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Abstract

By means of the continuation theorem of coincidence degree theory, sufficient
conditions are obtained for the existence of solutions of periodic boundary value
problems involving impulsive differential equations.

In recent years, impulsive differential equations have attracted much attention since
many evolution processes are subject to short term perturbations in the form of im-
pulses. See, for instance, [1-8]. In this paper, we consider the following periodic
boundary value problem of impulsive differential equation (PBVP)

©(t) = g(t,z(t) +p(t), t #th, k=1,2,---.m
(t;:) x(tk) = Ik(tk, (tk)), k=1,2,---,m, (1)
z(0) = (7)),

where 0 =t <t; <ty <+ <ty <tmy1 =71,T >0; J =[0,T], g € C(J x R, R),
9(0,u) = g(T,u) for u € R; I}, € C(J x R,R) for k = 1,2,--- ,m; p € C(J,R), and
p(0) = p(T).

Next we briefly state the part of Mawhin’s coincidence degree theory that will
be used in our study of PBVP (1). For further details, we refer the readers to [9,
10]. Let X and Y be real normed vector spaces, L : domL C X — Y be a linear
mapping, and N : X — Y be a continuous mapping. The mapping L will be called a
Fredholm mapping of index zero if dimKer = codimImL < 400 and ImL is closed in
Y. If L is a Fredholm mapping of index zero, there then exist continuous projectors
P:X — X and Q:Y — Y such that ImP = KerL and KerQ = ImL. It follows that
L, = L|d0mLmKerP :domL NKerP — ImL = Ker() is one-to-one and onto ImZL. We
denote its inverse by K. If ¥ is an open bounded subset of X, the mapping N will be
called L-compact on \I/ if QN (V) is bounded and K, (I — Q)N U — X is compact.
Since Im@ is isomorphic to KerL, there exists an isomorphism J: Im@ — KerL.

Mawhin’s Continuation Theorem ([9, 10]). Let L be a Fredholm mapping
of index zero and let N be L-compact on . Suppose (i) For each A € (0,1), = €
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78 Impulsive Differential Equations

oV, Lz # ANw; (i) QNz # 0 for each x € KerL N 0V¥; and (iii) Brouwer degree
degp(JQN,¥NKerL,0) # 0. Then the equation Lz = Nz has at least one solution in
domZL N P.

Set J' = J\{t1, -, tm}. Let
PCr = {u:J— RlueC(JR), u(tj_),u(tj') exist for
j = 1727" U and U(O) = ’LL(T)}

and

PCh = {u:J— RlueCYJ , R),u(t]), ult]),u(t

u(t;y) =u(t;), j=1,2,---,m, and u(0) = u

Y o (47 e
T),u/(t]) exist,
j (

T), u'(0) = u'(T)}

where u(t]),u(t} ) denote the right and left limits of u(t) at ¢ = ¢; respectively; u/(t]),
u'(t;") denote the right and left limits of u'(t) at ¢t = ¢; respectively.

For u(t) € PC}, it is easy to see that the left derivative u’_(¢;) exists and is equal
to u'(t;). In the following, u'(t;) may be understood as u’ (t;).

For u € PCr, denote its norm by ||ul| = sup{|u(t)| : t € J}. For u € PC}, denote

its norm by |lull1 = [Jul| + ||«||. One can easily prove that PCr and PC% are Banach
spaces.
Let X =Y = PCr and let L : domL = PC}. C X — Y be given by
[ a0, t£tn, k=1,2---,m
La(t) = { o) — olts), t=ty k=12---.m

It is obvious that L is a linear mapping.

THEOREM 1. Assume that fOT p(t)dt = 0 and there exist constants cg, hy > 0
for £k = 0,1,2,---,m, such that the following conditions hold: (i) if z > c¢o, then
g(t,x) < hg uniformly for ¢ € J, (ii) if |x| > ¢, then zg(¢,x) > 0 uniformly for ¢t € J,
(iii) if |z| > co, then xl(tg,x) > 0 for k=1,2,--- ,m, (iv) [Ix(tx, )| < cgxlz| + hy for
k=1,2,---,m, and (v) Y ;- cx < 1/2. Then PBVP (1) has at least one solution.

We remark that condition (i) in Theorem 1 can be replaced by the following condi-
tion: (a) if # < —¢p, then g(¢,x) > —ho uniformly for ¢ € J.

Before proving Theorem 1, we need the following lemmas.

LEMMA 1. H C PCr is relatively compact if, and only if, every function of H is
uniformly bounded on J and is equicontinuous on each Ji for k =0,1,2,---,m, where
Jo =10,t1), Jg = (tg,tit1) for k=1,2,--- m —1, and Jp, = (¢, T

The proof is an immediate consequence of Ascoli-Arzela Theorem.

LEMMA 2. L is a Fredholm mapping of index zero.

PROOF. It is clear that

KerL = {u: u(t) = ¢,c € R}.
For y € Y we define Q : Y — Y by

m

Syt + fy y(t)dt
Qy ==

T+ m
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We assert that ImL = Ker@. There are two cases to consider.
Case 1. If y € ImL, then there exists € domL C X such that Lz =y i.e.

{I‘(t)— t)a t#tkak:1527"'ama
;: _x(tk):y(tk)v k:1727"'7m

Hence, we have

T t1 m—1 ity T
/ y(t)ydt = / t)dt + Z/ dt+/ y(t)dt
0 0 1 t

m

= z(t —i—Z T(tps1) — ()] + 2(T) — 2(t))
k=1

= —I— Z tk+1 —x tk}) y(tk)] - x(tm> - y(tm)
k=1

m

= =) ylt).

k=1

So, we have

m T
> vt + / y(t)dt = 0.

Therefore, y € Ker@, which implies that ImL C KerQ
Case 2. If y € Ker@, then > 1" y(t;) + fo t)dt = 0. Define the function z(t) by

a1+ [} y(s s, t e 0,t];
:C(t): a”L—‘rl+L dS te(ti,ti_;'_l]’ 7,:1,27,77?1_17
Am+1 + ny d3= t € (tm,TY;

where aq, ..., a,;,41 are given by the following system of equations

gjl(l +ti—tic)a; + (T —ty)amer = — Z ft’“ N ., Y(s)dsdt
f ny dsdt,
ay —azx = ft
........ . t (2)
a; — Qi+1 = _y(tl) ﬂ;ﬂ y(s)ds,
Ut = am = —Y(tm1) = [, y(s)ds,
U — i1 = —Y(tm) — [, y(s)ds

Let A denote the determinant of coefficients of system (2). It is easy to see that
A= (m+T)(—1)™ # 0. Therefore, system (2) has the unique solution (a1, -+, am41)-
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It is easy to verify that x(t) € PCk. Next we prove that Lz = y. Clearly, we have
() =yt), t #tr, k=1,2,---,m.

By (2), z(t;) = a; for i =1,2,--- ,m, and

t;
l‘(tj_) = ai+1+/ y(s)ds, i =1,2,---,m—1,
tit1
tWL
x(ty) = ampr +/ y(s)ds,
T

we have

and

tm

(t5) = 2lt) = @+ [ 9(ds — a = y(t)
T

This proves that Lz = y. Hence, we have KerQQ C ImL.

Combining Case 1 and Case 2, we have ImL = Ker@.

It is easy to verify that Q?y = Qy for y € Y. Therefore @) is a continuous projector.

Clearly, ImL is a closed subspace of Y, and Y = ImL & ImQ.

Since dimKerL = 1 and codimImL = dimIm@ = 1, L is a Fredholm mapping of
index zero. The proof is complete.

Define P =Q : PCyr — PCrp by

3

y(ti) + I y(tdt

T+m

Qy="*

, y € PCrp.

From the proof of Lemma 2, we know that P = @ are continuous projectors such
that X = KerL @ KerP and Y = ImL & Im(@Q. Consequently, the restriction Lp of L to
domLNKerP is one-to-one and onto ImL, so that its inverse Kp : ImLL — domLNKerP
is defined. Further, we have the following result.

LEMMA 3. Kp : ImL — domL N KerP is a compact mapping.
PROOF. For any y € ImL, set

a; + fttl y(s)ds, te0,t1];
Z(t): ai+1+ﬁi ly(S)dS, te (tivt’i-‘rl]v Z:15255m_17
i1 + ny(s)ds, t € (ty, T].
where ay,...,a;mp1 are given by (2). It follows from the first equation of (2) that

2(t) € KerP. Thus, we have Kpy(t) = z(t). Therefore, by Lemma 1 and the definition
of Kp, it is easy to see that Kp is a compact mapping. The proof is complete.
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LEMMA 4. If the conditions of Theorem 1 hold, then there exists a constant M > 0,
such that every solution z(t) of the problem

Lz = ANz, A€ (0,1)

satisfies ||z| < M.
PROOF. Let Lx = ANz for z(t) € X, i.e.

a(t) = Ag(t, x(t) + Ap(t), t #te, k=1,2,---,m, 3)
x(t;:) —x(tg) = Mg (tr, z(tr)), k=1,2,---,m.
Then we have
T . h . iy brt1 . T .
/0 PO)dt = /0 ()dt + k; /t Bt + /tm ()t
= z(t1) —x(0) + - [2(tkt1) — 2(t0)] + 2(T) — z(t)
k=1

m—1
= + Z tk-‘rl - tk) /\Ik(tka z(tk))] - :E(tm> - /\Im(tmvx(tm))
k=1

= _AZIk(tk,x@k))
k=1

T
= A [ gttty
0
which implies that

T m
/0 gt 2Dt + 3 T(t, 2(ta)) = 0 )

k=1

Set B = {t S [O,T] : I‘(t) > CQ}7 FEy = {t S [O,T] : ZC(t) < —Co}, and F3 = {t S [O,T] :
|x(t)] < co}. From (4), we have

/g(t,x(t))dt —/ g(t,:v(t))dt—/ ot x(O)dt — S T(t, 2(ta)
E, En Es k=1

> —hoT =T = cllal = I,
k=1 k=1

where

l9(t, 2)].

= max
t€[0, T, |z|<co

Therefore, we have

T
[ latt. ot
0

[E gt x(6))[dt + [E gt x(6))[dt + [E ot ()|t
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/E ot (et - /E ot a(0)dt + /E ot a(e)a

hoT + (hoT +7T + > hi) + > cillzll +~T.
k=1 k=1

IN

That is
T m
[ lattanide < 2t + 3 el )
0

k=1

where

My = 2hoT + 29T + > hy.
k=1

Next we make the following claims.

Claim 1. There exists 7 € [0,7], such that |z(7)| < ¢o. Indeed, assume to the
contrary that |z(t)] > ¢o for any ¢ € [0,7T]. Without loss of generality, assume that
2(0) > 0. Then, by z(t) € C[0,t1], we have x(t) > 0 for any ¢t € [0,¢1]. By (3) and
condition (iii) of Theorem 1, we know that x(¢]") > 0. Therefore, we have x(t) > 0 for
any t € [t1,t2]. By using simple induction, we can prove that x(¢) > 0 for any ¢ € [0, T.
So, we have x(t) > ¢o for any ¢ € [0,T]. Hence, by conditions (ii) and (iii) of Theorem
1, we have g(¢,z(t)) > 0 for any t € [0,7] and Ij(ty, x(tx)) > 0 for k = 1,2,---,m.
This is contrary to (4). The proof of Claim 1 is complete.

Claim 2. |z(t)] < |=(7)] + fOT | (t)|dt + >0 Tk (ty, x(t))| for any t € [0,T).
Indeed, without loss of generality, we assume that t € (tg,tg41] and 7 € (tptqs thtq+1)s
0 < q<m—k. Then we have

(t) — a(r)

= a(t) = @(tier) + ) [w(tery) — 2(thjer)] + 2(tergrr) — 2(7)
j=1

t q thtq+1
= [ b0 Y lalt],) — althesen) ~ Musssatus)+ [ a0
tet1 j=1 T

tltq+1

t 4 ptpggsn q
/ z(t)dt — E / z(t)dt — A E Ty i (b x(trgs)) + / z(t)dt
te+1 j=1 j=1 T

thtj

= /it(t)dt—)\ij-q—j(tk-i-jvz(tk-ﬁ-j))'

j=1
Hence, we have
T m
|z(8)] < [=(7)] +/0 ()|t + Y (b, z(tr)|.
k=1

The proof of Claim 2 is complete.
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On the other hand, by (3) and (5), we obtain

T

T T T m
AIﬂmﬁSAAIﬂmwmﬁ+AAIMMMSNG+X}Mﬂ+AIMMM

k=1

Therefore, we have

m T m m
u@m@+m+z%MH/MMW+me+Zm
k=1 k=1

k=1 0

Hence, we have

1 n T
zl| < ——— [CO + My + Z i +/ |p(t)|dt} (6)
1-2 Z Ck k=1 0
k=1

The proof is complete by taking M to be the right hand side of (6).

We now turn to the proof of Theorem 1. Let r > max{M, co} with M as given in
Lemma 4 and let ¥ = {z € PCr : ||z|| < r}. Define a map N : X — Y by

Nx(t)_{ I (t, 2(tr)), t:tz, k=1,2,-

We assert that IV is continuous. Indeed, assume that z,,,x € PCr such that x, — =x.
Then there exists H > 0 such that ||z, || < H and ||z|| < H. Given any ¢ > 0, it follows
from the uniform continuity of g, I, ..., I, on [0,T] x {x € R : |x| < H} that there
exists 0 < § < e such that |g(¢,z1) — g(t,x2)| < € and |[I(¢,21) — I (¢, x2)| < € for any
x1, 22 € {x € R™: |z| < H} with |1 — 3] < §. Again, for § > 0, there exists a positive
integer K such that, for n > K, ||, — z|| < é. Since

_ (tﬂxn(t)) - (t, :v(t)), t 7é t 3
N“@‘N“”‘{iMwAmﬂJMmam»t—i,

for k=1,2,---,m, we have
[Nz, (t) — Nz(t)| <e, n> K,t €[0,T].

Hence, we have
[Nz, — Nz|| < e, n > K.

This proves that N is continuous on PCp. Therefore, PBVP (1) is equivalent to the
operator equation

Lz = Nz, x € domL.

We now apply Mawhin’s Continuation Theorem for W. In view of Lemma 3, N is
L-compact on ¥. By Lemma 4, it is easy to see that Lz # ANz for any (z,\) €
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(domL N 9T) x (0,1). Note that for x € 0¥ N KerL = 0¥ N R, we must have © = r or
x = —r. Therefore, for such an z,

S Lt )+ [T gt @)dt
QNz = = o £ 0.
Let
fj Lt @)+ [} g(t,x)dt
O(x,p) = pa + (1 — p) = T , wel0,1].

Then, for any € 0V NKerL, u € [0, 1], we have

> ali(ti,x) + fOT xg(t, z)dt
2®(x,p) = pa® + (1= p) =

> 0, € (0,1},
s w € [0,1]

which implies that ®(x,u) is a homotopy. Therefore, by the property of invariance
under a homotopy of coincidence degree, we have

degz(JQN, ¥ NKerL,0) = degg(®(x,0), ¥ NKerL,0)
= degp(®(z,1), ¥ NKerL,0)
= degg(x, ¥ NKerL,0) =1,
where the isomorphism J of ImQ onto KerL is the identity mapping, since Im@) = KerL.

It follows fro_m Mawhin’s Continuation Theorem that Lz = Nz has at least one solution
in domL N W. Therefore, PBVP (1) has at least one solution. The proof is complete.
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