characteristic equation of (12) about g, is

PURRE %)\’“ =0.

This equation has two roots

1
AM=0and A= ——.
1 an A
Hence, (1) if v > ( then 7, is asymptotically stable, (2) if v < 8 then 7, is a saddle
point, and (3) if v = 3 then linearized stability analysis fails.
In the following results we assume that A > 2.
LEMMA 4.1. Assume that the initial conditions y_; € [-1,1] for i = 1,2, ..., k and
Yo € [—1,0]. Then { ya,—1} is nonnegative and monotonically decreasing to zero, while
{y2n} is non-positive and monotonically increasing to zero.
PROOF. Suppose that y_; € [-1,1] for i = 1,2, - - -,k and yo € [—1,0]. Clearly,
0<y; <1and —1 < y» < 0. By induction we can see that 0 < y2,_1 <1 and —1 <
yon < 0 for n > 1. Since

Yoan—1

= (A —yon—r)(A—y2n—r-1) > 1,
Yan+1
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then
Yon—1 > Yont+1, N = 1,2, ...
Similarly, we can show that ya, < y2n42, n =1,2,.... The proof is complete.

LEMMA 4.2. Assume that the initial conditions y_; € [-1,1] fori = 1,2, ..., k, and
yo € [0,1]. Then { y2,,—1} is non-positive and monotonically increasing to zero, while
{y2r} is nonnegative and monotonically decreasing to zero.

The proof is similar to that of Lemma 4.1 and will be omitted.

COROLLARY 4.1. The equilibrium 7; = 0 of Eq.(11) is a global attractor with a
basin S = [—1, 1]k,

THEOREM 4.1. The equilibrium 7; = 0 of Eq.(11) is a global attractor with a
basin S = (—00,1]" x [-A+1,A —1].

PROOF. Assume that (y_g, -, y—1,y0) € S. We have

A—1 — A—1
s <y =8 < —1,
—(A—=y-r) A-—yp = A-1
and
1< 1 .

- - < _ g
S Ay ST Ay

By induction, it is easy to see that y; € [—1,1] for ¢ > 1. Our result now follows from
Corollary 4.1. The proof is complete.
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